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PREFACE 

In  undertaking  the  present  work,  our  first  idea  was  simply  to 
translate  M.  Joubert's  TraitS  ilimentaire  d* AhctricitCy  perhaps 
introducing  such  small  modifications  as  might  seem  to  make 
it  better  adapted  to  English  requirements.  But,  on  further 
consideration,  we  decided,  while  adhering  to  the  general  plan 
and  scope  of  the  original,  to  endeavour  to  introduce  into  it 
that  view  of  the  nature  of  electrical  phenomena  which  was 
originated  by  Faraday  and  developed  by  Maxwell  in  his 
classical  Treatise.  Although  these  views  have  now  for  some 
years  formed  the  starting-point  of  almost  all  the  greatest 
forward  steps  in  electrical  science,  they  have  not  yet,  so  far 
as  we  are  aware,  been  adopted  as  the  basis  of  a  systematic 
exposition  of  so  elementary  a  kind  as  the  present 

The  endeavour  to  carry  out  this  idea  implied  the  keeping 
in  view,  from  the  beginning,  of  the  dual  character  of  electri- 
fication, and  the  emphasising  of  the  essential  part  played 
in  the  most  familiar  electrical  phenomena  by  the  dielectric 
medium  in  which  they  occur.  This  led  to  the  early  introduc- 
tion of  the  idea  of  lines  and  tubes  of  force,  and  involved 
the  rewriting  of  several  chapters  or  parts  of  chapters.  In 
the  discussion  of  Electrostatic  Capacity  and  Energy  (see 
especially  Chapter  VI.),  it  seemed  to  be  more  in  harmony  with 
the  general  point  of  view  indicated  above  to  speak  of  charge, 
capacity,  and  energy  as  belonging  to  the  electric  field  as  a 
whole,  rather  than  to  the  conductors  which  form  its  boundaries. 


Digitized  by 


Google 
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In  the  use  of  mathematical  reasoning,  we  have  allowed 
ourselves  a  little  more  freedom  than  was  used  by  M.  Joubert. 
This  has  made  it  possible  in  several  cases,  notably  in  con- 
nection with  alternating  currents  and  self-induction,  to  give 
the  full  details  of  calculation  where  he  was  only  able  to  state 
results. 

As  the  book  deals  throughout  with  matters  belonging  to  the 
common  stock  of  scientific  knowledge,  no  systematic  attempt 
has  been  made  to  assign  facts  or  theories  to  their  respective 
discoverers  or  authors.  In  fact,  authors'  names  occur  very 
sparingly  in  the  following  pages.  There  is,  therefore,  the  more 
reason  why  we  should  acknowledge  here  how  much  we  have 
borrowed  from  Professor  Riicker  in  Chapter  XXX.  ("Elec- 
trical Units  "). 

We  cannot  but  recognise  that  one  result  of  the  changes 

we  have  ventured  to  make  in  M.  Joubert's  book  has  been 

the  sacrifice  of  much  of  the  symmetry  and  unity  of  plan 

which  so  admirably  distinguish  the  original  work.     We  desire 

to  acknowledge  with  warm  thanks  the  readiness  with  which 

M.  Joubert  consented  not  only  to  our  proposal  to  translate 

his  book,  but  agreed  beforehand  to  our  making  such  changes 

in  it  as  we  might  think  desirable.     We  have  availed  ourselves 

so  fully  of  this  permission,  that  the  responsibility  for  whatever 

defects  or  errors  may  be  found  in  the  book  in  its  present 

shape  must,  in  fairness,  rest  upon  us. 

G.  C.  F. 

E.  A. 

8M  November  1895. 
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PREFACE    TO    THE    FIRST 
FRENCH    EDITION 

My  object  in  writing  this  book  has  been  to  give  a  simple  but 
fairly  complete  exposition  of  the  theory  of  electricity  and  of 
the  most  important  practical  applications  connected  with  it 
I  have  had  in  view  a  reader  who  is  wishful,  not  only  to  know 
facts,  but  to  understand  their  logical  interdependence,  and 
to  acquire  accurate  ideas  of  the  essential  nature  of  electrical 
phenomena.  I  have  not  supposed  my  reader  to  possess  more 
special  knowledge  than  what  goes  with  an  elementary  classical 
education. 

I  have  confined  myself  carefully  to  the  region  of  facts,  and 
have  avoided  all  hypotheses.  I  have  likewise  avoided  historical 
details.  Interesting  and  profitable  as  I  conceive  these  to  be 
for  those  who  know  the  facts  of  science,  they  are,  in  my 
opinion,  of  little  use  to  beginners,  and  it  is  to  these  that  my 
book  is  addressed. 

J.J. 

iS^Ayune  iSSS, 
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Page  31,  line  9  from  bottom,  before  " elastic**  insert  "stretched.** 
„    37,  line  6,  be/ore  "  18  **  insert  "  §/* 
„    45,  line  3  from  bottom,  for  "  Q  **  read  "  Q.** 
„     52,  line  3  from  bottom,  for  "  f  *'  read  "  If." 
„    60i  line  7  from  bottom,  /v  **  2w<r  *'  fw</  *  *  2ir<r/K." 
„    61,  line  7  from  bottom,  for  "  N  **  r^a^  "  N'/' 
„    62,  line  1 7  from  bottom,  for  "  expression  **  read  "  expressions.** 

e  e  ^ 

„    67,  line  2,>'  "  fy  **  f?d^  **  /"-.*• 

0 
„    80,  line  21,  for  "and  conskts "  r^a</  " and  usually  consists.** 
„    84,  line  I ,  for  *  *  Lichtemberg^'  read  **  Lichtenberg,  *' 

„     1 10,  line  17  from  bottom,/^  "  -^^^ti5  **  read  "  £l±f?." 

2  2 

„     122,  line  5,yiw  " hydroscopic-'*  read  "hygroscopic" 
.,    J 24,  line  3  of  §  90,  /v  "  represents  "  read  **  represent.** 

„     156,  line  12  from  bottomi  after  "as"  #/w^/  "numerically 

equal  to.*' 
„     156,  line  9  from  lx)ttom,>r  "  Where'*  read  "  When." 
„     157,  line  7,  at  the  beginning,  insert  "  numerically  equal  to." 
„     220,  at  the  middle,>r  **  Cu  +  SO4  "  read  "  Cu  +  ZnS04.'* 
„     237,  line  2  from  bottom, y^r  **  ti  **  read  ** «." 

„     239,line4,>r"^*'r^/i//"?" 

„     262,  line  17,  after  "ergs"  insert  "  per  cm^." 

„     262,  line  15  from  bottom,  at  the  beginning,  insert  "  per  cm^*' 

„     262,  line  4  from  bottom,  at  the  end,  insert  "  per  cm"." 
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Page  289,  lines  11  and  12  from  bottom,/7r  "2  — ^  (i  +/)"  read 

"2  -7jg(i  +/),  where  /  is  a  constant  depending  on  the 

magnet." 
„     293,  line  20,  for  "  TR^  "  read  * '  T^B^r 
»»     303»  line  i^^for  "  infinite  "  read  **  infinitely  long.*'  ^ 

>»     335»  last  line,^^  **  force  "  read  "  induction." 
„     336,  line  II, >r  "  Kirchoff"  read  "  Kirchhoff." 
»»     339*  line  18  from  hoiiom,  for  "  infinite  "  read  **  infinitely  long." 
„    348,  second  line  of  §  292,  for  "phenomenon  '*  read  ** pheno- 
mena." 
„     360,  line  I,  before  **  resulting  "  insert  **  quantity  of  the." 
„    360,  line  13,  before  "  current "  insert  **  quantity  of  the." 

/  / 

„     391,  line  3  from  bottom,  ^r  ** <a^  -  ^"  read  "  ur*  =  ^." 

>»    435»  line  il,  in  numerator  of  the  second  equation,  for  **  iS  " 

read^'E-^:' 
g-*rs 


»»  436,  line  10  from  bottom,  before  "in  order"  insert  "since." 

„  436,  line  7  from  bottom,/7r  "  measured ;  or  "  read  "  measured," 

„  451,  Ime  7,>r  "  1.454  "  read  "  1.434."                                                     i 

I*  495>  second  line  of  §  420,  omit  **  contrary  to  what  occurs  in                  0 
modem  transformers."                                                                              \ 

„  507,  line  4,  at  the  beginning,  omit  "  positive  and."                                     ^' 

„  507,  line  4,  at  the  end,>r  "  the  "  read  ^*  a." 

D 

„    507,  line  ^,  for  "carbon,  held  in  a  suitable  handle,"  read  , 

"  carbon  rod  connected  with  the  positive  pole." 
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ELECTRICITY. 

CHAPTER  I. 
FUNDAMENTAL  PHENOMENA, 

1.  Electrification  by  Friction.— If  a  plate  of  glass  and  a  plate 
of  vulcanised  india-rubber,  both  thoroughly  dry,  are  laid  on  each 
other  and  rubbed  together,  it  is  found  that  some  force  is  required 
to  separate  them,  and  that,  after  having  been  separated,  they 
attract  each  other  if  not  too  far  apart.  If  a  second  piece  of  glass 
and  a  second  piece  of  india-rubber  are  treated  in  the  same  way, 
it  is  found  that  not  only  does  either  piece  of  glass  attract  either 
piece  of  india-rubber,  but  that  the  two  pieces  of  glass  repel  each 
other,  and  that  the  two  pieces  of  india-rubber  do  the  same.  Bodies 
wh'ich  are  in  such  a  condition  as  to  exhibit  these  properties  are  said 
to  be  electrified. 

Attraction  also  occurs  when  an  electrified  body  is  brought  near 
bodies  that  have  not  been  subjected  to  friction,  and  if  these  are 
light  enough  (bits  of  pith,  feathers,  shreds  of  paper,  wool,  &c.), 
they  may  be  lifted.  Effects  of  this  kind  often  afford  an  easier  test 
of  the  existence  of  electrification  than  such  experiments  as  those 
previously  referred  to.  It  is  accordingly  to  be  noted  that  although 
attraction  occurring  between  two  bodies  may  be  evidence  of  pre- 
vious electrification,  it  does  not  prove  that  both  the  mutually  attract- 
ing bodies  were  previously  electrified  ;  and  if  only  one  was  thus 
electrified,  we  cannot  say,  without  other  evidence,  which  it  was. 
On  the  other  hand,  repulsion,  as  between  two  pieces  of  glass  or  two 
pieces  of  india-rubber,  does  not  occur  unless  both  the  repelling 
bodies  have  been  previously  electrified. 

2.  Electrification  by  Contact.— If  a  pith-ball  (a)  hung  by  a  fine 
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fibre  of  raw  silk  (Fig.  i)  is  allowed  to  touch  a  piece  of  glass  (d)  that 
has  been  electrified  by  friction,  it  is  repelled  by  the  glass  after 
contact  (Fig.  2).    Again,  a  second  pith-ball,  similarly  hung  by  a 


Fig.  I. 


Fig.  2. 


silk  fibre,  if  allowed  to  touch  a  piece  of  electrified  india-rubber,  is 
repelled  by  the  india-rubber  after  contact.  The  two  pith-balls, 
however,  if  brought  near  together,  are  found  to  attract  each  other  ; 
in  fact,  they  respectively  behave  towards  the  glass  and  india-rubber, 


K 


Fig.  3. 

and  towards  each  other,  just  as  a  second  pair  of  pieces  of  glass 
and  india-rubber  which  had  been  rubbed  together  would  do. 
That  is,  the  two  pith-balls  have  acquired  properties  exactly  like 
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those  of  the  glass  and  india-rubber,  and  are  consequently  said  to 
be  electrified  by  contact. 

A  metal  rod  or  cylinder  supported  by  a  dry  glass  stem,  or  sus- 
pended by  dry  silk  threads,  can  be  electrified  by  contact  with  a 
piece  of  rubbed  glass  or  of  rubbed  india-rubber.  A  pith-ball 
hanging  by  a  silk  fibre  so  as  just  to  touch  the  metal  before 
electrification  may  be  repelled  in  this  way  to  a  considerable  dis- 
tance (Fig.  3). 

A  piece  of  metal  thus  electrified  exhibits  signs  of  electrification 
at  all  parts  of  its  surface,  but  the  evidence  of  electrification  is  less 
marked  the  larger  the  piece  of  metal.  At  the  same  time,  the 
electrification  of  the  primarily  electrified  body  is  found  to  be 
lessened  by  having  imparted  its  own  properties  to  the  metal.  In 
fact,  the  whole  process  takes  place  as  though  the  communication 
of  electrification  depended  on  the  sharing  of  some  thijig  or  con- 
dition, existing  at  the  surface  of  the  originally  electrified  body, 
between  it  and  the  body  with  which  it  is  brought  into  contact,  so 
that  what  is  gained  by  one  is  lost  by  the  other.  Facts  of  this  kind 
have  led  to  the  idea  of  an  unknown  something  capable  of  being 
developed  on  bodies  by  friction,  when  twp  different  substances  are 
nibbed  together,  capable  also  of  spreading  from  one  body  to  an- 
other by  contact,  and  giving  rise  to  the  phenomena  characteristic 
of  electrification.  This  supposed  cause  of  electrical  phenomena 
is  spoken  of  as  electricity, 

3.  Good  and  Bad  Electrical  Conductors.— Bodies  which, 
when  electrified  at  one  part,  are  immediately  found  to  be  electri- 
fied all  over,  are  called  good  conductors  of  electricity,  and  the 
process  is  commonly  described  as  depending  on  the  freedom  with 
which  electricity  can  move  over  them.  There  are,  however, 
many  substances — such  as  glass,  shellac,  india-rubber,  silk,  wool, 
sulphur,  amber— which,  when  electrified  at  one  part,  allow  the 
electrical  state  to  spread  only  very  slowly  and  gradually  to  other 
parts.  Such  bodies  are  conceived  of  as  not  permitting  the 
passage  of  electricity  through  them  or  along  their  surface : 
they  are  hence  called  non-conductors  of  electricity.  More  pro- 
perly, bodies  of  this  kind  are  called  bad  or  slow  conductors, 
for  they  do  not  absolutely  prevent  the  communication  of  electri- 
fication, and  hence  their  properties  differ  rather  in  degree  than 
in  kind  from  those  of  good  conductors.  The  differences  in 
degree,  however,  are  often  enormous,  the  spread  of  electrifica- 
tion  being   in    some   cases   apparently  instantaneous,  while  in 
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others  it  is  so  slow  as  to  require  very  careful  observation  to 
detect  it  at  all. 

All  the  metals  belong  to  the  class  of  electrical  conductors,  as 
well  as  graphite  and  various  metallic  ores*  Water  in  its  ordinary 
condition  is  a  conductor,  and  so  are  aqueous  solutions  of  soluble 
salts  ;  but  absolutely  pure  water,  like,  probably,  every  non-metallic 
liquid  in  a  pure  unmixed  state,  fe  a  non-conductor.  Living  plants 
and  animals,  being  for  the  most  part  pervaded  throughout  by 
watery  fluids,  are  conductors,  though  many  animal  and  vegetable 
tissues,  when  thoroughly  dry,  are  non-conductors.  The  air, 
again,  and  other  gases,  as  well  as  vapours,  are  very  perfect  non- 
conductors. 

4.  The  facts  stated  in  the  last  two  paragraphs  serve  to  explain 
certain  points  connected  with  the  electrification  of  bodies  by  fric- 
tion. If  two  bodies,  both  belonging  to  the  class  of  electrical 
non-conductors,  are  rubbed  together,  they  are  both  found  to  be 
electrified,  the  degree  of  electrification  varying  with  the  nature  of 
the  bodies.  But  if  a  piece  of  metal  or  other  conducting  material 
held  in  the  hand  is  rubbed  against  a  non-conductor— say  a  piece 
of  dry  flannel — the  non-conductor  only  appears  afterwards  to  be 
electrified.  The  reason  is  that  the  electrification  produced  on  the 
metal  spreads  over  the  hand,  arm,  and  body  of  the  experimenter 
to  the  floor  and  walls  of  the  room,  and  is  thereby  so  much  dimi- 
nished in  intensity  as  not  to  be  recognisable  without  special 
means.  In  order  that  a  piece  of  metal  may  be  electrified  either 
by  friction  or  by  contact,  it  is  needful  that  it  should  be  cut  off 
from  electrical  conununication  with  the  room  and  surrounding 
objects  by  being  supported  by  non-conducting  materials.  The 
conductor  is  then  said  to  be  insulated^  and  so  long  as  its  in- 
sulation remains  perfect,  the  degree  of  its  electrification  cannot 
increase  or  decrease. 

In  consequence  of  their  use  for  preventing  the  communication  of 
electrification,  non-conducting  bodies  are  often  spoken  of  as  insu- 
lators. No  more  perfect  insulator  is  obtainable  than  air,  if  there 
is  a  sufficient  thickness  of  it.  Of  solid  insulators,  clean  and  dry 
flint-glass  and  ebonite  are  among  the  most  efficient  and  convenient 
for  practical  purposes.  Glass,  however,  is  apt  to  become  covered 
with  a  conducting  film  of  moisture  deposited  from  the  atmosphere. 
This  can  sometimes  be  prevented  by  keeping  it  slightly  warm, 
— not  hot^  as  it  then  conducts  appreciably,— or  by  coating  the 
surface  with  shellac- varnish,  or,  better  still,  by  keeping  the  air 
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in  its  neighbourhood  dry  by  means  of  strong  sulphuric  acid  (see 
Figs.  4,  5)- 

5.  Two  Correlative  Eleqtrical  States.— Let  us  return  to  a  fact 
mentioned  in  §  i.  Suppose  a  piece  of  glass  and  a  piece  of 
vulcanised  india-rubber  to  have  been  electrified  by  being  rubbed 
together,  and  then  that  a  second  piece  of  each  material  is  treated 
in  the  same  way.  As  alrea^Jy  stated,  the  two  pieces  of  glass  and 
the  two  pieces  of  india-rubber  both  repel  each  other,  but  either 
piece  of  glass  attracts  either  piece  of  india-rubber.  Hence  we  see 
that  although  both  the  glass  and  the  india-rubber  have  acquired 
special  properties  as  the  result  of  the  friction,  that  is,  although 
both  are  electrified,  their  properties  are  not  identical.  As  com- 
pared with    each    other,   no  difference  is  apparent :    the  glass 


Fig.  4. 
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attracts  the  india-rubber  and  the  india-rubber  attracts  the  glass, 
and  either  of  them  can  lift  small  bits  of  pith.  But  towards  a 
third  electrified  body  their  action  is  not  only  different,  it  is 
directly  opposed  :  a  body  which  is  repelled  by  one  is  attracted 
by  the  other.  Moreover,  if  two  bodies  are  rubbed  together 
without  being  separated,  the  parts  that  were  subject  to  mutual 
friction  remaining  in  contact,  and  are  then  presented  simul- 
taneously to  a  third  electrified  body,  no  sign  of  electrification 
can  be  detected,  since  the  repulsion  that  would  be  caused  by 
one  of  the  rubbed  bodies  if  it  were  alone  is  exactly  neutralised 
by  the  attraction  due  to  the  other.  Experiments  of  this  kind, 
which  in  their  details  may  be  varied  to  an  almost  endless 
extent  without  altering  the  general  result,  prove  that  the  pro- 
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cess  of  electrification  consists  in  the  simultaneous  development 
of  two  electrical  states  so  related  that  the  effects  produced  by  a 
body  in  one  of  these  states  are  opposed  to  those  produced  under 
similar  conditions  by  a  body  in  the  other  state^  and  also  that  the 
opposite  electrical  states  are  always  produced  simultaneously  to 
such  an  extent  that  they  can  mutually  neutralise  each  other's 
action. 

The  relation  between  these  two  correlative  electrical  conditions 
is  analogous  to  that  between  quantities  of  opposite  sign  in  algebra  ; 
that  is,  when  oppositely  electrified  bodies  are  superposed,  their 
combined  effect  is  only  equal  to  the  difference  of  the  effects  they 
are  capable  of  producing  separately,  just  as  the  result  of  adding 
quantities  of  opposite  algebraic  sign  is  a  quantity  of  the  same 
sign  as  the  greater  of  the  two,  and  equal  in  magnitude  to  their 
arithmetical  difference.  This  is  expressed  by  calling  one  of 
the  two  electrical  states,  that  assumed  by  the  glass,  positive^  and 
the  other,  that  assumed  by  the  india-rubber,  negative.  Again, 
just  as  two  quantities  of  opposite  sign  are  said  to  be  equal  when 
their  sum  =  o,  so  the  electrification  of  two  oppositely  electrified 
bodies  is  said  to  be  equal  in  amount,  or  the  bodies  are  said  to 
be  charged  with  equal  opposite  quantities  of  electricity,  when 
the  result  of  their  superposition  is  to  do  away  with  all  evi- 
dence of  electrification.  Using  this  mode  of  expression,  we  may 
repeat  in  a  more  concise  form  what  was  said  above,  and  assert 
that  the  process  of  electrification  consists  in  the  simultaneous  and 
correlative  production  of  equal  quantities  of  positive  and  negative 
electricity, 

6.  Electrification  of  Various  Snbstances.— Hitherto,  in  speak- 
ing of  electrification  by  friction,  we  have  almost  confined  ourselves 
to  a  single  typical  case,  that  of  glass  and  india-rubber.  But  in 
general,  any  two  bodies,  after  being  rubbed  together,  they  having 
been  held,  if  needful,  by  insulating  supports,  are  found,  if  examined 
with  sufficient  care,  to  be  more  or  less  electrified.  One  of  them 
repels  a  piece  of  glass  that  has  been  rubbed  with  vulcanised  india- 
rubber  and  attracts  the  india-rubber ;  the  other  repels  the  india- 
rubber  and  attracts  the  glass.  Accordingly  the  first  is  said  to  be 
positively  electrified,  and  the  second  negatively.  If  a  number  of 
different  substances  are  taken  and  rubbed  together  two  and  two,  it 
is  possible  to  arrange  them  in  consecutive  order,  so  that  each  one 
becomes  positive  when  rubbed  against  one  of  those  that  follow  it 
in  the  series,  and  negative  when  rubbed  against  one  of  those  that 
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precede  it     For  example,  the  substances  in  the  following  list  are 
arranged  in  this  way  : — 

Fur  of  a  live  cat.  Silk. 

Polished  glass.  Shellac. 

Flannel.  Resin. 

Feathers.  Ground  glass. 

Woody  fibre  (pure  cotton-wool).  Metals. 

Other  things  equal,  more  marked  effects  are  obtained  with  two 
substances  which  occur  far  apart  in  such  a  list  than  with  two  that 
occur  nearer  together ;  the  effect  appears,  however,  in  many  cases 
to  depend  on  small  changes  of  condition  in  a  way  that  is  not 
understood.  An  example  is  afforded  by  the  difference  between 
polished  and  ground  glass. 

7.  The  Electric  Field. — When  two  bodies  have  been  rubbed 
together  so  as  to  electrify  them,  the  result  cannot  be  detected 
until  the  surfaces  have  been  separated  (§  5).  In  separating  them, 
work  has  to  be  done  in  order  to  overcome  the  force  with  which 
they  mutually  attract  each  other  (§  i).  When  the  rubbed  bodies 
have  been  separated,  any  other  electrified  body  brought  into  their 
neighbourhood,  and  especially  if  pjit  directly  between  them,  is 
subject  to  force  tending  to  make  it  move  from  one  and  towards 
the  other  (§  i).  If,  therefore,  the  mechanical  resistances  are  so 
small  that  motion  can  actually  take  place,  work  is  done  by  the 
electrical  forces.  It  may  be  said,  then,  that  the  space  near  the 
electrified  bodies  possesses  special  properties  depending  on  the 
relative  positions  of  these  bodies,  and  on  the  degree  of  their 
electrification.  The  existence  of  the  forces  already  referred  to 
constitutes  the  most  obvious  and  easily  observed  of  these  pro- 
perties, but,  as  we  shall  see  later,  this  space  possesses  other 
properties  not  less  characteristic.  In  order  to  connote  collectively 
these  properties  without  reference  to  the  special  way  in  which  the 
electrification  may  have  been  produced,  any  space  where  they 
exist  is  called  an  electric  field. 

An  electric  field  is  always  bounded  by  surfaces  possessing  equal 
opposite  correlative  electrifications  (§  5).  It  may,  or  may  not,  have 
definite  geometrical  limits.  Consider,  for  example,  the  field  pro- 
duced by  rubbing  together  and  then  separating  two  bodies  which 
are  at  a  very  great  distance  from  all  other  objects  as  compared 
with  their  distance  from  each  other.  The  boundaries  of  the  field 
are  the  surfaces  of  the  electrified  bodies  ;  but  as  these  are  entirely 
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external  to  each  other,  they  do  not  enclose  any  definite  space,  and 
the  field  extends  on  all  sides.  The  only  sense  in  which  it  can  be 
said  to  be  limited  is  that,  at  a  greater  or  less  distance,  electrical 
effects  can  no  longer  be  detected  ;  but  this  distance  depends 
essentially  on  the  means  of  detection  employed,  and  as  these  ^re 
rendered  more  and  more  sensitive  the  apparent  extent  of  the 
electric  field  becomes  greater  and  greater.  If,  on  the  other  hand, 
one  of  the  bounding  surfaces  entirely  encloses  the  other,  the 
electric  field  is  definitely  limited  to  the  space  between  them. 
For  example,  a  case  that  frequently  occurs  is  when  one  of  the 
rubbed  bodies  is  a  conductor  in  electrical  connection  with  the 
inside  of  the  room  where  the  experiment  is  made.  The  floor, 
walls,  and  ceiling  are  always  composed 
of  materials  possessing  sufficient  con- 
ducting pov/er  to  enable  the  electri- 
fication of  the  body  connected  with  them 
to  spread  over  them.  In  this  case  the 
electric  field  extends  between  the  surface 
of  the  rubbed  body  that  remains  insu- 
lated and  the  inner  surface  of  the  room. 

8.  Energy  of  an  Electric  Field.— In 
whatever  way  an  electric  field  may  be 
produced,  a  certain  amount  of  energy 
must  be  expended  in  the  process.  In 
such  a  case  as  that  referred  to  in  §  7 
this  is  evidently  equal  to  the  work  done 
against  electric  force  in  separating  the 
electrified  surfaces,  and  may  be  repre- 
sented by  the  product^/,  \if  denotes  the 
average  force  tending  to  prevent  separa- 
tion, while  two  points  originally  in  contact 
are  separated  to  the  distance  /.  Again, 
exists,  the  forces  that  act  therein  can 
bodies  moving  in  the  field.  The  total 
amount  of  work  that  can  thus  be  done  may  be  called  the  energy 
of  t/ie  electric  field;  it  is  equal  to  the  energy  expended  in 
establishing  the  field.  How  a  definite  power  of  doing  work,  in 
other  words,  a  definite  amount  of  energy,  can  be  associated  with 
a  given  electric  field  may  be  understood  by  supposing  a  very  light 
conducting  body  to  move  backwards  and  forwards  from  one 
boundary  of  the  field  to  the  other.     For  example,  let  A  and  B 
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(Fig.  6)  be  the  electrified  bodies  forming  the  boundaries  of  an 
electric  field,  and  let  C  be  a  gilt  pith-ball  hanging  between  them 
by  a  fine  silk  fibre.  If  C  comes  into  contact  with  A,  which 
we  will  suppose  positively  electrified,  it  will  become  electrified, 
and  will  then  be  urged  to  B  by  the  electric  forces  of  the 
field,  an  amount  of  work  being  done  equal  to  the  product  of 
the  distance  traversed  into  the  average  electric  force  exerted. 
When  c  arrives  at  B,  there  will  be  mutual  neutralisation  of 
the  positive  electricity  conveyed  by  it,  and  of  an  equal  quantity 
of  negative  electricity.  This  will  be  accompanied  by  a  propor- 
tionate diminution  of  the  energy  of  the  field.  Next,  C  will  acquire 
negative  electricity  from  B,  and  will  be  urged  back  to  A,  the 
forces  of  the  field  again  doing  work  upon  it.  On  its  arriving 
there,  the  electricity  of  c  and  an  equal  amount  of  positive  elec- 
tricity will  mutually  neutralise  each  other,  and  so  a  further 
diminution  of  electric  energy  will  take  place.  If  this  process 
is  repeated  over  and  over  again,  it  is  evident  that  the  final 
result  will  be  the  entire  disappearance  of  electrification,  and 
that  simultaneously  the  power  of  doing  work  by  motion  of  the 
pith -ball  will  come  to  an  end. 

9.  Variation  of  Electric  Force  with  Distance  — Law  of 
Inverse  8<inares.  —  The  most  superficial  experiments  suffice 
to  show  that  the  force  between  two  electrified  bodies  becomes 
less  when  the  distance  between  them  is  increased.  The  law 
connecting  force  and  distance  was  discovered  experimentally  by 
Coulomb,  who  compared  the  forces  between  two  small  elec- 
trified spheres  at  different  distances  by  means  of  the  torsion- 
balance.  A  thin  glass  or  shellac  rod,  d  d  (Fig.  7),  suspended 
horizontally  by  a  very  fine  vertical  wire,  carries  a  small  ball,  b^ 
of  gilt  elder-pith  at  one  end,  and  a  second  similar  ball,  a,  also 
carried  by  a  glass  rod,  is  supported  in  a  fixed  position.  The 
fine  wire  is  fastened  above  to  a  torsion-micrometer,  shown 
separately  to  the  right  of  the  figure,  whereby  the  upper  end 
can  be  turned  about  a  vertical  axis  through  any  required  angle. 
The  position  of  the  movable  ball  can  be  read  off  on  a  gra- 
duated scale  put  round  the  cage  of  the  instrument.  A,  B,  c,  D. 
The  position  of  equilibrium  of  the  arm,  b  d^  is  that  in  which 
the  vertical  wire  is  without  twist :  if  it  is  displaced  from  this 
position  through  an  angle  a,  the  moment  of  the  couple  which 
tends  to  restore  it  is  proportional  to  this  angle.  If  now  the  two 
balls  are  electrified  in  the  same  way,  all  other  electrified  bodies 
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in  the  neighbourhood  being  connected  with  the  inside  of  the 
room,  the  movable  ball  is  in  a  field  of  force  extending  be- 
tween the  fixed  ball  and  the  floor  or  table,  walls,  and  ceiling. 
The  ball  b  consequently  moves  away  from  a^  and  the  suspend- 
ing wire  is  thereby  twisted.  By  turning  the  upper  end  of  the 
wire  in  the  opposite  direction,  b  can  be  brought  back  to  within 
any  required  distance  of  a.  Let  a  be  the  angular  distance 
between  the  balls  when  the  top  of  the  wire  has  been  turned 
through  the  angle  A  \  then  the  total  twist  on  the  wire  is  ^  +  a, 
and  the  moment  of  torsion,  proportional   to  the  angle  of  twist. 


5 


Fig.  7. 

evidently  measures  the  repulsion  between  the  balls  which  is 
balanced  by  it.  If  the  equilibrium  position  of  the  movable 
ball  (corresponding  to  no  torsion)  would  coincide  with  the  posi- 
tion actually  occupied  by  the  fixed  ball,  then  the  lower  end 
of  the  wire  must  have  been  turned  through  the  same  angle,  a, 
as  that  which  measures  the  distance  between  the  balls.  If  Ay 
.^1,  -<4  2,  ...  be  the  angles  through  which  the  top  of  the  wire 
has  to  be  turned  in  order  that  the  distance  between  the  balls  may 
be  a,  ai,  og.  .  .  .  respectively,  the  following  relation  is  found  to  hold 
good,  namely — 

{A  +  a)  a^  =  (-<4i  +  Oi)  a{  —  {A    +  Oj)  a,^  =  ,  .  ,  —  constant, 
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provided  that  the  angles  a,  ai,  . .  .  are  small,  and  that  the  balls  are 
small  compared  with  the  distance  between  them.^ 

Since,  as  we  have  seen,  the  angle  of  twist  A  +  a  measures  the 
electric  force  between  the  balls,  and  the  distance  between  them  is 
proportional  to  a,  this  result  shows  that  the  electric  force  is  ob- 
tained by  dividing  a  constant  (whose  value  depends  on  the  degree 
of  electrification  and  the  construction  of  the  instrument)  by  the 
square  of  the  distance  between  the  balls.  In  other  words,  the 
electric  force  between  two  small  electrified  bodies ^  of  which  the 
electrification  remains  the  same,  is  inversely  proportional  to  the 
square  of  the  distance  between  them.     In  symbols — 

f _A  +a  ^t^ 
f      A'+  a/      a^ 

This  is  known  as  the  "law  of  inverse  squares,"  and  is  often 
referred  to  as  "  Coulomb's  law."  It  applies  equally  to  the  attrac- 
tion between  oppositely  electrified  bodies  and  the  repulsion  between 


1  Even  when  the  balls  are  very  small,  this  result  is  not  quite  accurate. 
Strictly  speaking,  it  is  the  product  /  d^  which  is  constant,  /  being  the  force 
between  the  balls  at  a  distance,  d  (Fig.  8). 
If  /  be  the  common  distance  of  the  balls 
A  and  B  from  the  centre  of  the  circle,  their 

distance  apart  is  d  =  2/ sin*;    the    com- 

2 

ponent  of  the  force  /,  which  tends  to  in- 
crease the  angle  a,  is/  cos  _,  and  its  mo- 

2 
ment,  tending  to  increase  the  twist  of  the  "^       Z^^ 

wire,  is  ^  cos  *.     Hence,   putting    C  for  y\g    8 

2 

the  couple  required  to  keep  the  wire  twisted  through  unit  angle, 

//•cos*  =  C(^+o) 

2 

"^^  /•^  =  4<^/M-4  «)sin|tan~ 

As  above  stated,  this  quantity  is  constant  for  all  values  of/ and  d,  and  for 
a  given  instrument  C  and  /  are  both  constant ;   hence  we  get  4  (^  +  o) 

sin  -  tan  -  =  constant.       If  a  is  a  small  angle,   2  sin  -   and  2  tan  -  are 
22  22 

both  nearly  equal  to  a,  and  so  we  have,  in  this  case,  the  result  given  in  the 
text     For  example,  if  a  =  30°,  a2  differs  by  little  more  than  i  per  cent,  from 

a        a 
4  sin  -  tan  -.     As  the  errors  of  experiment  are  commonly  as  great  as  this,  it 

is  not  generally  worth  while  to  use  the  more  complicated  formula. 


Digitized  by 


Google 


1 2  Fundamental  Phenomena,  [§  lo. 

bodies  electrified  in  the  same  way,  and  is  found  experimentally 
to  be  more  and  more  accurately  verified  the  smaller  the  bodies 
experimented  on,  so  long  as  the  force  between  them  is  great 
enough  to  admit  of  accurate  measurement.  Consequently  we  are 
justified  in  supposing  that  the  law  of  inverse  squares  is  the  funda- 
mental law  of  electric  force,  and  that  it  expresses  accurately  the 
mutual  action  between  the  smallest  parts  of  two  electrified  bodies. 
This  being  admitted,  it  follows  that  the  experimentally  measurable 
forces  between  electrified  bodies  must  be  the  resultants  of  the 
forces  acting  according  to  the  law  of  inverse  squares  between  their 
smallest  parts.  In  all  cases  in  which  it  is  possible  to  test  practi- 
cally the  results  of  this  assumption  it  is  found  to  be  exactly  verified, 
and  in  this  way  more  conclusive  experimental  proof  of  the  law  of 
inverse  squares  has  been  obtained  than  can  be  derived  from  the 
form  of  experiment  employed  by  Coulomb. 

10.  Quantity  of  Electricity—  Unit  of  Electricity.— We  have 
no  means  of  judging  of  the  degree  of  electrification  of  bodies  except 
by  the  mechanical  forces  they  exert  by  reason  of  it.  If,  while  the 
distance  between  the  balls  in  a  Coulomb's  balance,  and  the  electri- 
fication of  one  of  them,  are  kept  constant,  the  electrification  of  the 
other  is  varied  in  such  a  way  as  to  make  the  force  2,  3,  4  .  .  .  times 
what  it  was  before,  we  say  that  the  quantity  of  electricity^  or  the 
electric  charge  of  this  ball,  has  become  2,  3,  4 .  .  .  times  as  great. 
And  if  two  equal  balls  placed  successively  in  the  same  position 
relatively  to  a  third  electrified  ball,  all  other  conditions  remaining 
the  same,  exert  the  same  force,  we  say  that  they  have  equal 
charges  or  quantities  of  electricity. 

We  shall  adopt  as  the  unit  quantity  of  electricity ^  or  unit  electric 
charge^  the  quantity  that  must  be  imparted  to  each  of  two  small 
spheres,  so  that,  when  placed  unit  distance  apart  in  air,  they  may 
repel  each  other  with  unit  force. 

The  unit  of  force  is  the  force  that  produces  unit  acceleration  in 
unit  mass,  or,  using,  as  we  shall  do  throughout  this  work,  i  centi- 
metre as  unit  of  length,  i  gramme  as  unit  of  mass,  and  i  second  as 
unit  of  time, — that  is,  the  so-called  C.G.S.  (centimetre-gramme- 
second)  system  of  units, — the  unit  of  force  is  i  dyne.  We  may 
accordingly  define  the  unit  of  electricity  in  concrete  terms  as 
follows  : — The  CCS.  electrostatic  unit  of  electric  quantity  is  that 
quantity  which  repels  an  equal  quantity  at  a  distance  of  i  centi- 
metre in  air  with  a  force  of  i  dyne.  To  give  some  idea  of  the 
magnitude  of  this  unit,  we  may  say  that  if  two  pith-balls,  each 
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weighing  0.5  gramme,  are  hung  from  the  same  point  by  silk  fibres 
I  metre  long  without  appreciable  weight,  and  are  equally  electrified 
so  as  to  make  them  separate  10  cm.  from  each  other,  the  charge 
of  each  ball  must  be  about  22  units. 

This  unit  being  very  small  in  comparison  with  the  quantities 
that  come  into  account  in  many  electrical  phenomena,  another 
unit,  known  as  the  coulomb^  equal  to  three  thousand  million, 
3  X  10^,  times  the  unit  just  defined,  is  often  employed,  especially 
in  connection  with  practical  applications.  The  reasons  why  it  is 
convenient  to  adopt  this  particular  quantity  as  the  unit  for  practical 
purposes  will  appear  afterwards. 

It  is  found  by  experiment  that,  if  an  electrified  conducting  sphere 
is  allowed  to  share  its  electrification  with  another  equal  sphere 
previously  unelectrified,  the  charges  of  the  two  spheres,  which  are 
necessarily  equal  by  reason  of  symmetry,  are  each  equal  to  one- 
half  of  that  which  the  first  sphere  had  to  begin  with.  Thus,  as 
stated  in  §  2,  electricity  is  shared  between  the  two  spheres  as 
though  it  were  a  material  substance,  no  increase  or  decrease 
taking  place  on  the  whole. 

A  point  of  considerable  importance  in  connection  with  *  the 
sharing  of  electrification  between  two  or  more  conductors  is,  that 
the  ratio  in  which  a  given  quantity  divides  itself  among  them 
does  not  depend  upon  any  physical  characters  of  the  conductors, 
as  whether,  they  are  solid  or  hollow,  or  composed  of  one  substance 
or  another,  but  only  on  their  geometrical  properties,  size,  shape, 
and  relative  position.  On  the  other  hand,  the  attraction  or 
repulsion  of  two  electrified  bodies  depends,  not  only  on  their 
electrification  and  geometry,  but  also  on  the  nature  of  the  insulat- 
ing material  between  them  ;  so  that  two  balls,  electrified  to  a  given 
degree  and  placed  at  a  given  distance  apart,  attract  or  repel  each 
other  with  a  different  force  in  air  from  what  they  do  if  immersed 
in  a  non-conducting  liquid. 

It  follows  from  Coulomb's  law  that  the  force  between  two  small 
bodies  possessing  electric  charges  q  and  /  respectively,  separated 
by  the  distance  r,  may  be  represented  by  the  formula — 

^      K  '  r'   ' 

where  A!'  is  a  coefficient  depending  on  the  properties  of  the 
insulating  medium  m  which  the  bodies  are  placed,  and  known  as 
its  "specific  inductive  capacity,"  or  "dielectric  coefficient,"  and 
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also  on  the  units  adopted  for  the  measurement  of  q  and/.  With 
the  units  adopted  above,  if  q  and  /  are  each  unity,  and  r  is  on^ 
centimetre,  we  have 

'-TC- 

but,  under  these  conditions,  if  the  electrified  bodies  are  in  air,  the 
force/ is  one  dyne.  Hence  it  follows  that  the  coefficient  K  must 
have  the  value  i  for  air.  It  should  be  noted  that  this  value  is  not 
obtained  as  the  result  of  an  investigation  of  the  electrical  pro- 
perties of  air,  but  simply  as  a  consequence  of  an  arbitrary  defini- 
tion which  includes  a  reference  to  these  properties.  The  quantity 
K^  however,  is  not  a  mere  number  :  it  has  a  physical  meaning  as 
well,  and  expresses  the  fact  that  the  force  due  to  a  given  quantity 
of  electricity  is  influenced  in  some  way,  not  yet  understood,  by  the 
nature  of  the  medium  within  which  it  is  exerted. 

In  the  electrostatic  system  of  electrical  measurements,  the 
physical  significance  of  K  is  not  taken  into  account  in  the  case 
of  air.  It  is  treated  as  having  the  merely  numerical  value  unity  ; 
and  therefore,  as  not  affecting  the  value  of  any  expression  into 
which  it  enters  as  a  factor,  it  is  very  commonly  omitted  altogether. 
For  other  substances  it  is  recognised  as  having  a  value  different 
from  unity,  but  still  merely  numerical. 

If  q  and  /  in  the  above  formula  are  both  of  the  same  sign, 
their  product  is  positive.  Consequently  the  force  acting  between 
two  similarly  electrified  bodies,  that  is  to  say,  repulsion,  is  to  be 
considered  positive,  while  a  negative  value  of/ is  to  be  interpreted 
as  indicating  attraction. 

11.  Seat  of  Electric  Energy.— It  has  been  pointed  out  aljready 
(§  8)  that  the  space  between  two  correlative  opposit^y  electrified 
surfaces,  a  so-called  electric  field,  may  be  said  to  possess  energy. 
It  is  a  matter  of  great  importance,  in  connection  with  any  inquiry 
into  the  ultimate  nature  of  electrification,  to  ascertain  the  seat  of 
the  condition  to  which  this  energy  is  due, — whether  it  is  a  property 
of  the  electrified  surfaces  by  which  the  field  is  bounded,  or  whether 
it  is  to  be  sought  in  the  non-conducting  medium  existing  through- 
out the  field  itself. 

The  facts  that  the  operations  whereby  an  electric  field  is  estab- 
lished are  carried  on  with  the  bodies  forming  the  bounding 
surfaces  of  the  field,  and  that  the  question  whether  electric  force 
acts  at  any  given  point  or  not  depends  upon  the  position  of  the 
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point  relatively  to  these  bodies,  long  caused  attention  to  be  fixed 
almost  exclusively  upon  them,  and  the  accepted  terminology  of 
electric  science  has  been  framed  almost  entirely  from  this  point 
of  view.  On  the  other  hand,  such  facts  as  those  mentioned 
in  §  ID,— that  the  conducting  boundaries  of  a  field  affect  it  only  by 
virtue  of  the  geometrical  relations  of  their  surfaces,  whereas  the 
forces  acting  anywhere  in  the  field,  and  therefore  its  total  energy, 
depend  essentially  on  the  physical  properties  of  the  intervening 
non-conducting  medium, — seem  to  indicate  the  latter  as  that  in 
which  the  electrical  state  is  really  inherent.  There  is,  in  fact, 
evidence,  to  be  discussed  later,  tending  to  show  that  the  medium 
occupying  an  electric  field  is  in  a  state  of  stress,  consisting  in  a 
tension  at  every  point,  in  a  direction  parallel  to  that  in  which  an 
electrified  particle  at  that  point  would  be  urged,  and  of  a  pressure 
in  all  directions  at  right  angles  thereto.  The  forces  tending  to 
make  the  oppositely  electrified  conductors  that  bound  the  field 
approach  each  other  are  supposed  to  result  from  this  stress,  which, 
however,  is  not  made  evident  by  direct  mechanical  effects  produced 
in  the  homogeneous  field  itself.  The  case  is  to  sqn^e  extent  com- 
parable with  that  of  an  ordinary  fluid  und^* -pressure  ;  the  stress 
existing  in  the  fluid  tends  to  make  the  bounding  surfaces  of  the 
containing  vessel  move  away  from  each  other,  but  any  portion  of 
the  fluid  itself  is  in  equilibrium  under  the  action  of  balancing  forces. 

On  this  view,  what  is  commonly  called  the  quantity  of  electricity 
on  a  conductor,  or  the  amount  of  its  charge,  is  to  be  looked  on  as 
an  indication  of  what  total  force  is  applied  to  its  surface  ;  and  the 
sharing  of  the  charge  of  a  cqi^ducjor  with  another  previously 
unelectrified,  as  the  transfer  of  iftte  fiujface  of  application  of  part 
of  the  total  force  from  the  first  conductor  to  the  second. 

Although  it  may  not  be  possible  as  yet  to  give  a  complete 
account  of  the  part  played  by  non-conducting  media  in  the  pro- 
duction of  electrical  phenomena,  there  can  be  no  doubt  that  any 
satisfactory  explanation  of  these  phenomena  must,  ^ke  account  of 
the  functions  of  non-conductors  as  well  as  of  ctmduttors. 
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CHAPTER   11. 
DISTRIBUTION  OF  ELECTRICITY. 

12.  Electric  Density.-— When  the  boundaries  of  an  electric  field 
are  formed  by  conductors,  the  electric  forces  may  cause  motion  of 
electricity  on  or  in  these  without  causing  motion  of  the  conductors 
themselves,  and  it  is  found  that  the  resulting  distribution  of  elec- 
tricity is  in  conformity  with  the  same  general  law,  the  law  of  inverse 
squares,  as  that  which  determines  the  motion  of  electrified  bodies. 

If  a  quantity,  ^,  of  electricity  exist  within  a  space  of  volume,  v, 
the  quotient  p—gjv  gives  the  average  quantity  in  each  unit  of 
volume,  or  the  mean  electric  density^  of  the  space.  If  the  space  is 
very  small,  the  density  at  any  point  within  it  cannot  differ  appre- 
ciably from  the  mean  density.  Hence  we  may  define  the  electric 
density  at  a  given  point  as  being  that  to  which  the  value  of  the 
above  quotient  approximates  when  the  volume  v  is  taken  smaller 
and  smaller,  but  always  so  as  to  contain  the  point  in  question. 
This  is  expressed  by  writing  for  the  density  at  a  point  p^dqjdv. 

In  the  same  way,  if  a  quantity  q  of  electricity  exists  on  a  surface 
of  area  f,  the  average  quantity  per  unit  of  area  is  a-=g/s,  and  the 
surface-density  of  the  charge  at  a  given  point  on  an  electrified 
surface  is  expressed  by  a=dqlds,  the  limiting  value  of  the  quotient 
gjs  when  s  diminishes  without  limit,  but  so  as  always  to  include 
the  given  point.  When  it  is  necessary  to  distinguish,  p  is  called 
volume-density,  and  <r  surface-density. 

The  electric  density  at  each  point  of  a  conductor  is  determined 
by  the  force  of  the  electric  field  in  accordance  with  the  general 
tendency  of  the  field  to  contract  longitudinally,  that  is,  along 
the  direction  of  force,  and  to  spread  transversely, — sometimes 
one  of  these  tendencies  and  sometimes  the  other  producing  the 
predominating  effect. 

13.  Gold-leaf  Electrogcope— -Proof-Plane.— The  experimental 
study  of  the  relative  electric  densities  at  different  parts  of  a  con- 
ductor requires  the  use  of  apparatus  that  we  have  not  yet  described. 
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Fig.  9. 


It  can  be  carried  out  to  a  considerable  extent  by  means  of  the  two 
instruments  named  at  the  head  of  this  paragraph. 

1.  The  gold-leaf  electroscope  serves  for  the  detection,  and  to  some 
extent  for  the  comparison,  of  smaller  degrees  of  electrification  than 
could  be  recognised  by  any  of  the 
means  yet  referred  to.  It  consists 
essentially  (Fig.  9)  of  two  strips  of 
gold-leaf  suspended  close  together 
from  an  insulated  metal  stem.  To 
protect  the  gold-leaves  from  air- 
currents  and  from  mechanical  injury, 
they  are  surrounded  by  a  glass  bell- 
jar,  through  the  top  of  which  the 
metal  stem  projects,  being  termi- 
nated by  a  ball  or  sometimes  by  a 
metal  plate.  The  bell-jar  is  closed 
below  by  a  piece  of  wood,  covered 
at  least  on  the  upper  side  with  tin- 
foil and  uninsulated.  Two  verti- 
cal uninsulated  strips  of  tin-foil,  or 
else  two  metal  rods,  are  carried  up 
inside  the  bell-jar  so  that  their  upper  ends  are  a  little  above  the 
bottom  of  the  strips  of  gold-leaf. 

When  the  electroscope  is  entirely  unelectrified,the  two  gold-leaves 
hang  vertically  face  to  face  ;  but  a  very  small  degree  of  electrification 
causes  them  to  stand  apart  at  the  bottom,  the  amount  of  divergence 
increasing  with  the  electrification.  When  the  electroscope  is 
charged,  it  becomes  pro  tanto  one  of  the  boundaries  of  an  electric 
field,  and  we  may  say  that  the  divergence  of  the  gold-leaves  results 
from  the  tendency  of  the  field  to  contract  along  the  lines  of  force. 

2.  The  proof-plane  consists  of  a  small  disc  of  copper-foil  or  of 
giit  cardboard  fastened  at  the  end  of  an  insulating  rod  of  shellac 
or  glass.  If  the  disc  is  applied  tangentially  to  any  part  of  the 
surface  of  a  conductor,  it  coincides  sensibly  with  the  surface  at  that 
part  and  becomes  charged  with  the  quantity  of  electricity  pre- 
viously existing  thereon.  If  it  is  then  removed  at  right  angles  to 
the  surface,  it  carries  this  charge  with  it.  The  relative  amounts 
of  the  charges  acquired  by  the  proof-plane  in  different  experiments 
can  be  judged  of  by  their  effects  on  the  gold-leaf  electroscope.  A 
proof  ball  may  be  used  instead  of  a  proof-plane,  but  the  relation 
between  the  charge  received  by  a  ball  when  put  in  contact  with  a 
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conductor  is  related  to  the  surface-density  at  the  part  touched  in  a 
much  more  complicated  way  than  is  the  case  with  a  proof-plane. 
It  is  evident  that  the  charge  taken  up  by  the  latter  is  directly  pro- 
portional to  the  surface-density. 

14.  The  Charge  of  a  Conductor  in  Electrical  Equilibrium  is 
purely  Superficial:  in  other  words,  An  Electric  Field  does 
not  penetrate  the  Surfaces  of  the  Conductors  which  form  its 
Boundaries. — The  following  are  some  of  the  most  striking  experi- 
ments whereby  this  important  principle  may  be  verified. 

I.  An  insulated  metal  sphere,  A  (Fig.  lo),  is  electrified  and  then 
enclosed  in  two  metal  hemispheres,  B  and  c,  of  somewhat  larger 
diameter  than  itself,  and  held  by  insulating  handles.     The  hemi- 


Fig.  io. 

spheres  while  kept  closed  are  raised  or  lowered  so  as  to  touch  the 
inner  sphere  for  a  moment  and  are  then  separated  and  removed 
simultaneously.  On  now  testing  the  ball  with  the  electroscope,  it 
is  found  entirely  unelectrified,  while  the  hemispherical  cups  are 
found  to  be  charged. 

This  experiment,  which  is  due  to  Cavendish,  will  be  interpreted 
somewhat  differently  according  as  we  fix  our  attention  only  on  the, 
charge  of  the  ball,  or  take  account  of  the  whole  electric  field  of 
which  the  surface  of  the  ball  forms  one  boundary. 

In  the  former  case,  we  may  say  that  at  the  moment  of  contact 
the  ball  and  the  enclosing  cups  form  a  single  conductor,  and  that 
the  whole  of  the  electricity  passes  to  the  oute^^-^rface. 

In  the  latter  case,  we  have  to  consider  that  the  electric  field  ex- 
tends from  the  surface  of  the  ball  to  the  surface  (usually  the  inner 
surface  of  the  room  where  the  experiment  is  made)  on  which  the  cor- 
relative opposite  charge  to  that  of  the  ball  is  situated,  and  that  the 
charge  passes  from  the  ball  to  the  outside  of  the  cups  in  accordance 
with  the  general  tendency  to  longitudinal  contraction  of  the  field. 
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2.  A  hollow  insulated  conductor  of  any  shape  (Fig.  1 1)  is  electri- 
fied.    If  now  a  proof-plane  is  made  to  touch  any  part  of  the  outer 

surface,  it  is  found  when  re- 
moved to  be  electrified.  But 
if  the  proof-plane  is  inserted 
through  a  hole,  so  as  to  touch 
any  part  of  the  inner  surface, 
it  is  found  on  removal  to  be 
entirely  unelectrified. 

The  first  part  of  this  experi- 
ment may  be  regarded  as  a 
partial  repetition  of  that  just  described.  The 
result  of  the  second  part  is  just  what  might 
be  looked  for  when  it  is  considered  that  the 
whole  electric  field  is  outside  the  conductor. 

3.  Faraday  made  an  experiment  analogous 
to  the  last  by  means  of  a  sort  of  muslin 
butterfly-net,  mounted,  as  shown  in  the  figure 
(Fig.  12),  on  an  insulating  stand.  When  the 
net  is  electrified,  it  can  b|i  shown  by  the  proof- 
plane  that  the  charge  is  entirely  on  the  out- 
side. But  if  the  net  is  turned  inside  out  by  means  of  a  silk 
thread  fastened  to  the  point,  the  charge  passes  to  the  other  side  of 
the  muslin,  so  as  again  ^ 

to  be  on  the  outer  sur- 
face, and  this  happens 
every  time  the  net  is 
reversed. 

4.  Faraday  had  a  chamber  constructed 
with  conducting  walls,  and  supported  on 
insulating  feet,  large  enough  for  him  to 
get  inside  it  and  make  experiments.  The 
chamber  was  connected  with  a  powerful 
electrical  machine  outside,  and  charged  so 
that  strong  sparks-could  be  drawn  from  any 
part  of  the  outer  surface  ;  but  nevertheless 
not  the  smallest  trace  of  electricity  could  be  detected  inside,  nor  the 
least  sign  of  electric  force,  even  by  the  most  delicate  instruments. 

There  is  no  need  in  this  experiment  that  the  surface  of  the  con- 
ductor should  be  perfectly  continuous.  It  may,  in  fact,  be  easily 
performed  by  means  of  a  parrot-cage  formed  of  a  simple  network 
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of  wire.    A  gold-leaf  electroscope  placed  anywhere  inside  the  cage 
remains  unaffected  even  when  the  cage  is  strongly  electrified. 

5.  An  important  experiment  correlative  to  that  of  Faraday  is 
due  to  Mr.  F.  C.  Webb.  Taking  an  electrical  machine  into  an 
insulated  chamber,  and  connecting  the  rubbers  of  the  machine 
with  the  floor  of  the  chamber,  he  was  able  to  electrify  insulated 
conductors  inside  the  chamber,  exactly  as  he  might  have  done  in 
an  ordinary  room.  When  this  was  done,  all  parts  of  the  inner 
surface  of  the  chamber  were  found  to  be  electrified,  but  no  sign  of 
electrification  could  be  detected  outside. 

In  this  form  of  the  experiment,  the  electric  field  extends  from 
the  surface  of  the  enclosed  conductors  to  the  inner  surface  of 
the  chamber,  and  is  complete  inside  the  chamber.  In  Faraday's 
form  of  the  experiment  the  field  extends  from  the  outer  surface  of 
the  chamber  to  the  inner  surface  of  the  room  in  which  it  is  placed, 
and  is  complete  outside  the  chamber. 

All  these  experiments  go  to  establish  the  fundamental  principle 
of  electric  distribution,  that  there  is  neither  electricity  nor  electric 
force  within  a  conductor  :  the  charge  is  entirely  superficial,  being, 
in  the  case  of  a  hoUj^v  conductor,  on  the  outside  or  the  inside  sur- 
face, according  as  the  correlative  opposite  charge  is  external  or 
internal  respectively. 
15.  Faraday's  Ice-Pail  Experiment.— A  hollow  conductor  pro- 
vided with  an  opening,  such  as  the  sphere  shown  in 
Fig.  II,  or  the  cylinder  shown  in  Fig.  13  (Faraday 
used  a  pewter  "  ice-pail "),  is  placed  on  an  insulating 
support,  and  an  electrified  proof-ball  is  put  well 
inside  it  and  made  to  touch  the  side.  On  with- 
drawing the  ball,  it  is  found  entirely  unelectrified, 
but  a  charge  equal  to  that  originally  possessed  by 
the  ball  is  found  on  the  outside  of  the  conductor. 
This  process  may  be  repeated  any  number  of  times  : 
every  time  the  ball  comes  out 
unelectrified,  and  the  charge 
of  the  outside  of  the  conductor 
is  increased  by  as  much  as 
was  on  the  ball  when  put  in. 

In  this  way  an  electroscope 
connected  with  the  hollow  con- 
ductor can  be  graduated,  if  a 
scale  is  placed  behind  the  gold-leaves,  and  the  divergence  pro- 
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duced  by  inserting  the  ball, — always  electrified  to  the  same  degree, 
— once,  twice,  three,  four  .  .  .  times  is  noted  once  for  all. 

By  means  of  a  metal  jar  and  an  electroscope  thus  graduated  the 
rule  as  to  the  algebraic  addition  of  electric  charges  (§  5)  may  be 
verified. 

16.  In  order  to  understand  the  ice-pail  experiment,  it  is  perhaps 
simplest  to  think  of  the  electrified  ball  as  being  at  rest,  and  to 
imagine  the  metal  jar,  or  other  hollow  conductor,  to  be  put  round 
it.  At  first  there  is  an  electric  field  extending  between  the  ball 
and  the  surface  of  the  room.  When  the  jar  is  put  round  the  ball, 
the  field  is  cut  into  two  independent  portions,  one  extending  from 
the  surface  of  the  ball  to  the  inner  surface  of  the  jar,  the  other  from 
the  outer  surface  of  the  jar  to  the  surface  of  the  room.  The  two 
boundaries  of  the  original,  undivided  field  possessed  equal, 
opposite  charges ;  and  as  each  of  the  two  parts  into  which  the 
original  field  is  divided  by  the  interposition  of  the  jar  has  for  one 
of  its  boundaries  a  boundary  of  the  original  field,  it  follows  that 
the  two  new  boundaries,  formed  by  the  inner  and  outer  surfaces  of 
the  jar,  must  each  possess  a  charge  equal  to  either  of  the  charges 
of  the  original  field.  When  the  ball  is  allowed  to  touch  the  inside 
of  the  jar,  the  opposite  boundaries  of  the  internal  field  come 
.together  and  this  field  consequently  disappears,  but  the  field  out- 
side the  jar  remains  entirely  unaffected  by  this  occurrence.  These 
statements  are  confirmed  by  the  fact  that  if  the  gold-leaves  of  an 
electroscope  connected  with  the  jar  are  carefully  observed,  they 
are  seen  to  diverge  more  and  more  as  the  ball  is  inserted  at  the 
mouth  of  the  jar,  but  that  no  increase  of  divergence  is  caused  by 
making  the  ball  touch  the  jar  when  once  it  is  well  inside. 

This  experiment  is  often  described  as  depending  on  the  tendency 
of  an  electric  charge  placed  inside  a  hollow  conductor  to  pass  to 
the  outside  surface  ;  but  the  fact  that  the  outer  surface  of  the  jar 
appears  charged  as  soon  as  the  ball  is  put  inside,  and  that  the 
external  charge  is  in  no  way  altered  by  letting  the  ball  touch  the 
inside  of  the  jar,  proves  that  such  a  statement  of  the  case  is 
incomplete. 

17.  Determination  of  the  Electric  Density  at  Different 
Farts  of  an  Electrified  Conductor.— It  is  proved  by  experiments 
such  as  those  described  in  §  14  that  there  is  no  electricity  within 
an  electrified  conductor,  or  in  other  words,  that  the  volume-density 
of  electrification  is  zero.  The  surface-densities  at  different  parts 
may  be  compared  by  help  of  a  proof-plane  (Fig.  14),  which,  when 
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applied  tangentially  at  any  part  and  then  removed  normally, 
carries  with  it  the  charge  existing  on  that  part  of  the  surface  to 

which  it  was  applied  (§  13).     It  only 

remains  to  compare  the  charges  of 

the    proof-plane   in   different  cases. 

This  may  be  done  by  means  of  the 

torsion-balance  if  a  constant  charge 

is  given  to  the  movable  ball  and  the 

proof-plane  is  introduced  in  place  of 

Y\G,  14.  the  fixed  ball.      In    this    case   the 

torsion  required  to  bring  the  movable 

ball  to  a  definite  position  is  evidently  a  measure  of  the  charge  of 

the  proof-plane. 

But  a  similar  comparison  can  be  made  much  more  easily  and 
quickly  by  putting  the  proof-plane  inside  a  metal  jar  connected 
with  an  electrometer  graduated  as  indicated  in  §  15.  If  the  proof- 
plane  is  allowed  to  touch  the  jar,  the  jar  and  electroscope  must  be 
discharged  before  making  a  new  experiment. 

Whatever  method  is  adopted,  it  is  needful  to  guard  against 
errors  that  may  be  caused  by  the  gradual  loss  of  electrification 
due  to  imperfect  insulation.  This  may  be  done  by  the  method  of 
cdtemate  trial.  To  compare  the  densities  at  two  points,  A  and  B, 
three  experiments  are  made,  first  at  A,  then  at  B,  then  at  A  again, 
equal  intervals  of  time  being  allowed  to  elapse  between  the  first 
and  second,  and  between  the  second  and  third.  The  charge 
obtained  from  B  is  compared  with  the  mean  of  the  two  charges 
obtained  from  A. 

«  18.  General  Conditions  determining  Surface-Density.— For 
purposes  of  calculation,  as  we  have  already  seen  (§§  9,  10),  we 
may  treat  electricity  as  though  it  were  an  actual  substance,  each 
smallest  portion  of  which  exerts  force  upon  every  other  according 
to  Coulomb's  law,  and  may  regard  the  force  exerted  upon  a 
quantity,  ^,  of  electricity  by  any  electrified  bodies  whatever  as 
the  resultant  of  the  forces  exerted  by  all  the  elementary  portions 
of  the  electric  charges,  each  of  them  being  considered  as  acting 
independently  of  all  the  rest,  whether  they  belong  to  different 
bodies  or  make  up  the  charge  of  a  single  body.  We  shall 
speak  of  the  value  of  this  resultant  for  the  case  of  a  unit 
quantity  of  positive  electricity,  supposed  to  be  placed  at  a 
given  point  without  modifying  the  distribution  of  electricity 
in  the  neighbourhood,  as   the  intensity  of  electric  Jorce  at  the 
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pointy  or  sometimes,  more  shortly,  as  the  electric  intensity  at 
the  point. 

Starting  from  this  point  of  view,  it  is  merely  a  question  of 
calculation  to  determine  ct  priori  the  law  of  thei  distribution  of 
electricity  on  a  specified  system  of  conducting  surfaces,  though  it 
is  only  in  a  comparatively  small  number  of  cases  that  the  required 
calculations  can  be  put  into  a  sufficiently  simple  form  to  admit 
of  being  carried  out  accurately.  From  what  has  been  said  (§  14), 
it  will  be  seen  that  the  problem  to  be  solved  may  be  stated  as 
follows  : — What  must  be  the  electric  density  at  each  point  of  the 
conducting  surface,  or  system  of  surfaces  considered,  in  order  that 
the  electric  force  may  be  zero  at  every  point  within  the  conductor 
or  conductors  ? 

Another  mode  of  stating  the  same  problem,  which,  though 
different  in  form,  is  equivalent  in  effect,  is  this  :  What  must  be 
the  electric  density  at  each  point  of  the  surface,  or  surfaces,  in 
order  that  the  direction  of  electric  force  at  every  such  point  may 
be  along  the  normal  to  the  surface?  It  follows  in  fact  from  the 
properties  of  conductors  that  the  resultant  electric  force  must  be 
everywhere  normal  to  the  surface  ;  otherwise,  there  would  be  a 
component  tangential  to  the  surface  which  would  cause  movement 
of  electricity  along  the  conducting  surface,  and  consequently  there 
could  not  be  electrical  equilibrium. 

19.  Electrification  of  an  Isolated  Sphere— Electric  Force 
due  to  a  Sphere. — Consider  an  electrified  conducting  sphere  at 
a  great  distance  from  other  objects,  and  therefore  at  a  great 
distance  from  the  opposite  boundary  of  the  corresponding  electric 
field.  In  such  a  case  the  only  forces  of  appreciable  magnitude, 
tending  to  produce  a  definite  distribution  of  the  charge  upon  the 
sphere,  are  those  arising  from  the  niutual  repulsion  between  the 
several  elementary  portions  of  the  charge  itself.  Considerations  of 
geometrical  symmetry  require  us  to  assume  that,  in  such  a  case, 
the  charge  distributes  itself  uniformly  over  the  surface  of  the 
sphere,  or,  in  other  words,  that  the  electric  surface-density  is 
uniform.  It  is  easy  to  prove  that  such  a  distribution  satisfies 
the  general  condition  laid  down  in  §  18,  in  either  of  the  forms 
in  which  it  is  there  given. 

To  determine  the  action  of  a  uniform  spherical  charge  at  an 
internal  point,  P,  suppose  ab  and  a'b'  (Fig.  15)  to  be  two  small 
areas  intercepted  at  the  surface  erf  jthe  sphere  by  a  cone  of  infini- 
tesimal solid  angle,  if/w,  and  with  vertex  at  P.     If  cr  is  the  surface- 
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density  of  the  charge,  the  forces  at  P  due  to  the  electricity  on 

AB     I         ,        a'b'    ]_ 
K 


these  two  portions  of  the  surface  are  cr  —^  jy  and  cr       /g 


respectively,  and  act  in  opposite  directions, 

r  and  r'  being  the  distances  from  P  to 

AB  and  a'b'  respectively.     If  we  put  a  for 

the  angle,  oap  =  oa'p,  we  have  evidently 

rVo)         ,      ,  ,       y^do) 
AB  =    — —     and   A  B  =  zrr~,  and  conse- 
cos  a  cos  a? 

quently  the  forces  exerted  at  P  are  equal 

as  well  as  opposite,  and  so  cancel  each 

other.     It  is  obvious  that  the  whole  surface 

of   the    sphere    may  be  divided  up  into 

similar    pairs    of   mutually    compensating 

elements,  and  therefore  that  a  uniform  spherical  charge  exerts 

no  force  at  any  point  within  the  sphere. 
To  determine  the  effect  of  a  uniformly  dectrified  sphere  at  an 

external  point  P  (Fig.    16), 

take  p'  on  OP  so  that 


OP'  •  OP  =  7?^, 

R  being  the  radius,  and  let 
P'  be  the  vertex  of  a  cone 
of  very  small  solid  angle,  d<a^ 
which  intercepts  infinitesimal 
areas,  A  and  A\  at  the  sur- 
face of  the  sphere.  Putting 
r  for  p'a  and  r'  for  p'a', 
and  also  a  for  the  angle  OAl*'  =  oa'p'  =  OPA  =  opa'  (from 
the  similarity,  each  to  each,  of  the  triangles  OAP',  OA'p', 
and  OPA,  opa'  which  follows  from  the  common  angle  at  O 
in  each  pair  of  triangles  respectively,  arid  from  the  relation, 
op'  R  \ 
-^  =  OP  />  ^^  ^^^'  ^^^  *^^  areas  A  and  A' 


r^da> 


and^-^. 


Put  s  =  PA  and  /  =  pa'  :    then  the  electric  forces  at  P  due  to 
the  charges  on  A  and  A*  are 

r^da>     I         ,        /Vfi)     I 


^  cos  a  K 


and  (T 


^"^co^a  K' 
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but,  by  the  similarity  of  triangles  above  referred  to,  we  have  both 

r  r'        R 

-  and   -J  =  -— -,  and  therefore  the  forces  exerted  by  the  elementary 

areas  at  A  and  a'  are  equal,  and  their  resultant  bisects  the  angle 
between  ap  and  a'p,  that  is,  it  acts  along  OP.  Obviously  the 
whole  surface  may  be  divided  into  similar  pairs  of  elements,  one 
lying  on  one  side  and  the  other  on  the  other  of  the  plane,  CPC/, 
perpendicular  to  OP :  the  resultant  effect  of  each  such  pair,  and 
therefore  of  all  the  pairs,  or  of  the  whole  spherical  surface,  must 
be  along  op,  as  might  have  been  assumed  without  other  proof 
than  the  consideration  of  geometrical  symmetry. 

We  shall  get  the  effective  component  of  the  force  due  to  an 
element  of  the  surface,  that  is,  the  component  along  OP,  by 
multiplying  the  total  force  due  to  the  element  by  cos  a.  Hence 
the  eflfective  component  due  to  any  element  may  be  written 

/e2     I 
0P2    K 

and,  to  get  the  effect  of  the  whole  sphere,  we  have  only  to  multiply 

J^      I 
the  constant  factor  cr  — 5    jy  by  the  sum  of  all  the  values  of  ^o>. 

This  evidently  is  477. 

Hence  the  force  at  the  point  P  due  to  the  sphere  charged  to  the 
uniform  surface- density  cr  is 

if  Q  be  put  for  ^irR^ir^  the  whole  charge  of  the  sphere,  and  D  for 
the  distance  OP.  Hence  it  appears  that  the  force  at  an  external 
point  due  to  a  charge  distributed  uniformly  over  the  surface  of  a 
sphere  is  the  same  as  if  the  whole  charge  were  concentrated  in  one 
point  at  the  centre  of  the  sphere.  This  result  is  of  very  great 
importance  on  account  of  its  frequent  application. 

If  the  point  P  is  close  to  the  surface  of  the  sphere,  we  have 
D  —  R^  and  therefore,  in  this  case 

and  the  force  acts  along  the  normal  to  the  surface,  outwards  if  <r 
is  positive,  inwards  if  cr  is  negative. 
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It  may  be  noted  that,  for  a  given  vs^ue  of  the  charge,  the  force 
is  independent  of  the  radius  of  the  sphere. 

It  follows  that  a  homogeneous  sphere,  or  a  sphere  that  might  be 
subdivided  into  concentric  homogeneous  layers,  acts  at  any  external 
point  as  though  its  whole  mass  were  concentrated  at  the  centre. 
To  find  the  action  of  a  homogeneous  sphere  at  an  internal  point 
distant  r  from  the  centre,  imagine  a  spherical  surface,  concentric 
with  the  sphere,  drawn  through  the  point :  then,  the  force  due  to 
the  part  outside  this  surface  vanishes,  and  the  part  inside  acts  as 
though  it  were  concentrated  at  the  centre.  The  action  of  the 
whole  sphere  is  therefore  represented  by 

/=^^-^>f  =  *-'■>?• 

if  p  is  the  volume-density  of  the  sphere.  The  force  is  consequently 
proportional  to  r. 

The  case  here  considered  could  only  occur  electrically  if  the 
sphere  were  composed  of  some  non-conducting  material,  for  with 
a  conductor  we  should  have  p  =  o.  A'  in  the  last  formula 
must  be  taken  as  the  dielectric  coefficient  of  the  material  of 
the  sphere. 

20.  Power  of  Points. — The  observed  facts  as  to  the  electric 
density  in  conductors,  as  has  been  already  stated  (§  18),  are  such 
as  might  be  deduced  mathematically  from  the  idea  of  two  elec- 
tricities^ conceived  of  as  capable  of  moving  easily  through  con- 
ducting substances,  but  not  able  to  pass  through  non-conductors, 
and  such  that  each  smallest  portion  of  one  repels  every  other 
portion  of  the  same  kind  and  attracts  every  portion  of  the  second 
kind,  according  to  the  law  of  the  inverse  square  of  the  distance. 
The  same  facts,  however,  might  also  be  deduced  from  the  con- 
ception of  stresses  in  the  dielectric  field  of  the  nature  of  a  tension 
between  the  opposite  boundaries  and  a  pressure  in  directions 
transverse  to  the  lines  of  tension.  When  the  opposite  boundaries 
of  the  field  are  near  together, — as,  for  example,  in  the  case  of  the 
field  between  two  metal  plates  facing  each  other  at  a  short 
distance, — the  transverse  force  tending  to  widen  the  field  cannot 
produce  much  effect,  because  of  the  small  length  of  the  field,  and 
the  resulting  form  of  the  field  (or,  as  it  is  expressed  in  the  other 
order  of  ideas,  the  electric  distribution)  is  mainly  determined  by  the 
tension.  On  the  other  hand,  if  the  boundaries  of  the  field  are  very 
far  apart,  as  in  the  cases  considered  in  §  19,  the  effect  of  the 
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transverse  pressure  becomes  so  great  that  that  of  the  tensipn  is 
inappreciable  in  comparison. 

If  an  electric  field  is  bounded  on  the  one  hand  by  a  flat  con- 
ducting surface  of  considerable  size,  say  the  wall  of  a  room,  and 
on  the  other  by  a  metal  point  presented  towards  the  flat  surface  at 
a  moderate  distance,  then  both  the  tension  and  the  pressure  in  the 
electric  field  tend  to  cause  a  concentration  of  it  about  the  point,  so 
that  the  electric  force  in  the  air  just  outside  the  point  becomes 
very  great  But,  as  will  be  shown  more  fully  later,  the  air  cannot 
sustain  more  than  a  limited  electric  force.  When  the  limit  is 
exceeded,  the  air  gives  way  to  the  electric  stresses,  and  all  signs 
of  electrification  cease,  almost  or  quite  as  completely  as  if  the 
bounding  conductors  of  the  field  had  been  brought  into  contact. 


Fig.  17. 


This  sudden  breaking  down  of  a  dielectric  medium,  known  as  a 
disruptive  discha^e,  is  accompanied  by  luminous  phenomena  and 
sound.  If  the  medium  is  gaseous  or  liquid,  its  continuity  is  of 
course  immediately  restored  after  the  discharge  ;  in  the  case  of  a 
solid,  permanent  rupture  is  the  result. 

When  an  electric  field  is  formed  between  a  sharp  point  and  an 
opposing  plate,  the  stress  in  the  field  close  to  the  point  may  be 
suflicient  to  cause  disruptive  discharge  although  at  other  parts  of 
the  field  the  stress  may  be  far  less.  On  this  account  the  arrange- 
ment mentioned  is  often  used  in  the  construction  of  electrical 
apparatus  when  it  is  desired  to  faciHtate  discharge  through  a 
greater  or  less  thickness  of  air.  On  the  other  hand,  points  or  pro- 
jections of  any  kind  are  avoided  as  far  as  possible  when  it  is 
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wished  to  prevent  such  discharge.  By  connecting  a  point  and  a 
plate  with  the  two  sides  of  an  electric  machine,  the  electric  field 
between  them  is  constantly  reproduced,  and 
discharge  takes  place  continuously.  The  air 
close  to  the  point  having  given  way,  the  stress 
in  the  air  farther  off  has  nothing  to  counter- 
balance it,  and  the  air  consequently  moves  in 
a  continuous  stream  away  from  the  point,  con- 
stituting what  is  known  as  the  electric  wind. 
This  effect  is  easily  made  evident  by  means  of 
a  candle-flame  (Fig.  17).  The  breaking  down 
of  tension  in  front  of  the  point  may  also  be 
illustrated  by  the  electric  wind-mill  (Fig.  18), 
the  points  of  which  move  backwards  for  the 
same  kind  of  reason  that  a  man  pulling  hard 
at  a  rope  tumbles  backwards  if  the  rope 
breaks. 

If  the  air  near  the  point  is  charged  with  solid  or  liquid  particles, 
such  as  exist  in  smoke,  these  are  rapidly  deposited  on  the  opposing 
surface  and  the  smoke  disappears.  This  process  has  been  prac- 
tically employed  to  hasten  the  deposition  of  dust  or  fumes  from 
the  air. 

The  production  of  the  electric  wind  is  accompanied  by  a  sort  of 
hissing  sound,  and  in  the  dark  the  point  exhibits  a  projecting  tuft 
of  violet  light  if  it  is  positive,  and  a  small  brilliant  star  if  it  is 
negative. 


Fig.  18. 
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CHAPTER  III. 
ELECTRIC  INDUCTION. 

21.  Lines  of  Force. — We  have  already  (§  i8)  defined  the  intensity 
of  electric  force  at  a  given  point;  it  is  the  resultant  of  the  forces 
exerted  by  every  portion  of  electricity  upon  a  unit  of  positive 
electricity  imagined  as  being  at  that  point. ^ 

The  intensity  of  electric  force  has  a  definite  magnitude  and 
direction  at  every  point  in  an  electric  field.  If  a  line  is  drawn  in 
the  field  so  that  it  is,  at  every  point  in  its  course,  tangential  to  the 
direction  of  electric  force,  it  is  called  a  line  of  force.  It  represents 
the  path  which  would  be  followed  by  an  electrified  particle  with- 
out mass,  entirely  free  and  unacted  on  by  any  other  force.  It  is 
reckoned  as  running  in  the  direction  in  which  a  positively  electrified 
particle  could  move.  Lines  of  force,  therefore,  are  to  be  thought 
of  as  traversing  the  whole  electric  field  from  the  positive  to  the 
negative  boundary. 

One  line  and  one  only  passes  through  every  point  of  an  electric 
field.  If  it  were  possible  for  two  lines  of  force  to  pass  through  the 
same  point,  the  resultant  electric  force  at  this  point  would  have 
two  directions  at  the  same  time,  which  is  absurd. 

As  we  have  seen  (§§  14,  18),  there  is  no  electric  force  inside  a 
conductor,  and,  just  outside,  the  direction  of  force  is  everywhere 
normal  to  the  surface.  Consequently,  lines  of  force  terminate  at 
conducting  surfaces,  and  always  meet  them  normally.  A  surface 
from  which  lines  of  force  start  is  a  positively  electrified  surface  ; 
one  at  which  they  end  is  negatively  electrified. 

If  it  were  possible  to  draw  all  the  lines  of  force  of  an  electric 
field,  the  resulting  diagram,  being  completely  full  of  lines,  would 
be  unintelligible ;  but  by  drawing  representayve  lines  selected 
according  to  some  easily  recognisable  system,  the  general  course 


1  As  it  is  only  in  imagination  that  a  unit  of  electricity  is  put  at  the  point  in 
question,  there  is  no  need  to  be  concerned  about  possible  disturbances  of 
equilibrium  which  it  might  cause  if  put  there  in  reality. 
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of  the  whole  set  may  be  indicated,  and  so  the  character  of  all  parts 
of  the  electric  field,  as  to  direction  and  intensity,  can  be  repre- 
sented. The  rule  generally  followed  is  to  make  the  number  of 
lines  such  that  the  number  traversing  the  unit  area  of  a  surface, 
supposed  perpendicular  to  their  direction  at  any  part  of  the  field, 
shall  represent  the  electric  intensity  at  that  part.  Hence,  if  the 
electric  intensity  diminishes  as  we  follow  a  line  of  force,  this  is 
represented  by  divergence  of  the  lines,  and  increase  of  intensity  by 
convergence.  A  uniform  field,  that  is,  one  in  which  the  intensity 
and  direction  are  everywhere  the  same,  is  represented  by  equi- 
distant parallel  straight  lines,  and  reciprocally. 

In  many  cases  it  facilitates  thinking  and  reasoning  about  the 
properties  of  the  electric  field  to  refer  the  stresses  of  which  it  is 
the  seat  to  the  hnes  of  force,  and  to  think  of  these  as  having  not 
merely  a  geometrical  significance,  but  as  possessing  certain 
physical  properties,  namely,  a  tendency  for  each  line  to  shorten, 
and  a  tendency  for  separate  lines  to  repel  each  other. 

22.  Electrification  by  Induction.— There  being  no  electric  force 
within  a  conductor,  there  can  be  no  lines  of  force  within  it.  Sup- 
pose, then,  an  unelectrified  piece  of  metal  placed  in  an  electric 
field  :  the  space  outside  the  surface  of  the  metal  is  to  be  thought 
of  as  full  of  lines  of  force,  and  the  space  inside  the  surface  as  free 
from  such  lines.  The  conductor  thus  represents  a  gap  in  the  field, 
or  an  interruption  of  the  lines  of  force.  The  lines  which  previously 
traversed  the  space  occupied  by  it  are  each  cut  into  two  branches, 
one  branch  ending  on  one  part  of  the  surface,  and  the  other,  origin- 
ally the  continuation  of  the  same  line,  starting  from  another  part. 
But  (§  21)  a  surface  at  which  lines  of  force  end  is  negatively 
electrified,  and  one  from  which  such  lines  start  is  positively 
electrified.  Hence  we  should  expect  an  insulated  unelfectrified 
conductor  immersed  in  an  electric  field  to  acquire  equal  opposite 
electrifications  at  different  parts  of  its  surface,  that  part  be^^ming 
positive  which  is  presented  towards  the  negative  boundary  of 
the  field,  and  vice  versd. 

Such  electrification  is  found  experimentally  to  occur,  and  is 
known  as  electrification  by  induction. 

Fig.  19  represents  the  distribution  of  lines  of  force  for  the 
case  of  a  metal  ball  placed  in  an  originally  uniform  electric  field. 
It  will  be  seen  that  in  this  case  there  is  not  only  an  interruption, 
but  also  a  deflexion  of  the  lines  by  the  ball.  This  is  a  necessary 
consequence  of  the  fact  that  the  lines  meet  a  conducting  sur- 
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face  at  right  angles.  Again,  a  deflexion  of  the  lines  that  actually 
encounter  the  conductor  results,  on  account  of  the  transverse 
stress  in  the  field  or  the  mutual  repulsion  of  the  lines  of 
force,  in  an  appreciable  deflexion  of  some  of  those  which  do  not 
encounter  the  surface. 


Fig.  19. 

23.  Laws  of  Electrostatic  Indnction.— In  order  to  give  a 
more  complete  account  of  electrostatic  induction  we  will  consider 
a  special  typical  case  of  a  kind  that  frequently  occurs  in  actual 
experiments. 

a.  Consider  an  insulated  metal  ball  or  other  conductor  that  has 
been  positively  electrified  by  an  ordinary  electrical  machine,  the 
rubber  of  which  is  in  electrical  connection  with  the  floor  of  the 
room.  We  have,  then,  an  electric  field  extending  from  the  ball  on 
all  sides  to  the  floor,,  walls,  and  ceiling,  which  together  constitute 
the  second  boundary.  To  assist  the  mind  in  picturing  the  dis- 
tribution of  force  in  the  field,  we  may  think  of  the  lines  of  force  as 
if  they  were  elastic  threads  extending  between  the  two  boundaries 
of  the  field,  each  one  repelling  every  other,  and  their  extremities 
capable  of  moving  freely  about  on  the  conducting  surfaces  to  which 
they  are  attached,  but  not  able  to  leave  these  surfaces,  except 
when,  under  extreme  conditions,  by  the  crowding  together  of  lines, 
the  force  in  any  part  of  the  field  becomes  so  great  that  the  medium 
breaks  down  and  disruptive  discharge  takes  place. 

Mechanical  consequences  of  the  suppositions  made  as  to  the 
properties  of  the  lines  of  force  are  that  they  would  all  meet  the 
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boundaries  of  the  field  at  right  angles,  and  that  there  would  be  the 
greatest  concentration  of  lines  at  the  parts  of  the  field  where  the 
opposite  boundaries  are  nearest  together,  and  where,  therefore,  the 
lines  are  shortest.  These  results  correspond  to  the  facts  already 
pointed  out  (§§  18,  20),  that  the  direction  of  electric  force  close  to 
the  surface  of  a  conductor  is  normal  to  the  surface,  and  that  the 
electric  force  is  relatively  great  at  any  part  of  an  electric  field 
where  the  opposite  boundaries  come  near  together.  Again,  since 
the  beginning  of  a  line  of  force  corresponds  to  a  positive  charge, 
and  the  termination  of  a  line  to  a  negative  charge,  and  since  the 
number  of  beginnings  and  endings  are  necessarily  equal,  the  con- 
ception of  lines  of  force  includes  the  essential  equality  of  the 
opposite  charges  on  the  two  boundaries  of  an  electric  field.  It  was, 
moreover,  pointed  out  in  §  19  that  the  electric  force,  just  outside 
a  uniformly .  electrified  sphere,  is  equal  to  the  surface-density  of 
the  charge  multiplied  by  477  and  divided  by  the  dielectric  co- 
efficient of  the  surrounding  medium ;  and  we  shall  see  subse- 
quently (§  43)  that  this  relation  between  electric  force  and  surface 
density  of  electrification  is  quite  general.  Hence,  a  statement  of 
the  number  of  lines  of  force  starting  from  or  ending  upon  a  given 
area,  and  a  statement  of  the  surface-density  of  the  charge  of  the 
same  area,  are  only  different  modes  of  expressing  the  same  facts. 

b.  Let  the  conductor.  A,  be  completely  surrounded  by  a  hollow 
conductor,  B,  of  any  shape  whatever.  This  conductor  divides  the 
electric  field  into  two  parts,  that  between  A  and  the  inner  surface 
of  B,  and  that  between  the  outer  surface  of  B  and  the  inside  of  the 
room.  All  the  lines  of  force  issuing  from  A  are  cut  by  B,  so  that 
the  number  starting  from  A  and  ending  on  the  inner  surface  of  B 
is  identical,  and  so  that  also  the  continuation  of  every  line  ending 
inside  B  is  represented  by  a  line  issuing  from  its  outer  surface  and 
ending  on  the  surface  of  the  room.  In  other  words,  the  surface  of 
the  charged  body  A,  the  inner  and  outer  surfaces  of  the  surround- 
ing conductor  B,  and  the  surface  of  the  room,  are  all  charged  with 
equal  quantities  of  electricity,  the  charges  of  the  two  external 
surfaces  (that  of  A  and  the  outer  surface  of  b)  being  of  one  kind, 
and  those  of  the  two  internal  surfaces  (the  inner  surface  of  B  and 
that  of  the  room)  being  of  the  opposite  kind. 

Since  no  force  acts  inside  the  conductor  B,  no  force  can  be 
transmitted  through  it,  and  the  electric  fields  inside  it  and  outside 
it  are  entirely  independent  of  each  other  so  far  as  concerns  the 
distribution  of  force  in  each,  or  (what  comes  to  the  same  thing) 
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the  density  of  charge  at  any  part  of  the  boundary  of  each.  In  fact, 
surface-density  and  distribution  of  lines  of  force  in  each  field  are 
entirely  determined  by  the  forces  of  that  field. 

c.  The  two  fields — for  convenience  we  may  call  them  interned 
and  external— 2iX^  indeed  so  entirely  independent  of  each  other, 
that  either  of  them  may  be  destroyed  without  in  any  way  affecting 
the  other.  For  example,  if  the  electrified  body  A  be  displaced  so 
as  to  come  into  contact  with  the  inside  of  B,  the  internal  field  ceases 
to  exist,  but  no  electrical  effect  of  any  kind  is  thereby  produced 
outside  B.  Again,  if  the  conductor  B  be  put  into  contact  with  the 
inside  of  the  room,  either  directly  or  by  means  of  a  wire,  the 
external  field  is  destroyed,  but  nothing  whatever  is  thereby  altered 
inside  B.  To  say  that  an  electric  field  anywhere  ceases  to  exist  is 
the  same  thing  as  to  say  that  there  all  electric  force  ceases  to  act ; 
hence,  from  the  point  of  view  which  refers  electric  force  to  the 
action  at  a  distance  of  electric  charges,  we  may  express  the  facts 
last  stated  by  saying  that  the  two  internal  charges  mutually  neut- 
ralise each  other  so  far  as  regards  all  action  outside  the  conductor 
B,  and  that  the  two  external  charges  mutually  neutralise  each 
other  in  regard  to  action  inside  B. 

d.  If,  after  the  external  field  has  been  destroyed,  the  conductor 
B  is  opened  and  the  electrified  body  A  is  withdrawn,  what  was 
previously  the  internal  field  remains  still  unchanged  as  to  the 
niunber  of  lines  of  force  in  it — that  is,  as  to  the  quantity  of 
electricity  on  its  bounding  surfaces ;  but  the  form  of  the  field  is 
altered  by  the  changed  relative  positions  of  its  boundaries.  In 
accordance  with  their  tendency  to  shorten  and  to  separate  from 
each  other,  the  lines  of  force  which  previously  all  ended  on  the 
inner  surface  of  B  come,  more  and  more  of  them,  to  end  on  the 
outer  surface  as  A  is  removed  to  a  greater  distance.  If  a  is  put 
in  contact  with  the  inside  of  the  room,  it  becomes  electrically  part 
of  a  conducting  enclosure  surrounding  B,  and  the  result  is  that  we 
have  now  an  electric  field  whose  positive  boundary  is  the  surface  of  • 
the  room,  and  whose  negative  boundary  is  the  outside  of  the  con- 
ductor B.  We  have  then,  in  a  sense,  reversed  the  original  field 
extending  between  A  and  the  room :  the  charges  remain  through- 
out of  the  same  magnitude  as  at  first  (always  assuming  perfect 
insulation),  but  the  charge  of  the  room  is  positive  instead  of  nega- 
tive, and  that  of  the  enclosed  conductor  is  negative  instead  of 
positive. 

e.  If  an  insulated  conductor  is  placed  in  the  electric  field  existing 
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between  any  charged  body  and  an  enclosing  surface,  as  that  be- 
tween the  electrified  body  a  and  the  room,  it  becomes  charged,  as 
pointed  out  in  §  22,  differently  at  different  parts  of  its  surface,  the 
parts  presented  towards  each  boundary  of  the  field  acquiring  a 
charge  opposite  to  that  of  the  corresponding  boundary.  If  the 
conductor  is  withdrawn,  it  still  remaining  insulated,  or  if  the  electric 
field  is  destroyed,  all  signs  of  electrification  of  the  conductor  cease, 
thus  proving  that  the  positive  and  negative  charges  possessed  by 
different  parts  were  equal  in  amount.  This  niight  also  be  inferred 
d  priori  from  the  consideration  that  the  conductor,  having  remained 
insulated,  cannot  have  received  positive  or  negative  electricity  from 
without,  and  therefore  the  production  of  one  kind  in  or  upon  it 
implies  an  equal  production  of  the  other.  The  same  conclusion 
also  follows  very  simply  fi-om  the  consideration  of  lines  of  force. 
The  negative  charge  of  one  part  of  the  surface  corresponds  to  the 
termination  on  that  part  of  a  certain  number  of  interrupted  lines 
of  force,  and  the  continuation  of  each  of  these  lines  must  istart 
from  some  other  part  of  the  surface. 

/  If  the  insulated  conductor  be  brought  nearer  and  nearer  to 
the  charged  body,  which  for  distinctness  we  will  still  call  A  and 
suppose  to  be  positively  electrified,  it  will  interrupt  more  and  more 
lines  of  force— that  is,  its  induced  charges  will  become  greater. 
When  it  gets  very  near  to  A,  the  parts  of  the  lines  of  force  extend- 
ing between  a  and  it,  being  very  short,  cannot  repel  each  other 
niuch  (the  total  repulsion  between  two  lines  being  supposed  pro- 
portional to  their  lengths) ;  consequently  they  crowd  more  and 
more  about  the  parts  of  the  two  conductors  which  are  nearest 
together,  until  at  last  disruptive  discharge  takes  place  between  a 
and  the  conductor  brought  near  it.  This  is  accompanied  by  the 
disappearance  of  all  the  lines  in  question,  but  the  continuations  of 
all  these  lines  still  extend  between  the  insulated  conductor  and  the 
surface  of  the  room  or  other  enclosure.  This  is  the  process  of 
•sharing  the  charge  of  one  conductor  with  another,  previously  un- 
electrified,  which  is  brought  into  contact  with  it.  The  total  charge 
is  not  altered  thereby,  but  merely  its  distribution. 

^.  If  the  insulated  conductor,  instead  of  being  moved  into  con- 
tact with  the  conductor  a,  is  made  to  approach  and  finally  touch  the 
surface  of  the  enclosure,  the  resulting  changes  are  essentially  the 
same  as  in  the  last  case,  with  only  such  differences  as  arise  from  the 
fact  that  the  conductor  is  in  general  passing  from  a  stronger  to  a 
weaker  part  of  the  field.    When  it  comes  sufficiently  near  to  the 
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surface  of  the  enclosure,  mutual  discharge  takes  place  between  the 
induced  positive  charge  on  the  conductor  and  an  equal  quantity  of 
the  negative  charge  on  the  enclosure,  with  the  result  that  the  con- 
ductor retains  only  a  negative  charge,  which,  together  with  what 
remains  on  the  enclosure,  is  equal  to  the  total  original  charge  of 
the  enclosure.  In  effect,  the  enclosure  shares  its  charge  with  the 
insulated  conductor,  just  as  in  the  previous  case  the  body  A  shared 
its  charge.  In  the  one  case,  the  insulated  conductor  virtually  be- 
comes part  of  the  positive  boundary  of  the  field  ;  in  the  other,  it 
virtually  becomes  part  of  the  negative  boundary. 

^.  If  the  insulated  conductor,  after  coming  into  contact  with  the 
surface  of  the  enclosure,  be  separated  from  it  again,  the  lines  of 
force  from  A  end,  some  of  them  on  the  insulated  conductor,  and 
the  rest  on  the  surface  of  the  enclosure.  Let  now  A  be  brought 
into  contact  with  the  enclosure  :  the  lines  of  force  between  it  and 
the  enclosure  shorten  up  to  nothing  and  the  electrification  repre- 
sented by  them  disappears ;  but  the  lines  of  force  which  just 
before  ran  from  A  to  the  insulated  conductor  remain,  but  their 
positive  ends,  instead  of  being  confined  to  A,  are  now  free  to 
spread  over  the  whole  surface  of  the  enclosure.  We  thus  get,  as 
in  Case  d  above,  a  reversed  field,  which,  however,  contains  a 
smaller  number  of  lines  of  force  than  the  original  field,  instead  of 
the  same  number,  as  in  the  previous  case. 

It  is  easy  to  see  that  the  results  we  have  mentioned 
as  being  produced  by  displacing  a  conductor  in  an  elec- 
tric field  may  also  be  produced  by  connecting  the  con- 
ductor with  one  or  other  boundary  of  the  field  by  means 
of  a  wire.  In  some  cases  this  method  would  be  expe- 
rimentally more  effectual  than  moving  the  conductor. 

24  Experimental  Verifications.— Case  «.— Sus- 
pend a  good-sized  metal  ball,  or  conductor  of  any 
shape,  by  a  silk  cord,  and  electrify  it  as  described, 
and  place  it  near  one  of  the  walls  of  the  room.  The 
surface-density  of  the  charge  on  different  parts  of  the 
ball  and  of  the  walls  can  be  easily  compared  by  means 
of  the  gold-leaf  electrometer  and  proof-plane  (§  17). 
Cases  by  c,  d, — The  various  results  stated  under  these 
heads  can  be  verified  by  means  of  a  metal  jar  (or  "  ice- 
pail  ")  connected  with  a  gold-leaf  electroscope  (Fig.  20),  together 
with  a  second  electroscope  and  a  proof-plane.  The  conductor  A 
may  bQ  a  ?maU  metal  ball  at  the  end  of  a  silk  thread. 
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Case  e. — For  this  experiment  an  insulated  metal  cylinder  with 
rounded  ends  is  convenient.  It  should  be  put  lengthwise  between  a 
good-sized  electrified  body  and  the  wall  of  the  room,  not  very  far 
from  either.  For  this  purpose  any  large,  flat,  conducting  surface, 
electrically  connected  with  the  room,  may  represent  the  wall.  The 
induced  electrification  of  the  cylinder  can  be  tested  with  a  proof- 
plane  and  electrometer,  and  the  increase  of  induction  with  decrease 
of  distance  can  be  similarly  proved.  Another  way  of  making  the 
experiment  is  to  hang  at  intervals  along  the  cylinder  pairs  of  pith- 
balls  attached  to  very  fine  wires  (Fig.  21):  the  greater  or  less 
divergence  of  the  pith-balls  indicates  the  greater  or  less  density  of 
charge  at  the  different  parts  of  the  cylinder. 

(0  ^  f  r  r  'i 

Fig.  21. 

Cases  ^^,  h, — An  electrified  ball  hung  inside  a  metal  jar  may 
represent  the  conductor  a,  and  a  proof-plane  also  placed  inside 
the  jar  may  represent  the  insulated  conductor.  Or,  what  is  better, 
the  inside  of  the  room  may  represent  the  enclosure,  and  the 
appjiratus  employed  in  the  verification  of  Case  e  may  be  used. 

25.  Inductive  Action  on  Bad  Conductors.— The  effects  of  in- 
duction are  less  distinct  with  badly  conducting  substances.  Such 
a  body  placed  in  an  electric  field  seems  to  behave  as  though  it 
were  composed  of  a  multitude  of  minute  conductors  separated  by 
an  insulating  medium,  each  of  which  is  acted  on  inductively  in  the 
way  already  described,  the  side  nearest  the  positive  boundary  of 
the  field  acquiring  a  negative  charge  and  vice  versa.  The  percep- 
tible effects  are  as  though  the  body  became  electrified  in  the  same 
manner  as  a  conductor  occupying  the  same  space  would  do,  but  to 
a  smaller  extent.  A  non-conductor  in  an  electric  field  is  often 
said  to  h^  polarised. 

If  the  inductive  action  last  for  only  a  very  short  time,  as  soon  as 
it  ceases  the  polarisation  disappears,  and  the  body  returns  to  its 
natural  state.  But  if  it  lasts  for  a  good  while,  the  body  may  exhibit 
for  some  time  afterwards  two  oppositely  electrified  regions.  This 
eflfect  may  be  supposed  to  result  from  a  more  or  less  complete 
mutual  neutralisation  of  the  opposite  charges  of  neighbouring  con- 
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ducting  particles  taking  place  through  the  intervening  imperfectly 
insulating  medium. 

26.  Conducting  Sphere  in  a  Uniform  Field.~In  the  case  of  a 
conducting  sphere  in  a  uniform  electric  field,  it  is  not  difficult  to 
calculate  the  surface-density  of  electrification  required  to  satisfy 
the  general  condition,  pointed  out  in  18,  that  the  electric  force  at 
any  point  within  the  conductor  shall  be  zero.  The  force  at  any 
such  point  must  evidently  be  the  resultant  of  the  forces  which 
would  be  exerted  there  by  the  field  and  by  the  induced  electrifica- 
tion of  the  sphere  if  these  acted  separately.  And  as  the  force  of 
the  field  is,  by  supposition,  everywhere  the  same  in  magnitude  and 
direction,  the  problem  comes  to  be  to  find  such  a  surface-dis- 
tribution of  electricity  on  the  sphere  as  would,  if  it  existed  inde- 
pendently, produce  at  all  internal  points  a  uniform  force  equal  and 
opposite  to  that  of  the  inducing 
field.  We  get  this  by  suppos- 
ing two  spheres,  at  first  coinci- 
dent, of  equal  opposite  electric 
densities,  +p  and  -  p,  uniform 
throughout,  to  undergo  a  small 
relative  displacement  aa'  (Fig. 
22),  the  positive  sphere  moving 
in  the  direction  of  the  force  of 
the  field,  and  the  negative  one 
in  the  opposite  direction.    The  pj^  ^^ 

result  of  this  is  to  give,   as 

shown  in  the  figure,  a  central  portion,  throughout  which  the 
electric  densities  +  p  and  —  p  are  superposed,  and  where  there- 
fore the  resultant  density  is  zero  ;  while  there  is  a  layer  of 
density  +  p  at  B  symmetrically  distributed  with  respect  to  the 
diameter  parallel  to  the  force  of  the  field,  and  a  similar  layer 
of  density  —  p  on  the  opposite  side  of  the  sphere.  The  diameter 
just  mentioned  may  be  called  the  axis  of  electrification  of  the 
sphere,  or  simply  the  axis  ;  the  points  where  it  cuts  the  surface 
may  be  called  the  poles ;  and  a  great  circle  perpendicular  to 
the  axis  and  half  way  between  the  poles  (passing  through  c  and 
D  in  the  figure),  the  equator  of  the  sphere.  The  two  electric 
layers,  called  displacement-layers y  which  respectively  cover  the  two 
hemispheres,  have  a  maximum  thickness  equal  to  aa'  at  the 
poles.  The  equator  separates  the  positive  from  the  negative  layer, 
and  the  thickness  there  is  nothing. 
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The  required  electrification  of  the  conducting  sphere  in  the 
case  we  are  considering  is  given  by  supposing  the  two  halves  of 
its  surface  oppositely  electrified  to  a  surface-density  proportional 
to  the  thickness  of  these  displacement-layers. 

To  prove  this,  let  us  investigate  the  electric  force  at  a  point,  M, 
within  the  two  nearly  coincident  spheres.    The  force  due  to  the 

positive  sphere,  with  centre  a',  is  f  Trp .  a'm.  —  (§  19),  acting  in  the 

Jv 

direction  a'm,  and  that  of  the  negative  sphere,  with  centre  A  is 
jt  Trp  .  MA.  — ,  in  the  direction  ma.      In   the   triangle   a'm  A,   the 

sides  a'm  and  ma  are  respectively  parallel  and  proportional  to 
the  two  forces  acting  at  M,  and  consequently  the  third  side,  a'a, 
is  parallel  and  proportional  to  their  resultant.      The  resultant, 

^  irp  .  a'a.  :=^,  is  therefore  independent  of  the  position  of  the 
IC 

point  M— that  is,  the  force  due  to  the  given  distribution  is  uniform 

in  magnitude  and  direction  at  all  internal  points.     Further,  it  is 

evident  that  the  force  at  any  point,  internal  or  external,  would  be 

unaltered  by  removing  the  coincident  portions  of  the  two  spheres 

and  leaving  only  the  displacement-layers ;    for  as  the  density 

throughout  the  region  of  coincidence =0,  the  force  must  be  what 

the  displacement-layers  would  exert  if  they  existed  alone. 

If  we  put  <r^  for  the  maximum  surface-density,  that  at  the  pole 

B,  we  have 

(To  =  p.  aa', 

and  for  the  force  at  an  internal  point  due  to  the  electrification  of  the 

sphere  -^Tra-^—  (acting  in  the  direction  a'a),  opposite  to  the 
3         K 

force  of  the  field.     Putting  /  for  the  force  due  to  the  field  alone, 

and  considering  that  the    resultant  force  inside  the  sphere  is 

nothing,  we  get 

/-^.,.^  =  o, 

which  determines  o-q  when /is  given. 

To  get  the  density  elsewhere  than  at  the  poles,  we  must  remem- 
ber that  the  thickness  of  the  displacement-layers  is  everywhere 
aa'  if  measured  parallel  to  the  axis ;  hence,  as  is  easily  seen  on 
drawing  a  figure,  the  thickness  measured  along  the  radius  at  a'ny 
point  is  aa'  cos  a,  if  a  is  the  angle  which  the  radius  throu^jj  the 
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point  makes  with  the  axis.  The  surface-density  being  proportional 
to  the  radial  thickness  of  the  displacement  layer,  is  then  given  by 

<r  =  (To  cos  a  =  ^-^  —  cos  a. 

The  value  a  =  90°  corresponds  to  points  on  the  equator,  where,  as 
we  have  already  seen,  the  density  is  nothing. 

To  get  the  action  of  the  displacement-layers  at  external  points, 
we  may  replace  them  by  the  two  overlapping  spheres  with  centres 
at  A  and  a'.  Each  of  these  would  act  as  though  its  whole  mass 
were  concentrated  at  the  centre  (§  19) ;  hence,  the  effect  is  the 
same  as  would  be  produced  by  two  equal  masses  of  opposite  signs 
concentrated  in  the  two  points  A  and  a'.  The  lines  of  force  for 
this  case  are  shown  in  Fig.  19  (§  22),  which  must  be  considered  as 
a  section  of  the  field  of  force  by  a  plane  through  the  axis.  The 
surface  of  the  sphere  is  supposed  to  be  divided  into  zones  having 
equal  charges. 

27.  Attraction  of  Light  Bodies.— Let  us  return  to  the  experi- 
ment mentioned  in  §  i,  of  the  attraction  of  bodies  that  have  not 
been  previously  electrified,  when  a  body  that  has  been  electrified 
by  friction  or  otherwise  is  brought  near.  It  is  evident  that  in  such 
a  case  electrification  by  induction  precedes  attraction,  and  that 
what  is  really  observed  is  attraction  between  opposite  electric 
charges.  It  may  indeed  be  taken  as  a  fact  proved  experimentally 
that  ordinary  matter  as  such  is  not  acted  upon  by  electric  force, 
which  acts  only  between  different  quantities  of  electricity. 

If  a  pith-ball  pendulum  is  used  to  illustrate  electric  attraction, 
the  effect  is  somewhat  different  according  as  the  suspending 
thread  is  of  linen  or  cotton,  which  are  pretty  good  conductors,  or  of 
silk,  which  is  a  non-conductor.  In  the  former  case,  the  pith-ball  is 
in  electrical  connection  through  the  thread  with  the  inside  of  the 
room,  which  commonly  forms  one  boundary  of  the  electric  field  ; 
the  pith-ball,  therefore,  forms  a  part  of  this  boundary,  and  is 
naturally  strongly  attracted  when  the  electrified  body  which  forms 
the  other  boundary  is  brought  near.  When  the  suspending  thread 
is  an  insulator,  we  have  the  pith-ball  merely  subjected  to  the 
electric  field  extending  between  the  electrified  body  and  the  room. 
It  is  electrified  inductively,  as  described  above  (§§  22,  23  ^),  and 
it  moves  in  obedience  to  the  resultant  force,  which  acts  towards 
the  stronger  part  of  the  field.  As  the  means  of  testing  whether  a 
body  brought  near  to  it  is  electrified  or  not,  a  pith-ball  suspended 
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by  a  conducting  thread  is  accordingly  more  sensitive ;  but  if  we 
want  to  find  out  how  a  body  is  electrified,  we  must  use  a  pith-ball 
hung  by  a  non-conducting  thread  :  we  electrify  the  ball  in  a  known 
manner,  positively  or  negatively,  and  observe  whether  repulsion 
or  attraction  takes  place  when  the  body  to  be  tested  is  brought 
near. 

28.  Inductive  Action  on  the  Q-old-Leaf  Electroscope.  — A 
very  common  example  of  electric  induction,  and  one  sufficiently 
important  to  make  it  desirable  to  refer  to  it  specially,  is  pre- 
sented by  the  gold-leaf  electroscope  (Fig.  9).  Suppose  the  in- 
strument, as  usual,  to  be  standing  on  the  table,  and  that  an 
electrified  body  is  held  over  it  at  a  distance  of  several  inches, 
or  even  a  foot  or  two.  An  electric  field  extends  between  the 
electrified  body  and  the  table,  and  envelops  the  electroscope. 
Lines  of  force  run  between  the  electrified  body  and  the  cap,  and 
the  continuation  of  the  same  lines  between  the  leaves  and  the 
table,  and  the  opening  of  the  leaves  is  to  be  attributed  to  the 
tension  in  these  latter  lines,  together  with  the  repulsion  between 
the  lines  proceeding  from  one  leaf  and  those  proceeding  from 
the  other. 

If  the  cap  is  now  touched  with  the  finger,  and  thereby  put  elec- 
trically into  connection  with  the  table,  the  lines  of  force  between 
the  latter  and  the  gold-leaves  disappear  and  the  divergence  ceases, 
but  at  the  same  time  the  field  between  the  electrified  body  and  the 
cap  of  the  electroscope  becomes  stronger  than  before.  After  re- 
moving the  finger,  let  the  electrified  body  be  removed  ;  the  electric 
field  is  thereby  distorted  and  we  may  think  of  the  body  as  dragging 
after  it  the  lines  of  force  that  are  attached  to  it  and  stretching  them 
out.  As  they  become  longer,  their  mutual  repulsion  asserts  itself 
more  strongly  ;  they  spread  from  the  cap  in  greater  or  less  numbers 
over  the  rest  of  the  electroscope,  some  of  them  pass  to  the  gold- 
leaves,  and  these  again  open.  This  action  is  carried  to  its  limit 
if  the  electrified  body  is  put  into  electrical  contact  with  the  room, 
but  it  comes  to  sensibly  the  same  thing  if  it  is  removed  in  any 
direction  to  a  much  greater  distance  from  the  electroscope  than 
the  surface  of  the  table  or  other  parts  of  the  second  boundary  of 
the  electric  field.  It  is  important  to  note  that  the  electrification 
which  is  now  indicated  by  the  electroscope  is  opposite  to  that  of 
the  electrified  body  brought  near  it  at  the  beginning  of  the  experi- 
ment. For  definiteness,  assume  the  body  to  have  been  positive, 
and  therefore  the  table  negative  :  in  the  first  stage  of  the  experi- 
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ment,  the  divergence  of  the  gold-leaves  indicated  lines  of  force 
running  from  the  leaves  to  the  table ;  the  final  divergence  indi- 
cated lines  running  from  the  table  to  the  leaves. 

When  an  electric  field  of  a  known  kind  has  been  established  be- 
tween the  electroscope  and  the  table — that  is,  when  the  electroscope 
has  been  charged  with  a  known  kind  of  electricity — it  serves  as  a 
delicate  test  to  distinguish  the  nature  of  the  electrification  of  any 
object  brought  near  it  If  a  body,  slowly  moved  up  towards  the  cap 
of  the  electroscope  from  a  considerable  distance,  causes  the  leaves 
to  diverge  continuously  more  and  more,  we  may  conclude  that  it  is 
electrified  in  the  same  way  as  the  electroscope.  If,  on  the  other 
hand,  it  makes  the  leaves  gradually  fall  together,  collapse  com- 
pletely, and  then  open  again,  we  may  conclude  that  it  is  electrified 
oppositely  to  the  electroscope.  In  the  first  case,  the  electric  field 
due  to  the  body  to  be  tested  is  superposed  upon  the  field  due  to 
the  electroscope  and  strengthens  it  In  the  second  case,  contrary 
fields  are  superposed  :  as  the  second  field  is  gradually  strengthened, 
there  is  first  weakening,  then  neutralisation,  and  finally  inversion 
of  the  original  field  of  the  electroscope.  If  an  oppositely  electrified 
body  is  quickly  brought  near  the  electroscope,  the  inversion  of  the 
field  may  occur  before  the  leaves  have  had  time,  by  falling  together, 
to  indicate  the  previous  weakening  of  the  original  field.  In  such  a 
case  we  may  mistake  the  sign  of  the  electrification.  It  is  impor- 
tant, therefore,  to  bring  up  the  body  slowly  towards  the  electro- 
scope and  to  note  the  first  visible 
effect.  A  mere  diminution  of  diver- 
gence when  a  body  is  brought  near 
the  cap  of  the  electroscope  is  not 
trustworthy  evidence  of  contrary 
electrification.  If  the  hand,  or  any 
uninsulated  conductor,  be  held  a 
little  way  above  the  cap,  it  alters 
the  electric  field,  and  so  causes  a 
diminution  of  the  divergence  of  the 
leaves,  in  a  way  that  is  not  difficult 
to  follow  out 

29.   The  Electrophorn8.--The 
action  of  the  electrophorus  (Fig.  23)  ^xq  2^ 

depends    essentially    on    electrical 

induction.    The  instrument  consists  of  a  flat,  smooth  plate  of  resin 
or  ebonite  (called  the  cake\  resting  on  a  metal  plate  (the  sole)^  and 
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of  a  second  metal  plate  (the  cover\  of  rather  less  diameter  than 
the  cake,  provided  with  an  insulating  handle. 

To  use  the  electrophorus,  the  cake  is  electrified  by  beating  it 
with  a  catskin,  the  cover  is  put  on,  connected  with  the  sole,  in- 
sulated from  it  again,  and  lifted  by  the  insulating  handle.  The 
cover  is  now  found  positively  electrified  (if  the  cake  is  negative  as 
usual),  and  its  charge  may  be  transferred  to  any  other  conductor 
as  desired.  To  renew  the  charge,  it  is  only  necessary  to  replace 
the  cover,  connect  it  for  an  instant  with  the  sole,  and  raise  it 
again  by  the  insulating  handle,  and  this  can  be  repeated  a  great 
number  of  times  in  succession  without  its  being  needful  to  renew 
the  electrification  of  the  cake,  which  only  undergoes  a  very  gradual 
loss  due  to  imperfect  insulation. 

The  electrical  changes  that  take  place  may  be  described  as 
follows  : — By  friction  with  the  catskin,  an  electric  field  is  set  up, 
originally  between  the  catskin,  which  forms  the  positive  boundary, 
and  the  resin,  which  forms  the  Jiegative  boundary.  When  the 
catskin  has  been  removed  to  a  distance,  the  lines  of  force  no 
longer  extend  all  the  way  from  it  to  the  cake,  but  are  interrupted 
by  neighbouring  conducting  objects,  usually  by  the  table  on  which 
the  electrophorus  stands.  They  then  shorten,  and  the  electric  field 
contracts  so  as  to  be  confined  almost  entirely  to  the  space  occupied 
by  the  cake ;  the  upper  surface  of  the  sole  becomes  the  positive 
boundary,  and  the  upper  layer  of  the  resin  the  negative  boundary. 
The  lines  of  force  are  thus  short  lines,  practically  straight,  running 
up  through  the  cake.  When  now  the  cover  is  laid  on  and  con- 
nected with  the  sole,  the  positive  ends  of  the  lines  are  to  a  great 
extent  transferred  from  the  sole  to  the  cover,  as  they  thereby 
become  still  shorter  than  before.  A  great  part  of  the  field  is  thus 
transferred  to  the  upper  side  of  the  cake,  where  it  occupies  the 
thin  stratum  of  air  between  the  face  of  the  cover  and  the  cake,  and 
also  probably  a  thin  layer  of  resin  itself  near  the  upper  surface. 
When  the  cover  is  raised,  the  field  is  drawn  out  and  soon  divides 
into  two,  one  extending  from  the  cover  to  the  surface  of  surround- 
ing objects,  and  the  other,  as  before,  from  the  sole  to  the  upper 
part  of  the  resin. 
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CHAPTER  IV. 
ELECTRICAL  POTENTIAL. 

30.  Conditions  of  Electrical  Equilibrium.— If  two  electrified 
conductors  are  brought  into  contact,  or,  remaining  at  a  distance, 
are  connected  by  a  third  conductor,  as,  for  instance,  by  a  long  fine 
wire,  there  is  in  general  a  change  in  the  electrical  state  of  both  ; 
whatever  signs  of  electrification  were  previously  shown  by  one  of 
tliem  become  weaker,  while  those  exhibited  by  the  other  become 
stronger.  The  effect  is  what  is  expressed  by  saying  that  electricity 
passes  from  the  first  to  the  second.  In  special  cases,  however, 
it  may  happen  that  no  electrical  change  is  produced — that  no 
electricity  passes  either  way.  We  then  say  that  the  connected 
conductors  were  in  electric  equilibrium.  In  any  case,  electric 
equilibrium  is  established  in  a  very  short  time  after  connection  is 
made. 

Electric  equilibrium,  when  attained,  evidently  consists  in  such  a 
distribution  of  electricity  that  the  resultant  electric  force  at  every 
point  of  the  conductor,  or  system  of  conductors  in  question,  is 
equal  to  nothing ;  for,  if  there  were  electric  force  at  a  point  of  a 
conductor,  there  would  be  displacement  of  electricity,  and  con- 
sequently equilibrium  would  not  exist. 

The  question  then  arises,  On  what  does  electric  equilibrium 
depend?  What  is  the  condition  which,  when  possessed  in  the 
same  degree  by  two  conductors,  makes  it. possible  to  connect  them 
together  without  any  alteration  of  their  electric  state  ?  It  is  not 
equality  of  total  charge,  nor  yet  equality  of  surface-density,  for  two 
unequal  spheres  are  not  in  equilibrium  when  they  have  either 
equal  charges  or  the  same  surface-density. 

31.  Electric  Potential. — The  required  condition,  which  is  dis- 
tinct from  any  that  we  have  so  far  considered,  is  what  is  known  as 
electric  potential.  This  term  expresses  a  condition  in  relation  to 
electrified  bodies  which  is  analogous  to  that  denoted  by  temperature 
in  the  case  of  heat.    Just  as  bodies  are  said  to  have  the  same 
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temperature  if  no  transfer  of  heat  from  one  to  the  other  occurs 
when  they  are  put  into  contact,  so  electric  conductors  between 
which  no  transfer  of  electricity  takes  place  when  they  are  connected 
are  said  to  have  (or  to  be  at)  the  same  potential.  On  the  other 
hand,  if  two  conductors  which  have  different  potentials  are  con- 
nected, a  passage  of  (positive)  electricity  takes  place  from  the  one 
which  has  the  higher  to  that  which  has  the  lower  potential,  until 
equality  of  potential,  and  therewith  electric  equilibrium,  is  reached. 

To  speak  of  any  system  of  bodies  a^  being  in  a  state  of  electric 
equilibrium,  is  equivalent  to  saying  that  there  is  no  electric  force 
tending  to  cause  movement  of  electricity  in  any  way  among  them. 
But  all  the  sensible  phenomena  by  which  we  become  aware  of  the 
electrical  state  of  bodies — such  as  the  motion  of  an  electroscope, 
or  the  passage  of  an  electric  spark — are  evidences  of  electric 
force.  Hence  it  follows,  from  what  we  have  just  said,  that  if  all 
the  objects  about  us  are  at  the  same  potential,  they  will  not 
exhibit  any  electrical  phenomena,  for,  being  at  the  same  potential, 
they  are  all  in  electrical  equilibrium.  This  would  still  be  the  case, 
however  high,  or  however  low,  the  common  potential  might  be. 
It  consequently  appears  that  we  have  no  means  of  recognising  the 
absolute  potential  of  bodies,  but  only  the  differences  between  the 
potentials  of  different  bodies. 

The  strict  definition  of  electrical  potential  is  founded  upon  the 
fact,  just  alluded  to,  that  the  existence  of  electric  force  implies  a 
difference  of  electric  potentials.  We  may  define  electric  potential 
as  a  property  of  space  whose  value  at  any  given  point,  above  or 
below  that  of  some  point  or  body  chosen  as  an  arbitrary  zero  of 
potential,  is  susceptible  of  numerical  statement,  and  such  that  the 
line  through  that  point  along  which  it  decreases  most  rapidly  is 
the  direction  of  electric  force,  and  that  the  rate  of  its  decrease  in 
any  direction  is  equal  to  the  intensity  of  force  in  that  direction. 

This  definition,  being  necessarily  expressed  in  general  terms, 
may  perhaps  fail  to  convey  any  definite  meaning  on  a  first  reading. 
If  so,  the  following  comparisons  may  help  to  make  the  matter 
clearer.  Adopting  a  similar  form,  we  might  say  that  temperature  is 
a  property  of  space  whose  value  at  any  given  point  above  or 
below  an  arbitrary  zero  (say  the  temperature  of  melting  ice)  is 
susceptible  of  numerical  statement,  and  such  that  the  direction 
through  that  point  in  which  heat  would  flow  (if  the  point  were 
within  a  conducting  material)  is  the  direction  in  which  tempe- 
rature decreases  most  rapidly,  and  that  its  rate  of  decrease  in  this 
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direction  is  proportional  to  the  intensity  of  the  flow  of  heat  [The 
fact  that  we  are  not  in  the  habit  of  speaking  of  thermal  force 
as  determining  the  transfer  of  heat  between  bodies  of  different 
temperatures  makes  it  impossible  to  keep  the  wording  of  the 
definition  of  temperature  parallel  throughout  to  the  definition  of 
potential.] 

Potential  may  also  be  usefully  compared  with  surface -level  in 
the  case  of  liquids  ;  for  the  passage  of  electricity,  from  a  con- 
ductor of  higher  to  one  of  lower  electrical  potential  when  they  are 
connected  by  a  wire,  is  very  closely  analogous  to  the  flow  of  water 
from  a  cistern  at  a  high  level  to  one  at  a  lower  level  when  a  con- 
necting pipe  is  opened  between  them.  In  fact,  the  analogy  is  so 
complete,  that  the  expression  "  electrical  level "  is  not  infrequently 
used  instead  of  electric  potential. 

In  connection  with  the  comparison  between  potential  and  tem- 
perature, it  is  to  be  noted  that  whereas  the  temperature  of  a  body 
is  not  altered  by  mere  change  of  position,  so  long  as  it  does  not 
lose  or  gain  heat,  the  electric  potential  of  a  body  is  in  general 
altered  whenever  it  is  moved  in  an  electric  field.  Another  point 
of  difference  is  that,  whereas  important  changes  in  the  physical 
properties  of  matter  are  produced  by  changes  of  temperature, 
nothing  of  the  same  kind  results  from  rise  or  fall  of  potential. 
Great  differences  of  potential  between  neighbouring  parts  of  a 
dielectric  medium  produce  various  physical  effects,  such  as  the 
mechanical  shattering  that  accompanies  discharge ;  but  any  por- 
tion of  matter  throughout  which  potential  is  uniform  remains 
unaffected,  however  high  or  low  the  potential  may  be. 

32.  Electric  Force  and  Potential. — In  order  to  see  what  is 
involved  in  the  definition  of  potential  given  in  §  31,  we  will 
apply  it  to  a  special  case  where  the  electric  force  is  known, 
that  of  an  electric  field  bounded  by  two  concentric  spherical 
conducting  surfaces.  Let  P  (Fig.  24)  be  a  point  in  the  field  at 
a  distance,  r,  from  the  common  centre,  O,  of  the  spherical 
boundaries.  If  Q  be  the  charge  on  the  inner  surface,  and  there- 
fore -  Q  the  charge  on  the  outer  surface,  the  electric  force  at  P 

will  be  j7-  •  H  acting  in  the  direction  OP  (because  the  charge  of 

the  inner  sphere  will  act  at  P  as  though  it  were  concentrated 
at  o,  and  the  charge  -  Q  on  the  outer  surface  will  exert  no  force 
at  p).  Hence  the  potential  at  P  must  be  a  quantity  such  that 
its  rate  of  decrease  is  most  rapid  in  the  direction  op  (or  r), 
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and  is  equal  to  -^  •  -3.     Putting  V  for  the  potential  at  P,  and  V 

for  the  potential  at  a  point  P',  distant  r^  from  the  centre,  the 

change  of  potential  as  we  pass  from  P  to  P^  is  F'  -  K,  and  the 

average  rate  of  change  is  this  divided  by  the  distance  pp',  or 

V  -  V 

-—r;_ — .     If  the  point  P'  be  taken  nearer  and  nearer  to  P,  the 

distance  pp',  or  r'  -  r^  becomes  smaller  and  smaller,  and  may 
finally  be  denoted  by  dr^  the  difference  of  potentials,  V  -  F, 
simultaneously  becoming  infinitely  small  so  as  to  be  represented 
by  dV.  Hence  we  see  that  the  rate  of  variation  of  the  potential 
at  the  point  P  is  expressible  by  the  ratio  dVjdr,    The  two  factors 

of  this  ratio,  however,  re- 
present increments  of  the 
corresponding  quantities ; 
hence,  to  express  the  rate 
of  decrease  of  potential, 
which  by  the  definition  is 
the  electric  force  at  P,  we 
must  prefix  a  negative  sign. 
We  thus  get  finally  for  the 
electric  force  at  P 

•^     .       dr  ~  K'  r^' 


Fig.  24. 


By  the  definition  of  §  31, 
the  rate  of  decrease  of 
potential  in  any  direction 
must  give  the  electric  force  in  that  direction.  Therefore,  if  dV 
be  again  the  change  of  potential  that  takes  place  in  the  dis- 
tance ds,  measured  from  P  in  any  direction,  j,  making  an  angle 
6  with  r,  and  if /be  the  component  of  electric  force  in  this 


direction  we  must  have 


dV 


But  resolving  the  resultant  force  /  along  s  and  at  right  angles 
thereto,  we  have  also 

/  =  /cos  ft 
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Consequently, 

dV     dV  ^^^f. 

-7-  ='  -T  COS  e/, 

ds        dr 

and  since  cos  Q  is  always  less  than  unity  when  d  is  greater  than 
o,  dVjds  is  less  than  dVjdr^  or  the  rate  of  change  of  potential 
along  s  is  less  rapid  than  along  r. 

33.  Equipotential  Surfaces.— Consider  the  case  where  ^  is  a 

right  angle,  that  is,  the  case  where  ds  is  perpendicular  to  r,  and 

therefore  lies  along  the  surface  of  a  sphere  passing  through  P, 

and  with  centre  at  O.    We  know  that,  in  this  case,  the  component 

force  /=  o,  and  consistently  with  this,  the  last  equation  gives 

dV    ' 

-^  =  o  when  ^  is  a  right  angle. 

Put  into  words,  this  gives  the  result  that  there  is  no  varia- 
tion of  potential  along  the  surface  of  a  sphere  with  centre  O, 
or  that  the  potential  has  the  same  value  at  all  points  of  such  a 
surface ;  or  again,  more  shortly,  that  a  spherical  surface  with 
centre  O  is  an  equipotential  surface.  And  similar  reasoning 
would  show  that  in  all  cases  a  surface  that  is  everywhere  at 
right  angles  to  the  direction  of  electric  force  is  an  equipotential 
surface. 

Conversely,  an  equipotential  surface  must  be  such  that  no 
electric  force  acts  along  it  from  one  point  to  another  of  the 
surface.  Hence  electric  force  (if  any)  acts  everywhere  normally 
to  an  equipotential  surface. 

It  follows  that  the  surface  of  any  conductor  or  system  of 
conductors  in  electrical  equilibrium  is  an  equipotential  surface, 
and  that  electric  force  (if  any)  is  everywhere  normal  to  such  a 
surface. 

34.  Work  Done  by  Electric  Force.— The  formula  /=  -  dVfds 

s 

may  be  said  to  embody  the  definition  of  potential.  If  we  multiply 
both  sides  by  ds  and  write  it 

fds  =  -  dVy 

s 

it  admits  of  a  simple  physical  interpretation.  The  product  of  the 
force /into  the  infinitesimal  displacement  ds  in  the  line  of  action 

of  the  force,  would  evidently  be  the  work  done  by  electric  force 
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on  a  unit  of  positive  electricity  moved  from  P  through  the  distance 
ds.    We  may  accordingly  write 

dW^fds=  -  dV; 

s 

whence  it  appears  that  the  rate  of  decrease  of  potential  in  any 
direction  is  identical  with  the  rate  at  which  work  is  done  by  electric 
force  upon  a  unit  of  positive  electricity  displaced  in  that  direction. 
It  follows  that  the  total  work  done  upon  a  unit  of  positive  electricity 
transferred  from  a  given  point,  A,  to  another  point,  B  (it  being 
understood  that  the  electric  force  is  not  altered  in  any  way  by  the 
transfer),  is  equal  to  the  whole  decrease  of  potential  from  A  to  B, 
or,  in  symbols 

B  B 


W 

AB 


=  {dW=  f  ''dV=  V-  V. 

J  J,  A         B 


If  the  quantity  of  electricity  transferred  is  any  quantity  2,  the 
work  done  is,  of  course,  equal  to  Q  times  that  which  corresponds 
to  the  transfer  of  a  positive  unit.  Thus,  if  we  put  IV  for  the 
electric  work  done,  when  any  quantity,  j2>  o^  electricity  is  trans- 
ferred from  a  point  where  the  potential  is  K  to  a  point  where 
the  potential  is  V\  we  have 

W=Q{V-  V). 

From  this  it  appears  that  the  electrical  work  done  when  elec- 
tricity passes  from  any  point  of  one  equipotential  surface  to  any 
point  of  another,  depends  only  on  the 
difference  of  potential  of  the  surfaces, 
and  not  on  the  particular  points  between 
which  the  passage  takes  place,  nor  upon 
the  path  by  which  it  occurs. 

The  proof  of  this  very  important  pro- 
position is  contained  in  what  has  been 
said  already,  but  it  may  be  well  to  con- 
sider it  from  another  point  of  view.  Let 
M  and  N  (Fig.  25)  be  portions  of  two 
equipotential  surfaces  having  respec- 
FiG.  25.  tively  the  potentials  Fand  Vy  then  what 

we  have  to  prove  is  that,  if  a  quantity 
of  electricity  be  transferred  from  any  point,  A,  of  the  surface  M 
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to  any  point,  B,  on  the  surface  N,  the  work  done  by  electric 
forces  is  the  same  as  if  an  identical  quantity  of  electricity  were 
carried  from  any  other  point,  c,  of  the  first  surface  to  any  point, 
D,  of  the  second.  That  this  is  necessarily  the  case  follows 
easily  from  the  principle  of  the  conservation  of  energy,  combined 
with  the  conception  of  an  equipotential  surface.  For  if  it  be 
possible  for  these  two  amounts  of  work  to  differ,  let  the  electric 
work  along  ab,  per  unit  of  electricity,  exceed  that  along  CD  by 
any  finite  amount,  say,  lo  ergs  :  then  it  will  require  an  expendi- 
ture of  energy  less  by  lo  ergs  to  carry  a  unit  of  electricity  back 
from  N  to  M  by  the  path  DC  than  to  carry  it  by  the  path  BA. 
Consequently  we  may  carry  a  unit  of  electricity  from  M  to  N 
along  AB,  during  which  process  an  amount  of  work,  say  W  ergs, 
is  done  by  electric  force,  then  transfer  it  from  B  to  D  along 
the  equipotential  surface  N  —  during  this  process,  since  no  force 
acts  between  any  points  on  the  same  equipotential  surface, 
no  work  will  be  done — next  carry  it  to  the  surface  M  along 
the  path  DC,  doing  W  -  \o  ergs  of  work  against  electric  force, 
and  lastly  restore  it  to  the  starting-point  A,  by  carrying  it 
along  the  equipotential  surface  M.  As  the  result  of  this  series 
of  operations,  no  permanent  electrical  change  whatever  will  have 
been  produced,  since  all  the  electricity  taken  from  A  has  been 
brought  back  to  it,  but  lo  ergs  more  work  will  have  been  done 
by  electric  force  than  has  been  done  against  it,  or  there  has 
been  a  gain  of  energy  to  the  extent  of  lo  ergs,  without  any 
corresponding  expenditure ;  and  by  repeating  the  same  operation 
again  and  again,  it  would  be  possible  to  gain  any  amount  of 
energy,  a  result  inconsistent  with  the  principle  of  conservation 
of  energy.  Hence  we  conclude  that  it  is  not  possible  for  the 
amount  of  electric  work  done  during  the  passage  of  electricity 
from  one  equipotential  surface  to  another  to  vary  with  the  path 
followed. 

35.  Difference  of  Potentials  defined  in  terms  of  Electrical 
Work. — The  proposition  arrived  at  in  §  34  furnishes  a  new  mode 
of  defining  difference  of  potentials  which  may  be  put  in  the  follow- 
ing form : — The  electric  potential  at  any  pointy  A,  exceeds  the 
potential  at  any  other  pointy  B,  by  an  amount  equal  to  the  work 
that  would  be  done  by  electric  force  upon  a  unit  of  positive  elec- 
tricity transferred  from  A  to  B,  it  being  understood  that  no  change 
of  force  is  caused  by  the  transfer.     If  we  put  W  for  the  work  done 

D 


Digitized  by 


Google 


so 


Electrical  Potential. 


[§35. 


when  a  quantity  of  electricity,  2,  is  transferred,  the  above  state- 
ment is  equivalent  to  the  equation 

W 


V  ' 

A 


I- a- 


33.  Difference  of  Potentials  as  depending  on  Electric  Charge. 

-Returning  to  the  consideration  of  an  electric  field  contained 

between  two  concentric 
conducting  surfaces  (Fig., 
26),  such  as  that  referred 
to  in  §  32,  it  is  easy  now 
to  calculate  the  difference 
of  their  potentials  when 
the  charge  Q  and  the  radii 
of  the  surfaces,  say  a  and  b^ 
are  given.  As  we  have 
seen,  the  force  at  any  point, 
P,  distant  r  from  the  centre, 

O,  is-- .  ^,  and  is  directed 

along  OP.  If  we  take  a 
point,  p',  very  near  p  in 
OP    produced,    the    force 


there  is 


Fig.  26. 

Q 


and  is  nearly  equal  to  the  force  at  P.     The 


average  electric  force  along  PP'  is  therefore  very  near  to  either  of 
these  values,  and  still  more  nearly  equal  to  the  intermediate  value 

Q 


^, .     Adopting  this  expression,  we  have  for  the  electrical 


I 

IC     rr' 

work  corresponding  to  the  passage  of  a  unit  of  positive  electricity 
fromPtoP'  ^      Q  £/i.L\ 

K'  rr'^^  "^^^  K\r      1'  )' 

Similarly,  for  the  work  done  between   P'  and   p",  a  point  still 
farther  from  O  at  the  distance  r",  we  have 


with  precisely  similar  expressions  for  each   of  the  very  small 
segments  into  which  the  line  AB,  extending  from  one  boundary  of 
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the  field  to  the  other,  may  be  subdivided.  The  total  work  done  by 
electric  force  when  the  unit  of  electricity  is  carried  from  A  to  B, 
or  the  amount  by  which  the  potential  Fat  A  exceeds  the  potential 
V  at  B,  would  be  found  by  adding  together  all  such  expressions 
as  the  above  formed  by  giving  to  r  in  succession  every  value  from 
r  =  a  X.0  r  ^  b.    Accordingly  we  get 

In  this  sum,  every  term,  except  the  first  and  last,  enters  once 
negatively  and  once  positively,  and  therefore  disappears  from  the 
result,  which  becomes 


K\a      b) 


"^  ~  "^    -  K 

Similarly,  for  the  difference  of  potentials  between  a  point  at  an 
intermediate  distance,  r,  from  the  centre  O,  and  the  outer  surface, 
we  should  have 


.--•--KJ-J) 


If  the  radius  b  of  the  outer  boundary  of  the  field  is  very  great, 
its  reciprocal  \\b  is  very  small,  and  may  be  neglected  in  comparison 
with  i/r;  hence,  in  such  a  case,  the  last  expression  becomes 

And  if  the  outer  boundary  of  the  field,  without  being  spherical, 
is  of  great  extent  and  everywhere  very  distant  from  the  inner 
spherical  surface, — as,  for  example,  the  walls,  floor,  and  ceiling  of 
a  large  room  near  the  middle  of  which  a  small  electrified  ball  is 
suspended, — it  is  evident  that  the  force  within  a  moderate  distance 
of  the  sphere  will  be  sensibly  the  same  as  in  the  last  case,  and  that 
the  force  at  great  distances  from  it  will  be  very  small ;  conse- 
quently the  difference  of  potentials  between  a  point  at  distance,  r, 

and  the  outer  boundary  of  the  field  will  still  be  -^ . 

The  potential  of  the  earth  or  of  any  conductor  connected  with 
it  is  usually  taken  as  the  conventional  zero  of  potential.  Accord- 
ingly if  V  is  the  potential  of  the  walls  of  a  large  room,  as  in  the 
case  supposed  above,  we  may  put  V  =  o,  and  the  potential  at  any 
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point  whose  distance,  r,  from  the  centre  of  an  isolated  electrified 
sphere  is  small  compared  with  its  distance  from  the  nearest  point 
of  the  surrounding  surface  becomes 

I      Kr 

37.  Potential  due  to  Several  Charges.— Suppose  now  that, 
in  the  neighbourhood  of  a  given  point,  P,  there  are  several  electri- 
fied bodies,  each  so  small  compared  with  its  distance  from  P  that 
its  charge  acts  as  though  it  were  concentrated  at  a  single  point, 
and  suppose  also  that  the  point  P  is  very  distant  from  any  other 
electrified  bodies  ;  then  the  potential  at  P  will  be  the  algebraic  sum 
of  the  potentials  due  to  the  several  electrified  bodies,  each  supposed 
to  act  by  itself.  Thus  the  expression  for  the  potential  at  the  point 
P  becomes 

K.K..r......J.(a.ft.....).-i.(|), 

where  the  symbol  2  (-^j  means  that  each  charge  is  to  be  divided 

by  its  distance  from  the  given  point,  and  that  the  sum  of  the 
quotients  is  to  be  taken. 

In  general,  the  distribution  of  electricity  in  the  neighbourhood 
of  a  given  point  cannot  be  takfen  account  of  by  treating  it  as  being 
concentrated  at  a  finite  number  of  separate  points.  The  process  of 
calculating  the  potential  at  a  point  is  then  equivalent  to  consider- 
ing the  whole  quantity  of  electricity  as  subdivided  into  an  infinite 
number  of  infinitesimal  portions,  dQ^  each  at  its  own  distance,  r, 

from  the  point,  and  determining  the  value  of  the  integral  1  — 

for  the  whole. 

As  a  special  case,  suppose  a  quantity  of  positive  electricity,  (2> 
concentrated  at  a  point  A  (Fig.  27),  and  a  quantity  Q  2X  P^  \ 
the  potential  at  any  point,  P,  whose  distances  from  A  and  a'  are 
r  and  r^  respectively,  is  then  given  by 


^-ie(l^f> 


If  we  make  F  constant,  this  equation  characterises  an  equipotential 
surface.  All  such  surfaces,  in  the  case  supposed,  are  synmietrical 
about  the  line  aa'  as  an  axis,  and  Fig.  27  represents  a  section  by 
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a  plane  through  the  axis  of  a  system  of  equipotential  surfaces 
corresponding  to  the  values  2  =  +  20  and  Q  —  -  ^^  the  poten- 
tials of  consecutive  surfaces  differing  by  unity  from  each  other. 
The  surface  given  by  the  equation 


2  +  2'   „ 


r       r 

or  the  surface  of  zero-potential,  is  a  sphere  S  surrounding  the 


Fig.  27. 

point  a'.     At  all  points  inside  this  surface  the  potential  is  negative  ; 
and  at  all  points  outside  it  is  positive. 

One  of  the  equipotential  surfaces,  marked  S^.  in  the  figure,  con- 
sists of  two  sheets  which  cut  each  other  at  the  point  i,  where  the 
electric  force  is  nothing,  that  is  to  say,  the  point  for  which 


For  the  point  i,  we  have  r  =  r'  +  aa',  and  therefore,  with  the 
values  adopted  for  Q  and  Q^  (/  +  AAy/r^^  =  4,  whence  r'  =  aa', 
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and  r  =  2  aa'.  This  gives,  for  the  potential  at  I,  and  therefore 
for  the  whole  of  the  equipotential  surface  we  are  considering 

V=     ^Q  5     ^     5 

2AA'      AA'      AA' 

and  since  in  the  figure  aa'  is  taken  equal  to  2.5  cm.,  the  numerical 
value  of  V\s  2.  The  surfaces  with  potentials  greater  than  2  are 
closed  surfaces  enclosing  the  point  A  only.  The  surfaces  having 
positive  potentials  less  than  2  consist  of  two  separate  parts,  one 
being  a  closed  surface  lying  between  the  inner  loop  of  the  sur- 
face S .  and  the  sphere  bb'  of  potential  zero,  and  the  other,  also  a 

closed  surface,  lying  outside  the  outer  loop  of  the  surface  S .  and 

enclosing  both  the  points  A  and  a'.  These  are  not  shown  in  the 
figure. 

The  curves  which  are  shown  cutting  the  equipotential  surfaces 
at  right  angles  represent  lines  of  force.  It  will  be  seen  that 
40  lines  diverge  from  A,  and  that  10  converge  to  a',  thus  indi- 
cating the  relative  magnitude  of  the  charges  supposed  to  exist  at 
"  these  points  respectively.  The  remaining  30  lines  from  A  go  off 
to  infinity. 

38.  Potential  of  an  Isolated  Sphere.— In  §  36  the  difference 
of  potentials  between  a  conducting  sphere  of  radius,  a^  and  a  con- 
centric spherical  surface  of  radius,  ^,  which  form  the  boundaries  of 
an  electric  field,  with  charge,  2,  occupied  by  a  dielectric  with 
specific  inductive  capacity.  A",  was  shown  to  be 


''-'"-i(j-i> 


If  the  radius  of  the  outer  boundary  becomes  indefinitely  great,  and 
if  we  assume  its  potential  V  =  o,  we  get  for  the  potential  of  the 
isolated  sphere 

Ka 

The  equipot^tial  surfaces  outside  the  sphere  are  spheres  con- 
centric with  it,  the  difference  of  potentials  between  any  two  of 
them  being  proportional  to  the  difference  of  the  reciprocals  of 
their  radii. 

If  a  conductor  is  introduced  into  an  electric  field,  it  causes  in 
general  a  change  of  potentials  throughout  which  may  be  expressed 
as  a  distortion  of  the  equipotential  surfaces.     The  only  case  in 


Digitized  by 


Google 


§39-]  Units  of  Measurement.  55 

which  no  such  distortion  is  produced  is  when  the  surface  of  the  con- 
ductor coincides  with  one  of  the  pre-existing  equipotential  surfaces. 
For  example,  if  a  metal  cylinder  is  introduced  into  the  field  referred 
to  above,  where  the  equipotential  surfaces  are  concentric  spheres, 
the  spheres  will  be  distorted.  The  surface  of  the  cylinder  will  form 
one  sheet  of  an  equipotential  surface  of  some  definite  value,  say 
Fi,  and  will  be  intersected  at  right  angles  along  the  line  of  zero 
surface-density  by  a  deformed  surface  of  the  same  potential  derived 
from  the  original  field.  The  other  equipotential  surfaces  will  be 
bent  so  as  to  follow  the  form  of  the  cylinder  more  and  more  closely 
as  their  potentials  are  nearer  to  the  special  value  Fi,  those  of 
higher  value  than  V\  passing  between  the  cylinder  and  the  sphere, 
and  enclosing  the  latter  only,  while  those  of  lower  value  pass  out- 
side the  cylinder  and  enclose  both  it  and  the  sphere. 

39.  Units  of  Measurement.— If  we  employ,  in  the  preceding 
formulae,  the  C.G.S.  electrostatic  system  of  units,  work  is  expressed 
in  ergs^  and  the  unit  difference  of  potentials  exists  between  two 
points  when  the  transfer  of  an  electrostatic  unit  of  electricity  from 
one  point  to  the  other  requires  work  equal  to  one  erg. 

For  practical  purposes  the  unit  of  quantity  generally  adopted  is 
the  coulomb^  which  corresponds  to  3  x  10^  C.G.S.  electrostatic  units 
(§  10),  and  differences  of  potential  are  expressed  in  terms  of  the 

volt^  corresponding  to of  a  C.G.S.  electrostatic  unit  of  differ- 

300 

ence  of  potential. 
The  work  represented  by  the  product  of  a  volt  into  a  coulomb  is 

thus  equivalent  to  x  3  x  10^  =  lo^  ergs.      As  this  quantity 

recurs  constantly  in  calculations,  it  has  been  adopted  as  the 
practical  unit  ofwork^  and  has  been  named  d^.  joule. 

The  joule  being  lo'^  ergs,  and  a  kilogrammetre  being  10^  x  ^ 
ergs,  it  follows  that  a  joule  is  equal  to  100/^  kilogrammetres,  or  to 
i/io  kilogrammetre  nearly,  since  g  is  about  981. 

Thus  in  the  fundamental  formula — 

if  Q  and  V  -  F' are  expressed  in  C.G.S.  electrostatic  units ^  Wis 
a  number  of  ergs;  whereas  if  Q  is  expressed  in  coulombs  and 
V  —  F'  in  volts^  Wis  expressed  \n  joules. 
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CHAPTER  V. 

GENERAL  THEOREMS. 

40.  Tubes  of  Force— Flux  of  Force.-— Let  a  be  an  equi- 
potential  surface,  and  dA  an  element  of  this  surface  at  the 
point  P  (Fig.  28).  If  lines  of  force 
be  drawn  through  every  point  in  the 
contour  of  this  element,  they  form  a 
kind  of  tube  everywhere  perpendicu- 
lar to  the  equipotential  surfaces  which 
it  intersects,  and  which  we  shall  call  a 
tu^e  of  force. 

If  /^  is  the  intensity  of  the  field  at 
the  point  P,  the  product,  FdA,^  of  the 
force  into  the  perpendicular  section  of 
the  tube  at  the  point  P  is  what  we 
^,^    o  shall   speak  of  as  the  flux  of  force 

r  IG.  20.  ...       ,.         ,  ,  ..  . 

withm  this  tube  at  the  pomt  m  question. 
This  tube  cuts  out  an  element,  dS^  from  a  surface,  S»  drawn  in 
any  manner  through  the  point  P.  The  flux  can  be  easily  expressed 
as  a  function  of  the  surface  dS^  for  if  a  is  the  angle  between 
the  normals  to  the  two  elements,  we  have  dA  =  </5cosa,  and 
therefore 

FdA  =  FdS  cosa  =  i^cosa  dS  =^  Fn  dS. 

F^  being  the  projection  of  the  force  on  the  perpendicular  to  the 
element  dS^  or  the  component  of  the  force  perpendicular  to  this 
element.  Consequently,  the  flux  of  force  across  any  element 
of  surface  whatever,  dS^  is  equal  to  the  product  F^dS  of  the 
surface  of  the  element  into  the  component  of  force  normal  to  this 
element. 

The  total  flux  of  force  which  traverses  any  given  surface  is  the 
sum  of  the  fluxes  across  the  various  elements. 
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41.  Gauss's  Theorem. — Given  a  closed  surface  drawn  in  any 
way  in  an  electric  fields  the  total  flux  of  force  across  this  surf  cue 
is  equal  to  the  quantity  of  electricity 
enclosed  by  the  sufface  multiplied 
by  ^TT, 

We  may  observe,  in  the  first 
place,  that  if  a  charge,  ^,  is  placed 
at  the  point  O  (Fig.  29),  and  if  a 
cone  of  infinitely  small  solid  angle 
da  be  supposed  to  start  from  this 
point,  the  flux  within  the  cone  is 
constant. 

For  consider  the  sections  of  the  cone  at  any  point.  A,  at  the 
distance  r,  one  a  right  section,  dA,  and  the  other,  dS^  in  any 
direction  whatever,  we  have 


0  t^ 


Fig.  29. 


but,  further 


FjS^FdA; 


The  flux  is  therefore 


F„dS=^qda> 


and  is  independent  of  the  distance  r — that  is  to  say,  of  the  position 
of  the  point  A. 

Let  us  now  draw  in  the  field  an  imaginary,  wholly  convex 
surface  (that  is  to  say,  a  purely  geometrical  surface,  and  not  the 


Fig.  30. 


surface  of  a  conductor),  and  consider  an  electrical  charge,  q,  placed 
at  the  point  O  (Fig.  30).     The  cone  of  infinitely  small  solid  angle 
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d(£i  intercepts  two  elements,  dS  and  ^vS*',  for  which  the  fluxes  F^dS 
and  I\dS*  are  both. equal  to  qdfn  ;  but,  as  regards  the  surface,  they 
should  be  taken  as  of  contrary  signs,  because  one  enters  the  sur- 
face and  the  other  leaves  it;  we  shall  take  outward  flux  as  positive 
— that  is  to  say,  that  for  which  the  normal  component  is  directed 
towards  the  outside.     We  have,  then 

F^dS  +  FJS'  =  o. 

All  the  surface  is  thus  cut  into  pairs  of  elements,  the  fluxes  of 
which  mutually  compensate  each  other.  If  the  surface  has  con- 
cavities, and  if  the  cone  in  question  cuts  it  more  than  twice,  it  cuts 
it  an  even  number  of  times  ;  the  sum  of  the  elementary  fluxes, 
which  are  always  equal  to  each  other  and  alternately  of  opposite 
signs,  is  still  equal  to  nothing. 

Thus,  the  flux  which  traverses  a  closed  surface  is  nothing  when 
this  flux  proceeds  from  a  charge  outside  the  surface. 

Consider  now  a  charge,  q  (Fig.  31),  situate  inside  the  surface. 

The  two  elements,  dS  and  dS\ 
intercepted  by  an  infinitely  small 
cone,  give  as  before 

FJS^F,flS'^l^qd^^ 

but  the  two  elementary  fluxes  are 

of  the  same  sign,  positive  if  the 

Fig.  31.  charge  is  positive,  and  negative  if 

the  charge  is  negative. 

To  obtain  the  total  flux,  the  charge  q  must  be  multiplied  by  \Jt^ 

the  sum  of  the  solid  angles  of  all  the  cones,  or  by  the  solid  angle 

subtended  by  the  surface 

of  a  complete  sphere  de- 
scribed about  the  point  q-         /  \  V^ 

That  is  :  The  flux  through 

a  closed  surface  proceeding     {  .^  /   '^' 

from  a  charge^  q ^inside  the 

surface  is  ^irq. 

Next      consider      any 

charges   whatever,  ^,  /, 

/,....  ^1,  ^2,  ^3,  ...  . 

(Fig.   32),  some  inside  and  some  outside  the  surface.      On  an 

element,  dS^  each  charge,  whether  internal  or  external,  has  a  normal 


*^*. 


Fig.  32. 
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component,  jand  in  order  to  get  the  total  flux  across  the  surface, 
we  must  take  the  sum  of  the  products  obtained  by  muhiplying 
each  element  by  the  normal  component  due  to  each  of  the 
charges.  If  in  this  sum  all  the  terms  corresponding  to  the  same 
charge  are  added  together,  the  sum  is  nothing  if  the  charge  is 
outside,  and  is  equal  to  ^irq  if  the  charge  is  inside  the  sur- 
face. The  total  sum  is  thus  equal  to  the  product  of  47r  into  the 
algebraical  sum  of  all  the  internal  charges  ;  which  is  Gauss's 
theorem. 

Conversely,  in  order  to  find  the  electric  charge  contained  within 
a  closed  surface,  it  is  sufficient  to  determine  the  normal  component 
F„  at  each  point,  to  add  all  the  products,  F^dS^  and  divide 
by47r. 

42.  Properties  of  Tubes  of  Force. — Let  us  consider  a  tube 
of  force  (Fig.  33),  bounded  by  any  two  surfaces,  S  and  s',  and 
let  us  apply  Gauss's  theorem  to  the 
volume  thus  defined.  If  it  contains 
no  electricity,  the  total  flux  through 
its    surface   is  nothing ;    but   as   the 

lateral   surface  has   no   influence   on  „.^ 

1  ^'G*  33* 

the    sum    smce    the    normal    com- 
ponent of  force  is  everywhere  nothing,  the  sum  reduces  to  the 
fluxes  across  the  two  ends,  which  must,  therefore,  be  equal  and  of 
opposite  signs. 

From  this  there  results  the  following  important  consequence  : — 
At  all  paints  of  the  same  tube  of  force  the  value  of  the  flux  is 
constant. 

If  the  tube  is  infinitely  narrow,  and  the  terminal  surfaces  are 
perpendicular  to  the  axis,  we  have 

FdS  =  F'dS', 


and  therefore,  the  force  at  each  point  of 
the  tube  is  inversely  as  the  cross- section, 

43.  Coulomb's  Theorem.— Let  us  take 
an  element  of  surface,  dS^  on  an  elec- 
^'°*  34-  trified   conductor  in  equilibrium  in  the 

presence  of  any  given  electric  charges 
(Fig.  34) ;  and  let  us  suppose  that  the  tube  of  force  correspond- 
ing to  this  element  is  terminated  on  the  outside  of  the  conductor 
by  an  equipotential  surface,  S ;  infinitely  near  to  dS^  and  on  the 
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inside  by  an  arbitrary  surface,  S2.  The  force  is  nothing  at  every 
point  of  the  surface  S2,  and  the  normal  component  is  nothing  on 
the  lateral  surface  of  the  tube ;  there  is  consequently  no  flux, 
except  on  the  outer  surface,  dS\,  If  F  is  the  electric  force  just 
outside  the  element,  and  o-  is  the  density  on  the  surface  dS^ 
Gauss's  theorem  gives 

l''dS\  =  ^ira-dS  —  , 
and  as  in  the  limit  dSi  =  dS 

F  =  47ro--^. 

Thus  the  electric  force  at  a  point  infinitely  near  the  surface  of  a 
conductor  in  equilibrium^  whatever  be  the  acting  charges^  is  equal 
to  the  product  by  ^TrjKofthe  electric  density 
near  this  point. 

Its  direction  is,  moreover,  perpendicular 
to  the  surface. 

44.  Electrostatic  Presstire.--The  total 
force  7^  at  a  point,  M,  infinitely  near  the 
element  dS  (Fig.  35),  is  made  up  of  the 
^'°-  35-  force,  f  due  to  the  element  itself,  and  of 

the  force,/',  due  to  all  the  other  charges,  and  we  have  (§  43) 

/  +  /'  =  i^=4WA: 

The  total  force  is  nothing  at  a  point,  m',  symmetrical  with  the 
first,  but  just  inside  the  conductor  ;  further,  the  force/'  due  to  all 
the  electricity  external  to  the  element  is  the  same  at  m'  as  at  M, 
and  the  action/ of  the  element  dS  has  only  changed  its  sign  ;  we 
have  then 

/'-/=o 
and  therefore 

/'  =  27r<r/A'. 

Hence  the  force  due  to  all  the  electricity  outside  the  element  is 
equal  to  27r<r.  The  force  on  the  quantity  of  electricity  contained 
in  the  element  dS,  is  27ro- .  a-dS/IC  and  for  unit  surface  27ro^/A'. 
This  force  is  always  directed  outwards,  whatever  be  the  sign  of  <r. 
It  is  what  is  called  the  electrostatic  pressure, 

45.  Corresponding  Elements. — Consider  a  tube  of  force  ex- 
tending from  one  conducting  boundary  of  an  electric  field  to  the 
other  (Fig.  36),  and  terminated  at  its  two  ends  by  the  areas  dS 
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and  dS'  respectively  ;  these  two  areas  are  called  corresponding 
areas.  Since  there  is  no  force  inside  the  surface  of  either  of  the 
conductors  by  which  the  field  is  bounded, 
and  there  is  no  force  normal  to  the  walls 
of  the  tube,  the  total  flux  of  force  out- 
wards from  the  tube  is  nothing.  Conse- 
quently (§  41),  the  algebraic  sum  of  all 
the  electricity  within  the  tube  must  be 
nothing.     But  the  only  electricity  within  fig.  36. 

the  tube  is    the  quantity  o-</s  upon  one 
end  and  <T'd%'  on  the  other  end,  whence  it  follows  that 

(rdS  =  -  cr'dS' 

and  therefore  that  corresponding  elements  of  the  bounding  surfaces 
of  an  electric  field  possess  equal  and  opposite  charges, 

46.  Complete  Representation  of  the  Field  by  Lines  of 
Force. — The  lines  of  force  define  at  each  point  of  the  field  the 
direction  of  the  force,  and  we  may  further  require  that  they  repre- 
sent the  intensity.  Let  us  consider  an  infinitely  narrow  tube  of 
force  (Fig.  37),  and  in  this  tube  let  us  take  two  normal  sections, 
dS  and  dS\  Suppose  N  points  per 
unit  of  area  uniformly  distributed  over 
the  surface  ^5,  and  draw  the  lines  of 
force  which  pass  through  these  points.    ^^  ^^^ 

These  lines  of  force  to  the  number 
NdS  are  comprised  within  the  tube  ;  if  K'  is  their  number  per  unit 
area  of  the  surface  dS\  we  have  evidently 

jsjf^NdS 
dS'' 

But  from  the  fundamental  property  of  the  tube  (§  42)  we  have 

FdS  =  F'dS' 
and  therefore 

N_  __F 
N       F' 

U  N=  F^  we  shall  have  N'  =  F,  that  is  to  say,  at  each  point 
of  the  tube  the  numerical  value  of  the  force  will  be  given  by  the 
number  of  lines  of  force  cut  by  unit  area  of  a  surface  drawn  through 
this  point  normally  to  the  lines.  If  the  unit  surface  is  oblique  to 
the  lines  of  force,  the  number  of  lines  of  force  cut  is  equal  to  the 
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projection  of  the  force  on  the  perpendicular  to  the  surface,  in  other 
words,  to  the  normal  component  of  the  force. 

The  condition  N—  F  amounts  to  saying  that  the  number  of  lines 
of  force  and  the  flux  within  the  tube  have  the  same  numerical  value. 
In  order  that  this  may  be  the  case  for  the  whole  extent  of  the 
field,  it  is  necessary  and  sufficient  that  the  number  of  lines  of  force 
which  start  from  each  quantity  of  electricity  be  equal  to  the  flux 
from  it.  From  an  isolated  charge,  ^,  a  number  of  lines  of  force 
will  start  equal  to  ^irq  ;  from  the  surface  of  a  conductor  at  a  point 
where  the  density  is  o-,  a  number,  ^ira-y  of  lines  per  unit  area  will 
proceed  (§  43). 

These  lines  may  be  drawn,  bit  by  bit,  by  the  condition  of  being 
tangents  at  each  point,  to  the  resultant  of  all  the  forces  acting 
through  that  point.  The  lines  of  force  of  Fig.  27  have  been 
drawn  on  this  principle.  The  lines  of  force  may  be  considered  as 
starting  from  positive  electricity.  Some  go  off  to  infinity,  others 
terminate  on  negatively  charged  surfaces.  A  line  of  force  which 
goes  from  one  conductor  to  another  always  has  contrary  elec- 
tricities at  its  two  ends.  Hence  there  can  be  no  lines  of  force 
between  two  points  charged  with  the  same  electricity.  Further, 
no  line  of  force  can  terminate  at  any  point  where  there  is  no 
electricity. 

With  these  conventions  relative  to  the  lines  of  force,  the  ex- 
pression Jiux  of  force  and  number  of  lines  of  force  are  equivalent. 
The  number  of  lines  of  force  cut  by  any  given  surface  is  the 
numerical  value  of  the  flux  across  this  surface. 
47.  Application  to  Induction.— Let  ^,  /,  q'\  be  quantities  of 

electricity  situate  inside  a  closed 

hollow  conductor,  A  (Fig.  38), 

N^*'      and  M  the  quantity  developed 

\    by  induction    on    the    internal 

^   \   surface.      If   Gauss's    theorem 

(  I  (        ,  *  ]      ;  /   (§  41)  be  applied  to  any  surface, 

V\\  .^"     y     J       J    Si,  drawn  inside  the  mass  of  the 

\X^^;^->..-^___._^'-^^^x^'     y/      conductor,   where  the  force  is 

\Cr" '    ^ ^^^  nothing  at  every  point,  we  have 

Fig.  38.  M  -\-l.q  =  0 

The  layer  M  developed  by  induction  on  the  inner  surface  is  thus 
equal  and  of  opposite  sign  to  the  algebraical  sum  of  all  the  charges 
within  the  cavity  (§  23^). 
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All  the  lines  of  force  proceeding  from  charges  inside  the  cavity 
are  then  absorbed  by  the  inner  surface,  S,  of  the  conductor.  The 
combined  effect  of  all  the  internal  electricity,  and  of  the  charge 
which  covers  the  surface  S,  is  thus  nothing  for  all  points  outside 
this  surface.  In  other  words,  so  far  as  regards  internal  charges, 
the  surface  S  forms  an  absolute  screen  for  all  points  on  the 
outside. 

Hence,  any  charge  given  to  the  insulated  conductor,  A,  will  be 
distributed  on  the  outer  surface  in  a  manner  independent  of  the 
internal  charge,  and  only  depending  on  the  form  of  the  surface  s', 
and  on  the  distribution  of  the  external  charges.  Reciprocally,  the 
combined  effect,  at  any  point  inside  the  conductor,  of  the  electri- 
fication of  the  outer  surface  together  with  that  of  all  electricity 
outside  the  conductor,  is  nothing. 

This  result  agrees  with  the  mutual  independence  of  the  electric 
fields  inside  and  outside  a  hollow  conductor  that  we  have  already 
pointed  out  (§  23). 

In  the  case  in  which  an  insulated  body,  C,  is  in  the  presence 
of  an  electrified  body  inside  a  closed  conductor,  A  (§§  22,  23  c)  part 
of  the  flux  of  force  from  A  terminates  at  the  negative  region  of  c  ; 
but  an  equal  flux  starts  from  the  positive  region,  and  ends  finally 
at  the  closed  conductor,  so  that  there  is  always  the  same  quantity 
of  negative  electricity  on  the  interior  surface,  which  follows,  more- 
over, from  the  preceding  equation. 

48.  Poisson's  Th^oxem,— The  force  which  given  electric  charges 
contained  within  a  closed  surface  exeit  at  any  point  outside  that 
surface^  is  the  same  as  that  of  a  layer  of  the  same  quantity  distri- 
buted on  this  surface  according  to  a  certain  law. 

In  fact,  let  q,  /,  q"  or  '2q  be  the  internal  charges,  which  we 
shall  suppose  fixed  as  if  they  belonged  to  non-conducting  bodies, 
and  let  S  be  an  ideal  surface  which  encloses  them.  If  this  surface 
were  a  conductor,  it  would  be  covered  on  the  inside  with  a 
quantity  -  2  =  -  2^,  whose  action  at  all  outside  points  would 
be  equal  and  opposite  to  that  of  the  given  charges.  A  quantity 
+  2  of  electricity,  distributed  over  the  surface  S  according  to  the 
same  law,  will  therefore  produce  at  all  external  points  an  effect 
equal  and  similar  to  that  of  the  enclosed  charges  2^,  and  may 
therefore  be  substituted  for  them. 

If  the  imaginary  surface  S  were  replaced  by  an  actual  conducting 
shell  of  the  same  size  and  shape,  the  inside  of  the  shell  would  (as 
already  pointed  out  in  §  23  b)  have  a  charge  -  Q,  distributed  so 
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as  to  counteract,  for  all  external  points,  the  effect  of  the  enclosed 
charges,  and  the  outside  would  have  a  charge  +  Q,  but  this  would 
not  be  distributed  according  to  the  same  law  unless  the  surface  S 
were  an  equipotential  surface  of  the  original  system.  If,  however, 
such  a  shell  were  coincident  with  a  pre-existing  equipotential 
surface,  the  electric  conditions  at  all  external  points  would  be  in 
no  way  altered  by  introducing  it  into  the  field.  It  follows  that 
the  force  at  any  point  in  an  electric  field  would  be  unaltered  if, 
the  charge  remaining  constant,  the  shape  and  position  of  one, 
or  of  both,  boundaries  of  the  field  were  to  change  in  such  a 
manner  as  always  to  coincide  with  one  of  the  original  equi- 
potential surfaces.  We  have  already  (§  19)  pointed  out  a  special 
case  of  this  kind  :  the  force  at  any  point  due  to  an  electrified 
sphere  at  a  great  distance  from  all  other  conductors  is  inde- 
pendent of  the  radius,  so  long  as  the  charge  of  the  sphere  and 
the  position  of  the  centre  remain  unchanged. 
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CHAPTER   VI. 

ELECTRICAL  CAPACITY— CONDENSERS. 

49.  Oapacity  of  an  Electric  rield.~In  nearly  all  cases  in 
which  we  require  to  deal  practically  with  electric  fields,  the 
bounding  surfaces  of  the  fields  are  formed  of  conducting  materials, 
and  we  shall  assume  this  to  be  the  case  throughout  what  follows. 
Under  these  circumstances  the  potential  of  each  boundary  is  uni- 
form, and  the  difference  of  potentials  between  the  boundaries  is, 
by  definition  (§  36), 

if  e  is  the  distance  from  one  surface  to  the  other  measured  along 
a  line  of  force,  and  F  is  the  mean  electric  intensity  along  this  line. 
The  intensity  at  any  point  is  proportional,  other  things  remaining 
the  same,  to  the  charge  of  the  field  (meaning  thereby  the  total 
quantity  of  positive  electricity  upon  one  boundary,  or  of  negative 
electricity  on  the  other),  and  therefore  F  must  be  proportional 
to  the  charge.  Consequently,  for  a  given  field,  charge  and  dif- 
ference of  potentials  are  proportional  to  each  other ;  and  putting 
C  to  stand  for  a  constant  coefficient  characteristic  of  the  field, 
we  may  write 

Q  =  C(V-  V), 

This  coefficient,  whose  definition  is  implied  in  the  above  equa- 
tion, is  called  the  capacity  of  the  field.  In  words,  we  may  define 
it  as  follows  : — 

The  capacity  of  an  electric  field  is  the  ratio  of  the  charge  of  the 
field  to  the  difference  of  potentials  between  its  boundaries^  and  is 
numerically  equal  to  the  charge  required  to  establish  unit  difference 
of  potentials  between  them. 

The  term  "  capacity"  is  borrowed  from  the  theory  of  heat,  where 
the  thermal  capacity  of  a  body  is  defined  as  the  ratio  of  a  quantity 
of  heat  g^ven  to  a  body  to  the  change  of  temperature  produced  by 
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it,  and  as  being  numerically  equal  to  the  quantity  of  heat  needed 
to  produce  unit  change  of  temperature.  Thermal  capacity  depends 
on  mass  and  material ;  the  capacity  of  an  electric  field,  on  the 
size  and  shape — that  is,  on  the  geometry  of  the  field — and  on  the 
material  by  which  it  is  filled. 

50.  Oapadty  of  a  Tube  of  Force.~An  electric  field  may  be 
thought  of  as  made  up  of  tubes  of  force  running  from  one 
boundary  to  the  other,  and  each  charged  at  its  ends  with  a 
definite  proportion  of  the  whole  charge  of  the  field.  We  may 
call  this  the  charge  of  the  tube,  and  the  ratio  of  the  charge  to 
the  difference  of  potentials  between  the  ends  of  a  .tube  m^  be 
called  the  cs^pacity  of  .the  »tube,  just  ip  tfep  same  sense  as  ^the 
ratio  of  i:orrespQnding  quantities  for  the  .whole  .field  is  called  »tbe 
capacity  of  the  field.  For  ^  given  field,  the  diffei:ence  of  jwtentials 
is  the  same  for  all  .the  tube^,  because  »the  .boundaries  .of  ^the -field 
are  equipoteptial  surfaces.  Jf,  jthei),  q  be  the  *charge  of  Sl  tube, 
we  may  write  for  its  capacity 

_£_ 


c  = 


V-V 


or  for  different  tubes 


V^  F' being  :atComnKm  denominator. 
Adding  these  vaUies,  we  get 

£i*f-^a  *♦-  ^s  +  .  .  . 


yLly     '       -  y^  syr^ 


C 


Whence  we  see  that  the  capacity  of  an  electric  field  is  .equal  <o 
the  sum  of  the  capacities  of  the  tubes  of  force  into  which  Jt 
may  be  subdivided. 

As  for  a  complete  field,  so  for  a  tube  of  force,  its  capacity 
depends  on  its  geometrical  i:elation3  and  cm  .the  material  medium 
that  .occupies  it.    The  difference  of  potentials  betwofin  ;the  ends 

_  ,r 

is  =  Fe,  as  above,  or  what  comes  to  thp  same  thing /irrf<,  where 

F  is  -the  intensity  at  any  point  in  the  tube,  and  de  an  element 
of  length.  If  s  is  the  area  of  the  tube  at  the  part  where  the 
intensity  is  ./%  and  if  s^  and  F^  are  corresponding  values  for  ithe 
positive  cncli  weJhave 
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and  therefore 


since,  if  A'  be  the  dielectric  coefficient  for  the  medium,  W^  ~  ^T^* 

T'he  lOharge  of  the  »tube  is  q  =  ovf^,  and  therefore  the  capacity 
becomes 

c iL     =^    -}- 

,/f 

o 

The  value  of  the  integral  J—   which  occurs  in  this  expression 

depends  on  the  size  and  shape  of  the  tube,  and  cannot  be  deter- 
mined itill  .these  .are  Jknown. 

•51.  •Oalonlartion  'Of  Oapadty  in  Bpecial  Oases.— In  ceetoin 
cases,  where  the  tubes  of  force  are  of  simple  shape,  it  is  easy 
to  calculate  the  capacity  of  the  field  of  force.  We  shall  consider 
here  the  three  simplest  xases. 

I.  Field  bounded  by  plane  parallel  surfaces^  whose  distance 
apart  is  small  in  comparison  with  their  linear  dimensions.  Here, 
leaving  out  of  account  a  small  space  near  the  margin  of  the 
terminal  surfaces  of  the  field,  the  intensity  is  uniform  and  noimal 
to  the  boundaries ;  hence,  in  virtue  of  the  relation  (§  42) 

the  tubes  of  force  are  cylindrical,  and  s  has  the  same  value  from 
-pnd  to  end  of  a  given  tube.     Consequently 

J    s       sj  s 

o  o 

anditbetefoxe  the  capacity  of  a  single  tube  >df  ^cce  is 

^     Ks 

and  the  capacity  of  total  field  is 
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The  larger  the  transverse  dimensions  of  the  field  as  compared 
with  the  distance  between  the  boundaries,  the  smaller  the  relative 
error  committed  in  neglecting,  as  we  have  done,  the  marginal 
portions  of  the  field  in  which  the  cross-section  of  the  tubes  of 
force  is  not  uniform  throughout. 

2.  Field  bounded  by  co-axcU  cylinders  whose  length  is  great  in 
comparison  with  the  radius  of  the  outer  cylinder.  Again  neglecting 
a  small  space  near  the  ends  of  the  cylinders,  the  tubes  of  force 
may  be  taken  as  wedge-shaped  spaces  bounded  by  two  planes 
passing  through  the  axis  of  the  cylinder  and  making  a  small  angle, 
say  ^,  with  each  other,  and  by  two  planes  perpendicular  to  the 
axis  at  distance,  say  /,  from  each  other.  Then  if  r  be  the  distance 
from  the  axis  at  which  the  cross-section  of  a  given  tube  is  ^,  we 
have 

s^lrB 

I  and  d  being  both  constant.  Putting  a  for  the  radius  of  the  inner 
cylinder,  and  b  ox  a  -^r  e  iox  that  of  the  outer  cylinder,  we  may 
write 


?de       I    fdr       I  ,       b 
J  s   ^  JeJ  1^  ^  70^''^  a' 


Consequently  the  capacity  of  a  tube  of  force  is 

=  ^     _i_ 

"'    4^'log^' 
a 

To  get  the  capacity  of  the  field,  we  have  only  to  write  Z,  the  length 
of  the  cylinders,  instead  of  /,  and  27r,  the  angle  corresponding  to  a 
complete  circumference,  instead  of  $.    This  gives 

KL 


C  = 


2log^ 
a 


For  purposes  of  numerical  calculation  it  is  important  to  bear  in 
mind  that  the  logarithm  in  the  denominator  of  this  expression  is  a 
so-called  natural  logarithm  having  the  base  2.718  ...  and  is  equal 
to  the  corresponding  conmion  logarithm  (base  io)  divided  by  0.4343. 
The  above  formula  may  therefore  be  written 

0.4343  ^Z  KL 

C=  "^— —y  =  0.2171  -—^. 
log  -  log  - 
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3.  Field  bounded  by  concentric  spheres.  The  tubes  of  force  in 
this  case  are  cones  having  the  centre  of  the  spherical  surfaces  as 
their  common  vertex.  Take  a  and  b(^=  a  -k-  e)  respectively  for  the 
radii  of  the  spheres,  let  «  be  the  solid  angle  of  one  of  the  conical 
tubes  of  force,  and  r  the  distance  from  the  vertex  at  which  the 
tube  has  cross-section  s.    Then 

s  =  r^<o 
and 

€  b 

/de  _i_  rdr  _  i  / 1  __  i  \ 
s   ~  <oJ  r^  ~"  0)  Vrt       bf' 

0  a 

The  capacity  of  a  tube  is 

_  Kui  ^       I Ao)       ah 

47r     1_^~4^     b  -  a^ 
a       b 

and  the  capacity  of  the  field  is 

ab 


C=K 


b-  a 


obtained  by  putting  47r  for  the  sum  of  the  solid  angles  of  all  the 

tubes  of  force. 

52.  Remarks.'— The  method  of  calculation  employed  above  is 

applicable  to  any  field  for  which  we  are  able  to  determine  the 

/'de 
value  of  the  integral  /  —  for  one  tube  of  force.    The  three  cases 

to  which  we  have  applied  it  are  specially  simple,  because  the 
tubes  of  force  in  each  case  are  all  identical,  and  we  nlight  therefore 
have  dealt  at  once  with  the  whole  field.  Indeed,  the  first  and  third 
cases,  the  parallel  planes  and  concentric  spheres,  can  be  treated 
very  easily  by  other  methods  as  follows. 

With  parallel   planes,  the.  intensity  being  uniform  from  one 
boundary  to  the  other,  we  have  at  once 

V-V'  =  F^  =  ^''^e 
and  therefore 

^irae       ^tre 
as  above. 

In  the  case  of  the  concentric  spheres,  we  have  to  remember 
that  at  any  poin^  in  the  field  the  intensity  due  to  the  charge;  of 
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the  outer  surface  is  nothing,  and  therefore  that  the  whole 
intensity  is  that  diie  to  the  charge  on  thtf"  inner  sphere,  which  actfe 
as  though  it  were  concentrated'  at  the  centre.    The  intensity  at 

the  outer  surface  is,  therefore,  i2j«-,. at  the: inner  surface  -2i^,and 

the  mean  intensity  (comp.  §  36)  is  -^rj^ ;  consequently  the  differ- 
ence of  potentials  is 

and  the  capacity 


o  —  a 


In  a  fi^ld  of  force  of  any  shape,  if  the  distance  between  the 

boundaries  is  uniform  and  small   compared   with   their   linear 

dimensions,  it  is  evident  that  the  electric  intensity  must  be  nearly 

uniform    throughout    the  field,  and  therefore  that  the  formula 

SK 

—  ,  found  for  two  parallel  planes,  must  apply  to  any  case  which 

satisfies  the  conditions  named.  It  is  easy  to  verify  that  the  formulae 
for  cylinders  and  spheres  reduce  to  this  form  when  e  is.very.  small. 
53.  Isolated  Sjdiera. — If  the  outer  surface,  in  the  case  of  a 
field  bounded  by  concentric  spheres,  becomes  very  greats  the 
corresponding  radius,  ^,  becomes  very  great,  or,  what  comes  to  the 
same  thing,  the  radius  a  becomes  very  small  in  comparison,  and 
may  be  neglected  in  the  diff(^rence  h  -  tu  Consequently  the 
capacity  of  the  field  becomes^ 

^=  k'j  =  Ka 

and  depends  only  on  the  radius  of  the  smaller  (convex)  sphere  and 
on  the  nature  of  the  dielectric  medium. 

When  the  outer  boundary  of  the  field  is  very  distant,  a  change 
of  its  shape  would  not  alter  the  potential  at  a  point  on  the  inner 
boundary.    Consequently  the  expression 

C=  Ka 

gives  the  capacity  of  any  field'  having-  for  one  boundary  a  con- 
ducting sphere  of  radius  a,  and  for  the  other  boundkry»  any- veiy 
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distant*  surface:  For  example,  if  a  conducting:  sphene'  is  suspended 
ifl*a-l&i^e  room' at  a  gt^at  distaaice  from  the  walls  or  other  con- 
dlictors,  the  capacity  ^f  the  electric  field  extending:  between  tlie 
sphere  and  the  walls,  floor,  and  ceiling  of  the  room  is  equal  to  tHe 
radius  of  the  sphere  multiplied  by  the  dielectric  coefficient  of  air. 

5i.  Successive  Electric  Fields. — It  happens  not  unfrequently 
that  one  electric  field  is  itself  completely  surrounded  by  another, 
or,  what  comes  to  the  same 
thing,  that  a  field  is  dividfed' 
into  two  parts  by  a  closed' 
conducting  shell,  and  that  it 
is  required  to  express  the 
charge  in  terms  of  the  po- 
tentials of  the  first  and  last 
bounding  surfaces.  The  ar- 
rangement indicated  in  Fig.  39 
may  be  taken  as  a  typical  case 
of  this  kind.  The  shaded 
portions  being  understood  to 
represent  conducting  material 
and  the  unshaded  to  represent' 
dielectrics,  we  may  consider 
tliat  we  have  here  a  field' of  capacity,,  Ci,  with  bounding  surfaces  at 
potentials  V  and  V\  respectively,  and  that  this  is  surrounded  by  a 
second'  field  of  capacity,  C2,  with  surfaces  at  potentials  V[  and  V^ 
Or  we  may  look  upon  the  figure  as  representing  a  single  field, 
with  surfaces  at  potentials  V  and  V^  divided  into  two  parts  by  a 
conductor  at  potential  V\,  It  is  obvious  that  tlie  charge  of  each 
partial  field  is  the  same  :  representing  it  by  j2>  we  have 

G=Ci(F-  Fx)  =  C2(Fi-  V^ 

and  eliminating  V\ 


Fio.  39. 


2  = 


Ci  +  C, 


(K-  v,\ 


If  we  put  C  for  the  capacity  of  the  simple  field,  which,  with  sur- 
faces at  potentials  V  and  V^  would  have  the  same  charge  as  the 
two  consecutive  fields,  we  must  write 


C  = 


GG 
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By  extending  the  same  method  of  calculation,  we  may  find  the 
capacity  of  the  single  field  equivalent  to  any  number  of  separate 
fields  arranged  in  succession.  For  example,  if  there  are  three 
fields  of  separate  capacities  Ci,  C^  Cs,  the  capacity  of  the  single 
equivalent  field  is 


C  = 


C\C^Ci 


C^C^  +  C\Cz  +  CiC'2 


55.  Energy  of  an  Electric  Field. — As  already  pointed  out 
(§§  8,  1 1),  an  electric  field  constitutes  a  store  of  energy,  the  amount 
of  which  is  measured  by  the  work  which  the  electric  forces  of  the 
field  can  do  during  exhaustion  of  the  field  ;  or,  what  comes  to  the 
same  thing,  by  the  work  that  must  be  done  against  electric  forces 
to  establish  the  field. 

We  can  estimate  this  amount  of  work  as  follows.  We  may 
suppose  the  total  charge  of  the  field  to  have  been  produced  by  the 
successive  transfer  of  elementary  portions  of  positive  electricity, 
dQy  from  the  negative  boundary  of  the  field  to  the  positive  boun- 
dary, until  the  total  charge,  2,  had  been  transferred  ;  or  we  may 
suppose  an  equal  amount  of  negative  electricity  transferred  in 
successive  quantities  -  dQ  in  the  opposite  direction  ;  or  lastly,  we 
suppose  \Q  transferred  from  the  negative  to  the  positive  boundary, 
and  -  ^Q  from  the  positive  to  the  negative  boundary.  These 
three  operations  would  be  physically  identical  and  differ  only  in 
the  mode  of  expression  ;  we  shall,  therefore,  for  the  sake  of  definite- 
ness,  adopt  language  appropriate  to  the  first  mode.  If  then  v  and 
1/  are,  at  any  stage  of  the  process,  the  respective  potentials  of  the 
positive  and  negative  boundaries,  the  amount  of  work  done  in 
transferring  an  elementary  quantity  of  electricity  at  this  particular 
stage  is 

dW^(v  -  i/)dQ, 

If  C  is  the  capacity  of  the  field  and  q  the  quantity  already  trans- 
ferred 


therefore 


^-^'  =  1= 


dW^'L  dO 
c 


and  the  whole  amount  of  work,  W^  done  in  producing  the  final 
electrification  is  the  sum  of  all  the  values  of  the  last  quantity  as  g 
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varies  from  o  up  to  its  final  value  Q^  or 


-f/.^a-jf. 


The  same  conclusion  can  be  easily  established  geometrically. 
In  Fig.  40,  let  the  straight  line  OA  be  drawn  so  that  the  ratio  of  the 


V 


an' 

Fig.  40. 


ordinate  of  any  point  to  the  abscissa  of 
the  same  point  may  be  equal  to  the  ratio 
of  the  difference  of  potentials  of  the  boun- 
daries of  the  field  to  be  considered  to  the 
charge  of  the  field.  Then  if  OQ  represents 
the  .charge  g  at  any  stage  of  the  electrifi- 
cation, QM  will  represent  the  correspond- 
ing difference  of  potentials,  and  the  work 
dW  due  to  an  increment  of  charge,  dQ^ 
represented  in  the  figure  by  qq',  will  be 
expressed  by  the  area  of  the  trapezium 
qmm'q''  The  sum  of  all  such  areas  stand- 
ing upon  the  base  OP  is  equal  to  the  area  of  the  triangle  OAP  = 
i  OP  •  PA  ;  hence  if  OP  represents  the  total  charge  g,  and  PA  the 
resulting  difference  of  potentials  V  -  V\  we  have  for  the  work 
spent  in  electrification 

jf^= i  OP  •  PA  =  i  e (F -  vy 

By  combining  this  with  the  f/ndamental  expression  (§  49) 
g  =  C(F-  V)  connecting  chai^^e,  capacity  and  difference  of 
potentials,  we  see  that  it  is  equ  valent  to  the  formula  already 
obtained.  In  fact,  the  energy  01  an  electric  field  may  be  expressed 
in  terms  of  any  two  of  the  three  quantities  named,  as  follows  : 

56.  Geometrical  Representation  of  the  Energy  of  an  Elec- 
tric Field. — If,  as  we  suppose,  the  forces  that  act  on  an  electrified 
body  in  an  electric  field  are  the  result  of  stresses  in  the  field  itself, 
we  may  expect  the  energy  of  the  field  to  be  definitely  related  to 
the  distribution  of  force  within  it  as  expressed  by  tubes  of  force 
and  equipotential  surfaces.  This  is,  in  fact,  the  case,  and  the 
energy  of  a  field  and  the  mode  in  which  it  is  distributed  admit  of 
very  simple  representation.     Suppose  the  positive  boundary  of  a 
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field,  whose  charge  we  will,  for  simplicity,  assume  to  be  some 
whole  number  of  units,  to  be  divided  into  areas  such  that  each  is 
charged  with  a  unit  of  positive  electricity,  and  let  each  of  these 
areas  be  taken  as  the  base  of  a  tube  of  force  extending  to  the 
negative  boundary.  In  this  way  the  whole  field  will  be  exhaus- 
tively dividfed  into  tubes  of  force  whose  number  gives  the  ntnnerical' 
value  of  the  charge  of  ttie  field.  If  we  now  suppose  a  series  of 
equipotential  surfaces  to  be  drawn  in  the  field,  the  potential'  of 
each  differing  by  unity  from'  that  of  the  next,  every  tube  of  force 
will  be  divided  into  a  set  of  compartments  or  cells,  the  number  of 
which  gives  the  numerical  value  of  the  difference  of  potentials 
between  the  boundaries  of  the  field.  That  is,  the  number  of  tubes 
of  force  gives  the  value  of  Q^  and"  the  number  of  cells  into  which 
each  tube  is  divided  by  the  equipotential  surfaces  gives  die  value 
of  F  -  V  'y  consequently  the  whole  number  of  cells  gives  the  value 
pi  Q(y  -  V'\  or  half  the  number  of  cell^  into  which  the  whole 
field  is  divided  by  tubes  of  fbrce  and  equipotfential  surfaces  drawn 
in  the  way  described  gives"  the'  electric  energy,  \Q(y  —  V%  oi 
the  field. 

If  we  imagine  one  or  both  of  tHe  Boundaries  of  the  field'  to  be 
capable  of  yielding  to  the  electric  forces  which  tend'  to  draw  them 
together,  the  field  would  ultimately  collapse,  its  energy  being 
exhausted  by  the  work  done  on  the  movable  boundaries.  During 
this  process  the  difference  of  potentials  between  the  boundaries 
would  gradually  fall  from  the  initial  value  V  -  F'  to  nothing  when 
the  surfaces  were  in  contact,  the  mean  difference  of  potentials 
being  \  ( V^--  F');  and  the  work  done'  being  the  product  of  this 
mean*  value  into  the  charge  of  the  field. 

5T.  Odndensets. — When-  two  electric  conductors  are  sd  placed 
that  their  surfaces  form  the  boundaries  of  a  field  of  relatively  great 
capacity,  the  arrangement  is  very  frequently  spoken  of  as  a  con- 
denser. For  example,  we  have  seen  that  a  conducting  sphere  of 
radius  a  centimetres,  at  a  great  distance  from  other  conductors, 
fonns  one  boundary  of  a  field  of  capacity  AVi' ;  whereas,  if  the 
sphere' be  surrounded  by  a»concentric  conducting  shell  of  radiu^^, 

ab 
the- resulting. field  has  capacity  K  \~^ "  .    Thus,  if  <z  =  lo  cm.,, and 

Ip^w  cm;,  the  capacity,  in  the  second  case  is  ir  times  that 
in»  the*  first;  or,  a  being  still  lo  cm.,  if  ^  =  lo.i^  the  capacity  of 
the  field  bounded  by  the  two  spheres  becomes  i6io  K^  instead 
of  loA-. 
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58.  Varions  Forms  of  Condensers.— One  of  the  simplest  forms 
ol  condenser  is  that  known  as  ^pinuss  condenser  (Fig.  41%  con- 
sisting of  two  equal  insulated  metal  plates,  supported'  so  that  they 
can  be  brought  into  contact  with  the  opposite  faces  of  a  plkte  of 
gltes  Ikrger  than  themselves,  or  simply  placed  so  as  to  face  each 
other  at  a'  short  distance  in  air.  In  either  case  the  capacity  can 
be  diminished' by  drawing  the  plates  apart,  or  increased  by  moving 
them-  nearer  together.  To  charge  the  condenser,  it  is  only  neces- 
sary to  connect  the  two  plates  with  opposite  sides  of  air  elec- 
tric machine  or  other  contrivance  for  producing  a  difference'  6i^ 
potentials. 

Another  equivalent  arrangement,  except  that  the  distance  be- 


FlG.  41. 

tween  the  conductors  cannot  be  varied,  is  that  known  as  Franklin^ s 
pane^  consisting  of  two  equal  pieces  of  tin-foil  pasted  opposite 
each  other  on  tKe  two  faces  of  a  sheet  of  glass  liarge  enough  to 
project  a  good  way  beyond  them  on  all  sides.  For  better  insula- 
tion, the  uncoated"  parts  of  the  glass  are  usually  covered  with 
shellac  varnish. 

When  condensers  of  very  great  capacity  are  required,  but  are 
not  to  be  exposed  to  great  differences  of  potiential,  they  are  often 
madb  by  superposing  alternately  sheets  of  tin-foil  and  thin  plates 
ofmica,  or  sheets  of  paraffined  paper.  TKe  first,  third,  fifth  .... 
sheets  of  tin-fbil  are  connected'  together,  and  form  one  boundary 
of  a  field  of  great  area  but  very  small  thickness,  and  the  second, 
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fourth,  sixth   ....   sheets  are  connected  to   form    the    other 
boundary. 

Another  form  of  condenser  that  is  very  frequently  employed  in 
connection  with  high  differences  of  potential  is  the  Leyden  jar 
(Fig.  42).  This  consists  of  a  glass  jar  or  bottle,  coated  internally 
and  externally  with  tinfoil  to  within  a  moderate  distance  of  the 
opening,  the  rest  of  the  surface  being  varnished  with  shellac.  A 
brass  rod,  terminated  by  a  ball,  connected  with  the  inner  coating, 
and  passing  out  through  the  neck  without  touching  it,  enables 
electrical  connection  to  be  made  with  the  inner  coating  when 
required.     Sometimes  the  jar  is  closed  at  the  mouth  by  a  non- 


FiG.  42. 

conducting  lid  ;  in  this  case  the  rod  is  usually  supported  by  being 
put  tight  through  the  lid,  and  makes  contact  with  the  inner  coating 
by  means  of  a  flexible  spring  or  a  few  inches  of  chain.  Electrically, 
the  Leyden  jar  is  exactly  equivalent  to  the  coated  pane,  but  it  is 
more  compact  and  convenient  to  handle.  The  tin-foil  coatings 
may  be  replaced  by  conductors  of  any  other  material  ;  the  reason 
why  tin-foil  is  commonly  used  being  chiefly  that  its  flexibility  allows 
it  to  be  readily  adapted  to  the  surface  of  the  glass.  Where  very 
high  insulation  is  required,  it  answers  well  to  use  strong  sulphuric 
acid  (oil  of  vitriol)  to  make  contact  with  the  inner  surface  of  the 
glass  (which,  in  this  case^  is  not  varnished),  and  to  connect  the  acid 
with  the  other  apparatus  by  a  platinum  wire  dipping  into  it. 
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59.  Quantity  of  Electricity  in  a  Oondenser.— The  charge  of 
a  condenser  is,  of  course,  the  charge  of  the  electric  field  which  is 
bounded  by  its  conducting  surfaces  ;  it  is  therefore  represented  by 

and  depends  partly  on  the  condenser  itself  and  partly  on  the 
difference  of  potentials  established  between  its  surfaces. 
SIC 
The  formula  C  ==*  — -  (§  52)  applies  with  sufficient  accuracy  to 

the  capacity  of  any  of  the  forms  of  condenser  described.     From 
this  we  see  that,  with  a  given  insulating  material,  the  capacity  can 


Fig.  43. 

be  increased  by  increasing  the  area  S  of  the  opposed  conducting 
surfaces,  for  these  determine  the  area  of  cross-section  of  the  field, 
and  also  by  decreasing  the  distance  e  between  the  surfaces,  or,  in 
other  words,  the  length  of  the  field.  But  if  the  charge  is  to  be 
great,  not  only  the  capacity,  but  the  difference  of  potentials,  V-  V\ 
must  have  a  considerable  value.  This  is  usually  determined  by 
the  electric  machine  or  other  instrument  used  for  producing  the 
charge,  and  under  fixed  conditions  in  this  respect  may  be  taken  as 
constant.  The  value  of  the  difference  of  potentials  that  is  to  be 
employed  puts  a  practical  limit  to  the  extent  to  which  capacity  can 
be  increased  by  diminishing  the  thickness,  e,  of  the  dielectric  A 
small  thickness  and  great  difference  of  potentials  implies  a  high 
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value  of  the  ratio 


V-  V 


which  measures  *the    mean  «electric 


intensity  in  .the  field,  and,  as  already  mentioned, (§  .20),  when  .the 
stress  in  the  field  reaches  a  limit  depending  on  the  nature  of  the 
material,  the  dielectric  gives  way  and  is  burst  through  by  a  dis- 
ruptive discharge.  The  maxi- 
mum stress  that  a  given 
material  can  support  without 
allowing  discharge  ^to  take 
place  through  it  is  called  its 
electric  strength.  Little  as 
known  about  the  exact  value 
of  this  property  for  different 
substances,  but  it  is  certainly 
many  times  greater  for  glass 
and  various  other  solid  di- 
electrics than  it  is  for  air. 
For  this  reason,  in  condensers 
intended  to  support  great 
differences  of  potential,  as  well 
as  to  have  a  large  capacity, 
glass  is  generally  used  as  the 
dielectric,  and  the  commonest 
form  is  that  of  the  Leyden  jar. 
To  obtain  sufficient  surface 
without  using  jars  of  unwieldy 
size,  several  jars  are  often  com- 
bined, as  shown  in  Fig.  43,  all 
the  inner  coatings  being  electri- 
cally connected  .by  insulated 
metal  jod^  and  jthe  outer  coat- 
ings by  ^p^cing  the  jax5  on  a 
tray,  or  in  ^  boic  lined  with  .tin- 
foil. The  capacity  qf  such  .a 
combination  of  jars,  sometimes 
called  a  J^den  batiery,  is  £gual  .to  the^um  of  the  capacities  of  tthe 
separate  jars  (con\p.  §  sq). 

Whon  it  .is  not  desirable  to  expose  apondenaer  to^lfae  fuUdif&r- 
doce  «f  j)otentiai$  that  onay  Jbe  availably,  it  is  .sometimes  advan- 
tageous ^0  connect  .two  or  jBore  jars  in  series,  xxcJn  .caicad0.9»  it  is 
Ai^4,  in  (the  way  ^showii  in  Fig.  44.    The  inner  coating  .of  tlie  jar 


Fig.  44. 
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at  one  end  of  the  serieg  .13  fiojinected  with  ionc  electrode  of  the 
electrical  machine,  the  outer  coatinjg^  of  .the  jar  At  the  other  .end  of 
the  series  to  the  other  electrode,  and  the  outer  coating  of  each  of 
the  rest^to  the.  inner  coatix^g  of  the  jar  .that  i:ouifiS  next  in  the^series. 
If,  in  .such  a  xase,  we  may. neglect  .the  small  capacity  of  the  .field 
existing  between  the  outer  surface  of  each  jar  and  the  walls  of  the 
room,  by  comparison  with  the  jnujch  greater  ci^acity  of  the  field  be- 
tween »the  ,tin-foil  coatings,  .the  charge  jof  each  jar  is  the  same;,  .and 
writing  V^  and  F„  for  the  ,potentials  of  the  firs.t  and  last  coatings 
respectively,  and  V\^  V2,  Ks  •  •  •  for  the  potentials  of  the  inteianediate 
coatings  taken  in  orde^,  we.have.for.the  charge  of  anj. one  jar 

But'(§  54),  we  have  alto 

e= ^'^""^'^ (r-r) 

vihere  Ci,  Cj,  ...  are  ithe  capacities  of  tthe  sevetal  jjats,  and  the 
multiplier  of  V^  -  V^  has  a  *  numerator  ifbrmed  .by  ^multiplying 
together  all  the  Cs,  and  a  denominator  fofmed  by^dii^g  ^together 
the  •series  of  terms  obtained  by  striking  j>ut  i£rom  the  numerator 
eadi  of  its  factors  :taken  one  at  a  time  frcrni^Ci  to  C^.  Fromikhis 
we  can  express  the  tdiifesence  of  potentiaJe  .acting  on  any  tone  JAr 
When  we  know  the  whole  difference  of  potentials  and  the  sc^paiate 
capacities.  Suppose,  for  example,  ^at  theie  lave  ibur  jars,  ^Mm 
-^.difference  of  potentials  acting  on  the  second  is 

^' "  *^*  ==  c^.Cz  Ca  +  Ci  or*  +  A  Ci  C4  +  G  Q  ci'^^^~^^>- 

If  .a  number  of  jars  combined  in  cascade  are  all  Of  the  same 
Q^pacity^  it  follows  that  the  difference  of  potentials  acting  on 
each  jar  is  the  same,  and  is  equal  to  the  whole  difference  divided 
b^  the  number  of  jars.  In  this  case  also  the  sum  of  the  separate 
charges  is  the  same  as  an^  one  jar  would  have  received  if  it  had 
been  charged  to  the  full  difference  of  potentials  V^  -  Y^ 

60.  jQbarging  iuid  Discbarging  a  Oondenser.— Since  the  pro- 
cess i)f  charging  a  condenser  consists  in  establishing  a  difference 
qf  potentials  between  the  boundaries  of  the  corresponding  cflectric 
fiel^,  a  charge  is  produced  .whenever  the  opposed  conducting 
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surfaces  of  the  condenser  are  respectively  connected  with  other 
conductors  at  different  potentials.  In  general  the  surfaces  are 
connected  with  the  positive  and  negative  conductors  of  an  electric 
machine.  If  a  common  friction  machine,  with  the  rubber  un- 
insulated from  the  room,  is  used,  a  sufficient  connection  between 
the  outer  surface  of  a  Leyden  jar  and  the  rubber  is  usually  afforded 
by  the  table  on  which  both  jar  and  machine  stand  ;  a  special  con- 
ducting connection  need  be  arranged  in  such  a  case  only  between 
the  inner  coating  and  the  insulated  conductor  of  the  machine. 

To  discharge  a  condenser  is  to  bring  its  two  surfaces  to  the 
same  potential  This  may  be  done  suddenly  by  connecting  them 
by  means  of  a  discharger  (Fig.  42),  consisting  of  two  metal  rods 
hinged  together  like  a  pair  of  compasses  and  provided  with  glass 
handles,  M,  m',  and  terminated  by  brass  knobs.  If  one  knob  is 
put  into  contact  with  the  outer  coating  of  a  charged  Leyden  jar, 
and  the  other  is  gradually  brought  near  the  knob  A  connected 
with  the  inner  coating,  a  bright  loud  spark  passes  before  the 
knobs  come  quite  into  contact,  and  the  jar  is  afterwards  found 
to  be  discharged.  In  this  case  the  whole  process  occupies  only 
a  very  small  fraction  of  a  second,  but  it  is,  nevertheless,  a  some- 
what complicated  one,  and  consists  of  a  succession  of  discharges 
of  gradually  decreasing  magnitude,  and  alternately  in  opposite 
directions.  The  phenomenon  is,  in  its  general  character,  closely 
analogous  to  what  happens  when  a  bent  spring  is  suddenly  re- 
leased, and,  instead  of  simply  returning  to  its  position  of  equili- 
brium and  remaining  at  rest  there,  is  carried  beyond  it  by  its 
momentum  and  is  bent  in  the  opposite  direction,  then  passes 
again  through  its  position  of  equilibrium  towards  the  side  of  the 
original  bending,  and  so  backwards  and  forwards  through  a 
gradually  decreasing  range  until  the  whole  of  the  energy  due 
to  the  original  strain  has  been  converted  into  heat  In  the 
electrical  case  we  must  imagine  some  kind  of  strain  as  existing 
in  the  charged  dielectric,  and  that  the  sudden  relaxation  of  this 
strain  at"  the  instant  of  discharge  gives  rise  to  a  series  of  electric 
oscillations  of  progressively  decreasing  extent  until  the  whole  energy 
of  the  charge  has  here  also  been  converted  into  heat 

If  the  two  surfaces  of  a  charged  condenser  are    connected 
through  a  very  long  thin  wire  or  through  a  damp  thread,  the 
resulting  discharge  consists  simply  of  a  comparatively  gradual . 
equalisation  of  potentials  without  reversal  or  oscillation.     In  this 
case  the  process  may  be  compared  with  the  result  of  releasing  a 
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bent  spring  which  is  immersed  in  a  liquid  so  viscous  that  the 
elastic  forces;  urgfifig  the  spring'  through  it*  towards  its  position^ 
of  equilibrium,  are  not  able  to  make  it  arrive  there  with  amy 
velocity. 

61.  Discharge  by  Successive  Contacts.— Discharge  takes  place 
in  a  different  way  if  a  condenser  is  charged,  and  its  surfaces,  which 
are  both  insulated  from  other  conductors,  instead  of  being  con- 
nected with  each  other,  are  alternately  connected,  one  at  a  time, 
with  a  third  conductor,  which  may  be  the  room  con- 
taining the  condenser.  In  order  to  follow  out  what  f] 
happens  in  such  a  case,  we  will  suppose  the  condenser 
to  be  a  coated  pane,  and  that  its  surfaces  are  alternately 
connected  with  the  inside  of  the  room.  There  is  here  a 
complex  field,  or  rather  there  are  three  separate  fields. 
Distinguishing  the  coatings  as  A  and  B  (Fig.  45),  we 
have  a  field  of  capacity,  say  C^,  bounded  by  the  coating 
A  and  the  inside  of  the  room ;  next,  a  field  of  capacity, 
C,  extending  through  the  glass  between  the  coatings 
A  and  B;  and,  lastly,  there  is  a  field  of  capacity, 
Csi  bounded  by  the  coating  B  and  by  the  inside  of  the 
room.  U 

We  will  refer  to  these  in  the  order  in  which  they  Fig*  45. 
have  been  named,  as  the  firstj  second,  and  third  fields 
res|)cctiveiy^  Let- us  begin  by  supposing  the  coating  B  connected 
with  the  room :  then  the  boundaries  of  the  third  field  being  at 
the  same  potential,  its  charge  is  zero,  and  the  coating  A  be- 
comes a  conMnon  boundary  of  the  first  and  second.  Putting 
V  for  the  potential  of  the  room,  and  V^  for  the  initial  potential 
of  A,  the  charge  of  the  first  field  is  C^{V^-  V),  and  that  of  the 
second  field,  the  field  of  the  condenser  is 

Now,  after  insulating  B,  connect  A  with  the  room,  thus  bringing 
its  potential  to  the  value  V,  The  effect  of  this  is  that  the  charge 
of  the  first  field  vanishes,  and  that  that  of  the  second  spreads  into 
the  third  field,  the  coating  B,  whose  potential  we  will  denote  by 


1  It  may  be  noted  that  the  electric  force  in  both  these  fields  is  directed  from 
the  surface  A,  if  K^  is  greater  than  V,  and  towards  A,  if  K,  is  less  than  F, — 
that  is,  in  either  case,  the  force  is  oppositely  directed  in  space  in  the  two  fields. 

F 
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Vi,  becoming  a  common  boundary  of  the  second  and  third  fields. 
Expressing  by  an  equation  the  fact  that  the  combined  charges  of 
these  two  fields  is  the  same  as  the  previous  charge  of  the  second 
field)  we  have 

which  gives  for  the  present  difference  of  potentials  between  the 
Coatings  of  the  condenser — 

That  is  to  say,  it  is  the  original  difference  of  potentials,  V^  -  F, 

C 
multiplied  by  the  proper  fraction  - — — -  .       Denoting    this,    for 

C  +  C^ 

shortness,  by  m^  we  may  write 

V-  V{^m(,V^-  V). 

Next,  let  A  be  again  insulated,  and  let  B  be  connected  with  the 
room,  as  in  the  initial  stage.  The  charge  of  the  third  field  again 
disappears,  and  that  of  the  second  spreads  into  the  first,  the 
surface  A  being  a  common  boundary.  If  we  put  Kj  for  the 
resulting  potential  of  A,  the  equation  expressing  identity  between 
the  combined  charges  of  the  first  and  second  fields  and  the 
previous  charge  of  the  second  is 

whence 

Vi'  V--c~\-c^^-  Fi')  =  «(F-  Fi'Xsay, 

A 

or,  putting  in  the  value  just  found  for  V  -  Ki', 

Vi-  F=w//(F^-  V), 

The  charge  of  the  condenser  is  now  Qi—  C  {Vi-  V\  and 
therefore 

=  mn  2^. 
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That  is,  the  charge  of  the  condenser  after  each  coating  has  been 
successively  connected  with  the  room  and  then  insulated  is  equal 
to  the  original  charge  multiplied  by  the  constant  fraction 

C^ 

and  by  following  out  again  exactly  the  same  course  of  reasoning 
and  calculation,  we  should  find  that  the  charge  after  repeating  the 
same  process  would  be 

ga  =  mn  Qx      =  {mtif  Q^ 

Qz  =  mn  Q2      =  {mnf  Q^ 


It  appears,  then,  that  the  charges  remaining  in  the  condenser 
after  the  surfaces  have  been  uninsulated  i,  2,  3, .  .  .  times,  form  the 
terms  of  a  decreasing  geometric  series. 

The  successive  decreases  of  charge  due  to  repetitions  of  the 
process  also  fcjrm  a  similar  series  :  thus,  the  first  time,  the  loss  of 
charge  is 

the  second  time  it  is 

fii  -  02  =  Qi  (i  -  mu)  =  Q^mn  (i  -  mn) ; 
the  third  time 

22    -     fis   =     fis  (l     -    mn)    =     2//lW   (j     _     ;,;;^)^ 

and  so  on. 

The  process  of  discharge  by  successive  contacts  may  take 
place  when  the  surfaces  of  a  condenser  are  successively  con- 
nected with  any  insulated  conductor,  and  it  then  takes  place  essen- 
tially in  the  way  that  has  been  traced  out.  It  is  illustrated  by 
various  familiar  experiments  which  need  not  be  more  than  men- 
tioned, as  the  electric  chimes  (Fig.  46),  and  Franklin's  spider 
(Fig.  47),  in  which  a  small  insulated  conductor  B  or  b',  sus- 
pended like  a  pendulum,  strikes  successively  against  knobs 
connected  with  the  two  coatings  of  a  Leyden  jar,  being  attracted 
in  turn  by  each  after  coming  in  contact  with  the  other. 
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The  experiment  known  as  Lickttmber^s  fi^ttres  is  connected 
with  the  same  kind  of  action.  We  take  hold  of  a  charged  Leyden 
jar  by  the  outer  coating  and  draw  the  knob  connected  with  the 
inner  coating  along  the  surface  of  a  cake  of  resin,  tracing  out  with 
it  figures  of  any  kind.  Then,  putting  the  jar  on  an  insulating 
stand,  we  take  it  by  the  knob  and  trace  other  figures  on  the  resin 
with  the  outside  of  the  jar.  On  afterwards  dusting  over  the  cake 
of  resin  a  mixture  ofHowers  of  sulphur  and  red-lead,  the  particles 
of  red-lead  collect  along  the  lines  traced  with  one  surface  of  the 
jar,  and  the  sulphur  along  those  traced  with  the  other  surface.  By 
their  mutual  friction  the  particles  of  the  two  powders  become  elcc- 


FlG.  46. 


Fig.  47. 


trified,  the  red-lead  positively  and  the  sulphur  negatively,  and  they 
consequently  attach  themselves  to  parts  of  the  surface  of  the  resin 
which  have  been  electrified  in  the  opposite  way  to  themselves. 
The  lines  formed  present  marked  characteristics;  the  yellow  lines  of 
sulphur,  corresponding  to  the  positively  charged  parts  of  the  resin, 
show  very  fine  ramifications,  .while  the  red  marks,  corresponding 
to  the  negatively  charged  parts,  are  broader  and  often  resemble 
drops  or  splashes. 

62.  Energy  of  a^  Oondeiumr«~-The  energy  of  a  condenser,  like 
that  of  any  electric  field  (§.  55X  isrepresented  by, 


IV-- 


=  ig(jr-  K')-icr(K-KO«=  if » 
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or  (§  52)  by 

which  shows  that,  for  a  given  difference  of  potentials  between  its 
surfaces,  the  energy  of  a  condenser  is  proportional  directly  to  the 
area  of  the  surfaces,  and  inversely  to  the  thickness  of  the  dielectric ; 
While,  for  a  given  charge,  the  energy  is  directly  proportional  to 
thickness  and  inversely  proportional  to  surface. 

It  follows  from  these  formulae,  that  if  a  charged  Leyden  jar  has 
its  surfaces  connected  with  the  corresponding  surfaces  of  a  second 
uncharged  jar  (which  Tor  simplicity  we  will  suppose  exactly  similar 
to  the  first),  so  that  its  charge  is  shared  between  tthe  two,  the  com- 
bined energy  of  the  two  jars  is  now  only  half  the  original  energy 
of  the  first  jar.  By  combining  the  two  jars,  we  have  virtually  a 
condenser  of  twice  the  capacity,  and  therefore,  with  the  same 
charge,  only  half  the  energy.  The  electric  energy  .that  is  lost 
during  the  transfer  of  part  of  the  charge  from  one  jar  to  another 
is  converted  into  heat  during  the  process. 

rf  several  jars  with  their  similar  coatings  connected  are  charged 
simultaneously  to  a  given  difference  of  potentials,  the  energy  of 
the  combination  is  obviously  the  sum  of  the  energies U)f  the  sepa- 
rate jars.  Thus  if  there  are  n  jars  each  having  capacity  C,  their 
total  energy  is 

or  n  times  the  energy  of  a  single  jar  charged  to  the  same  difference 
Of  potentials. 

If  n  'Similar  Jars,  connected  "  in  cascade,"  are  Charged  so  that 
the  difference  of  potentials  between  the  first  and  iast  coatings 
is  fF  -  V\  the  difference  ^between  the  coatings  of  each  jar  is 

{V -  .V')\n  and  therefore  its  .energy  is  ^  C  / — ~ — If,  and  the 

energy  of  tthe  whtile  number  lis 

\     .n     /      m 

or  the  «th  part  of  the  energy  of  a  single  jar  charged  to  the  same 
difference  of  potentials. 

fi3.  Effect  of  the  Insnlating  Materiid.— It  was  first  observed 
by  Faraday  that  the  capacity  of  a  condenser  depends  not  only  on 
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the  size  and  shape  of  its  surfaces,  but  also  on  the  nature  of  the 
insulating  material  which  fills  the  space  between  them.  He  had 
two  spherical  condensers  made  as  nearly  alike  as  possible  (Fig. 
48),  the  inner  sphere,  A,  being  supported 
concentrically  with  the  outer  one  by  a 
thick  cylinder  of  shellac,  /,  fitting  into  a 
cylindrical  neck,  and  the  outer  sphere 
being  formed  of  two  hemispherical  cups 
fitting  each  other  air-tight  when  put  to- 
gether. When  one  of  the  condensers 
had  been  charged,  the  fixed  ball  of  a 
torsion-balance  was  put  into  contact 
with  the  knob  a  connected  with  the 
inner  sphere  A,  and  the  charge  of  the 
ball  was  measured.  The  charge  of  the 
condenser  was  next  shared  between 
the  two  condensers,  by  connecting  the 
two  outer  spheres  by  a  wire,  and  then 
bringing  the  knob  a  of  one  into  con- 
tact with  the  knob  of  the  other.  In 
this  way  the  corresponding  surfaces  of 
the  two  condensers  were  brought  to  the 
same  potentials.  Then  the  fixed  ball  of 
the  torsion-balance  was  again  put  into 
contact  with  the  knob  a  and  its  charge 
^  .  measured  as  before.     It  was  thus  found 

that  when  both  condensers  were  filled  with  air,  the  charge,  measured 
by  the  torsion-balance  after  the  sharing,  was  just  half  as  great  as 
that  me^asured  at  first.  On  the  other  hand,  if  the  space  between 
the  surfaces  of  one  condenser  was  filled  with  some  solid  dielectric, 
such  as  glass,  sulphur,  or  shellac,  then  the  charge  measured  after 
sharing  was  more  than  half  that  measured  before  sharing,  if  the  con- 
deftser  first  charged  was  that  containing  the  solid  dielectric  ;  but 
it  was  less  than  half  if  the  air-condenser  was  the  one  first  charged. 
Throughout  the  experiments  the  outer  surfaces  of  both  con- 
densers were  connected  with  the  room,  so  that  the  charge  taken 
by  the  ball  of  the  torsion-balance  was  in  each  case  proportional  to 
the  excess  of  the  potential  of  the  inner  sphere  above  that  of  the 
outer  sphere,  and  the  process  was  virtually  a  comparison  of  the 
difference  of  potentials  between  the  surfaces  of  one  condenser 
when  first  charged  with  the   difference  of  potentials   when    it 


^- 


n 


Fig.  48. 
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had  given  up  part  of  its  charge  to  the  other.  Putting  V  for  the 
constant  potential  of  the  room  and  outer  surfaces  of  the  con- 
densers, V\  for  the  initial  potential  of  the  inner  surface  of  the 
charged  condenser,  and  V^  for  its  potential  after  sharing,  we  have 

Fa  -  F'  -  q^ 

if  q^  and  q^  are  the  two  charges  measured  by  the  torsion-balance. 
When  the  condensers  are  connected,  the  first  loses  a  certain  quan- 
tity of  electricity,  and  the  potential  of  its  inner  surface  falls  from 
V\  to  F2 ;  at  the  same  time  the  second  gains  the  same  quantity, 
and  the  potential  of  its  inner  surface  rises  from  V  to  Vg.  If  now 
we  call  C^  and  Q  the  capacities  of  the  two  condensers  respec- 
tively, and  write  an  equation  expressing  that  these  are  inversely  as 
the  changes  of  potential  caused  by  the  loss  or  gain  of  the  same 
quantity  of  electricity,  we  get 

Q  __  Vi-  V,       (Fi  -J^')  --  (Fg-  FQ  _  £!_ 
TT  -  F2  -  F'  -  Fa  -  r  ~  ^3  '  ^- 

In  this  way  the  ratio  of  the  capacities  of  the  two  condensers 
was  obtained,  and  Faraday's  results  showed  that  the  substitution 
of  a  solid  dielectric  for  air  increased  the  capacity.  He  gave  the 
name  specific  inductive  capacity  to  that  property  of  an  insulating 
material  on  which  the  capacity  of  a  condenser  formed  of  this 
material  depends,  or,  in  other  words,  to  that  property  of  the  mate- 
rial occupying  an  electric  field,  of  given  shape  and  size,  which 
determines  the  charge  required  to  produce  a  given  difference  of 
potentials  between  the  boundaries  of  the  field. 

64.  Specific  Inductive  Capacity,  or  Dielectric  Coefficient.— 
The  specific  inductive  capacity,  or,  as  it  is  otherwise  called,  the 
dielectric  coefficient,  of  an  insulating  or  dielectric  material,  is 
the  quantity  denoted  in  our  formulae  by  the  symbol  K,  To  see 
how  its  numerical  value  may  be  determined,  we  may,  in  the  first 
instance,  go  back  to  the  fundamental  formula  of  electric  force 
(§  10),  which,  in  the  case  of  two  equal  quantities  of  electricity  con- 
centrated at  points,  we  may  write 

From  this,  if  Q^  is  the  quantity  which  repels  an  equal  quantity 
at  unit  distance  with  unit  force,  we  have 
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and,  therefore,  K  mf^  be  defined  numerically  as  equal  to  .the 
square  of  the  quantity  dvjust  defined. 

But  when  the  dielectric  niedium  is  air,  the  quantity  which 
repels  an  equal  quantity  at  unit  distance  with  unit  force  is,  by 
definition  (§  10),  a  unit  of  electricity.  Hence,  as  already  pointed 
out,  our  definition  of  the  unit  of  electric  quantity  involves  the 
numerical  value  K  —  \  iox  air. 

Another  way  of  arriving  at  the  value  of  A'  is  by  considering  the 
relation  between  charge,  difference  of  potentials,'and  dimensions 
of  an  electric  field.  Taking  the  simple  case  of  a  field  bounded  by 
plane  parallel  surfaces  (§  5  r),  we  have  for  the  charge 

or,  writing  a  for  QjS,  the  surface-density,  and  transposing, 

or,  again,  if  cri  be  the  surface-density  for  which  the  difference  of 
potentials  is  unity  when  the  distance  between  the  boundaries  of 
the 'field  is  unity 

IC  =  47rcri. 

In  words,  'this  is  equivalent  to  saying  that  the  dielectric  tco- 
efficient  of  a  given  substance  is  equal  to  4v  times  the  charge  per 
square  centimetre  of  a  field,  bounded  by  large  flat  parallel  surfaces 
one  centimetre  apart  and  filled  by  that  substance,  when  1  the  .dif- 
ference of  potentials  between  the  boundaries  is  unity. 

Seeing  that  thjB  dieiectric  coefficient  for  air  is  numerically  «=  i, 
an  experimental  process  for  measuring  r  its  value  for* any  other  sub- 
stance ^resolves  itself! into  a  comparison  of  the  dielectric  coefficient 
of  that  substance  with  the  dielectric  coefficient  of  air.  Methods 
of 'Carrying  out  such  > a  comparison  have  ;been  founded  on  the 
definition  of  A' in  the  forms  in^which  we  have  stated  it  above,  but 
those  most  generally  adopted  depend,  like  Farada/s  method,  on 
the  comparison  of  the  capacities  of  condensers  or  of  the  same  con- 
denser with  different  dielectrics.  By  reference  to  the  formula  (§  50) 
for  the  capacity  of  a  tube  of  force,  or  to  the  results  deduced  from  it 
for  speciaJ  cases  of  electric  fields  (§  5'),  it  will  be  seen  that  the 
expression  consists  of  a  factor  depending  solely  upon  the  geome- 
trical character  of  the  tube,  or  field,  multiplied  by  the  value  of  /C 
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for  the  particular. dielectric  medium  occupying  ,the  field.  Hence 
if  .we  take  two  condensers  whosje  electric  fields  are  geometrically 
identical,  but. are  occupied  one  hy  air  and. the  second  by  any  other 
dielectric,  the  ratio  of  the  capacity  of  the  second  condenser  to 
that  of  the  first  gives  the  value  of  the  dielectric  .coefficient,  for  .the 
medium  in  question  in  terms  of  that  for  air.  U  is  .evident  ithat 
instead  of  using  two .  condensers  for  this  purpose,. one  condenser 
will  serve  if  we.  can  compare  its  capacity,  when  its  electric  field  is 
filled  »with  a  given  dielectric  medium,  with  its  capacity  when  ,the 
field  is  filled  with  air. 

Without  entering, into  details  of  methods  for  the  comparison  of 
capacities,  we  may  point  out  in,  a. few  .words,  the  general  principles 
of  the  .methods  commonly  adopted.  Let  two  condensers  to  be 
compared  be  distinguished  as  A  and  B,  then  using  corresponding 
suffixes  to  distinguish  symbols  referring  to  them. respectively 

It  is  frequently  possible,  without  knowing  the  difference  of  .poten- 
tials, to  ensure  its  being  the  same, for  each  condensei:,.in  which 
case  a  determination  of  the  ratio  of  the. charges  gives  the  ratio. of 
the  capacities ;  or  we  may  be  able  to  make  the  charges  e^ual, 
in  which  .case  the  capacities  are  inversely  as  .the  differences  of 
potentials. 

The  following  are  the  approximate  .values  of  the  specific  induc- 
tive capacities  of  a  few  solid. and  liquid  dielectrics,  the  inductive 
capacity  of  air  being  taken  as  unity  : — 

Specific  Inductive 
I  Capacity. 
Paraffin  wax .        ....        ...        .        .    ;?.3 

, Rosin    .       ?.       , ;?.6 

Ebonite 3,2 

Sulphur 3.8 

•Glass  (plate  or  common  flinf) 6*10  7 

Petrc^eum  oil 2.1 

Turpentine  oil '©.2 

Ben^ipe.       .. ?.3 

On  .the  same  scale,  the  specific  inductive  capacity  of  a  vacuum  js 
about  0.9994. 

65.  Besidual  (Su^rfire. — If  the  difference  of  potentials  of  a  con- 
•iienser  with  a  solid  dielectric  is  measured  immediately, after  the 
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condenser  has  been  charged,  and  then  again  a  few  minutes  or  half- 
an-hour  later,  it  is  generally  found,  even  when  there  is  perfect 
insulation,  that  the  second  measurement  gives  a  lower  result  than 
the  first  one.  This  diminution,  when  there  is  good  insulation, 
does  not  go  on  continuously,  but  is  comparatively  rapid  at  first,  and 
then  becomes  slower  and  slower,  and  at  last  imperceptible. 

Again,  if  the  surfaces  of  such  a  condenser,  after  it  has  been 
charged  for  some  time,  are  connected  for  an  instant  by  a  thick 
wire,  so  as  to  discharge  the  condenser— that  is,  to  bring  its 
coatings  to  the  same  potential — it  is  found  that  a  difference  of 
potentials  of  the  same  sign  as  that  previously  existing  makes  its 
appearance,  increasing  comparatively  quickly  at  first,  and  then 
more  slowly,  towards  a  constant  value.  This  phenomenon  is 
known  as  the  residual  charge^  and  is  correlative  with  the  decrease 
of  difference  of  potentials  spoken  of  above.  The  residual  charge 
does  not  amount  to  more  than  a  small  proportion  of  the  original 
charge,  but  a  condenser  that  has  been  charged  strongly  for  a  long 
time  will  often  allow  of  several  successive  discharges  of  progres- 
sively diminishing  amount  being  obtained  at  intervals,  one  after 
another. 

The  formation  of  the  residual  charge  implies  that  the  ratio 
2/(  V  -  V)  for  a  condenser  in  which  it  occurs  depends  upon  the 
time  that  has  elapsed  since  the  charge  was  imparted,  or,  more 
generally,  upon  the  recent  electrical  history  of  the  condenser,  as 
well  as  upon  its  material  and  geometrical  characters.  This  cir- 
cumstance introduces  complication  into  the  experimental  deter- 
mination of  the  capacity  of  a  condenser,  which,  as  has  been 
explained,  is  the  name  given  to  the  ratio  in  question.  The  dis- 
turbance due  to  this  cause  may  be  avoided  to  a  great  extent  by 
measuring  the  capacity  of  a  condenser  as  soon  as  possible  after 
it  is  charged, — that  is  to  say,  before  the  residual  charge  has  had 
time  to  form  to  an  appreciable  extent. 

66.  Oondenser  with  Removable  Ooatings.— According  to  the 
view  we  have  adopted,  the  charging  of  a  condenser,  or  of  any 
electric  field,  consists  in  setting  up  a  peculiar  condition  of  stress 
within  the  dielectric.  To  do  this  the  conducting  surfaces  which 
bound  the  dielectric  must  be  connected  with  the  conductor  of  an 
electric  machine,  or  equivalent  arrangement,  between  which  an 
electric  field  is  produced  by  friction  or  otherwise.  By  virtue  of  the 
connecting  wires,  the  stresses  existing  in  the  original  field  are  able  to 
relieve  themselves  by  causing  an  expansion  and  partial  transfer  of 
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the  field  to  the  dielectric  of  the  condenser.  The  function  of  the 
metallic  coatings  of  a  condenser  appears  to  be  simply  to  facilitate 
the  transfer  of  electric  stress  to  and  from  the  dielectric  material 
between  them.  So  long  as  the  stress  exists,  the  dielectric  is 
charged,  even  if  the  metal  coatings  are  removed.  This  is  well 
illustrated  by  means  of  a  Leyden  jar  with  removable  coatings  of 
thin  tin-plate  (Fig.  49).  If  this  has  been  charged  in  the  ordinary 
way,  and  placed  on  a  cake  of  resin,  or  other  insulating  support, 


Fig.  49. 

the  glass  jar  can  be  lifted  out  from  the  outer  metal  vessel,  and 
then  the  inner  conductor  can  be  lifted  out  from  the  jar  by  a  glass 
rod  put  under  the  hooked  stem.  On  bringing  the  two  metal 
coatings  together,  they  give  only  a  slight  discharge,  if  any  ;  but  if, 
after  the  metal  coats  have  been  shown  to  be  electrically  neutral, 
the  jar  is  put  together  again,  it  will  give  a  discharge  almost  as 
powerful  as  if  it  had  never  been  taken  to  pieces. 

The  same  experiment  can  also  readily  be  made  with  an  iEpinus^s 
condenser  (§  58). 
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CHAPTER  VII. 
EFFECTS  OF  THE  DISCHARGE. 

67.  Oondnctive  Discharge  and  Disruptive  Discharge.— The 
energy  which  is  accumulated  in  an  electric  field  is  expended  during 
the  discharge  in  various  forms,  which  will  now  be  briefly  discussed. 

When  the  boundaries  of  the  field  are  put  in  conducting  com- 
munication with  each  other,  a  spark  is  always  produced.  The 
experiment  may  be  made  in  such  a  manner  that  this  spark  absorbs 
either  the  greater  part  of  the  available  energy,  or,  on  the  contrary, 
only  a  very  small  portion.  In  the  latter  case  the  work  of  the 
discharge  is  chiefly  expended  in  the  conductors,  and  the  discharge 
is  said  to  be  conductive ;  in  the  former  case  it  is  said  to  be  dis- 
ruptive. 

»68.  Resistance  of  Oondnotors.— Whatever  may  be  the  nature 
of  the  conductors  by  the  aid  of  which  the  discharge  is  effected, 
they  always  offer  a  certain  resistance  to  the  motion  of  electricity, 
and  a  greater  or  less  part  of  the  work  available  is  -depended  in 
overcoming  this  resistance,  and  iii  so  doing  it  produces  an  equiva- 
lent quantity  of  heat. 

The  quantity  of  heat  disengaged  in  any  portion  of  the  conducting 
wire  is  readily  measured,  at  any  rate  comparatively,  by  means  of 
Riess's  thermometer  (Fig.  50).  The  portion,  s,  of  the  conductor 
to  be  investigated  is  placed  between  binding  screws,  A  and  B,  in  a 
glass  globe  to  which  is  connected  a  slightly  inclined  capillary  tube 
terminating  in  a  much  wider  vertical  tube,  E.  The  whole  rests  on 
a  hinged  board,  which  can  be  fixed  at  any  desired  angle  by  the 
screw  K.  The  capillary  tube  contains  a  coloured  liquid,  and  when 
the  discharge  is  passed,  the  increase  of  pressure  produced  by  the 
heating  of  the  gas  is  manifested  by  a  displacement  of  the  top  of 
the  capillary  column.  The  heating  takes  place  so  rapidly  that 
there  is  not  time  for  appreciable  loss  of  heat  to  occur  ;  and  as  the 
volume  of  gas  does  not  sensibly  alter,  the  displacement  is  pro- 
portional to  the  change  of  pressure,  which  in  turn  is  proportional 
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to  the  rise  of  temperature,  and  therefore  to  the  quantity  of'^heatt 
disengaged  in  the  wire  s. 

In  order  to  compare  two  conductors,  they  are  both«  pdaced 
simultaneously  in  the  circuit,  each  im  tlirn,  in  the  bulb' of  the 
thermometer,  and  the  other  outside,  and-  the  same  quantity  of 
electricity  is  discharged  through  the  circuit  Experiment  shows 
that  the- quantity  of  heat  liberated^  and  consequently  also  the  re^ 
sistance,  is,  .for  a  given  metal,  directly  proportional  to  •  the  •  length 
of  the  wire,  and  invw-sely  proportional' to  its  area' of  cross-section. 
It  varies,  moreover,  with  the  materiaP  of  the  wire.  In  this  way 
the  resistance  of  the  metals  may- be  determined  in  comparison 

c 


Fig.  50.. 

with  anyone  taken  as  a  standard.  If  p  is>the  specific  resisiame 
of  a*  metal — that  is  to  say,  the  resistance  expressed  in  any  units 
which ntoffererfor  unit  length  and  unit-  section— the  resistance^  Ry 
of  a  conductor  of  this  metal,  of  length'  /♦  and-  section  j,  in  terms 
of  the  same  unit,  will  be 

We  shall  hereafter  become  acquainted  with  methods  more  con- 
venient than  that  of  Riess^  thermometer  fdr  determining'  the 
resistance  of  a*  conductor,  and  of  obtainingit  not  merely  in  relative, 
but  in  absolute  value.  The  practical  unit' of  resistance  is  the  okm* 
This  will  afterwards  be  defined  theoretically;  fdrthe  present  ir 
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will  be  sufficient  to  know  that  it  is  the  resistance  presented  at  o" 
by  a  column  of  mercury  a  square  millimetre  in  cross-section  and 
106.3  centimetres  in  length. 

69.  Fusion  and  Volatilisation  of  Metals.— In  the  conductive 
discharge  all  the  energy  is  converted  into  heat  in  the  conductor 
itself,  provided  no  external  work  is  done.  We  have  already  seen 
(§  39)  that  if  we  express  quantity  of  electricity  in  coulombs, 
difference  of  potentials  in  volts,  and  capacity  in  farads,  electric 
energy  is  expressed  in  joules.  On  the  other  hand,  a  gramme- 
degree^ — that  is,  the  quantity  of  heat  necessary  to  raise  the  tem- 
perature of  one  gramme  of  water  at  0°  through  one  degree, — is 
equal  to  4.17  joules.  This  number  is  called  the  mechanical  equiva- 
lent of  heat,  and  is  denoted  by  the  letter/.  If  H  is  the  number 
of  gramme-degrees  disengaged,  we  have  . 

The  quantity  of  heat  corresponding  to  a  given  discharge  is  a 
fixed  quantity  ;  it  is  independent  of  the  conditions  in  which  the 
discharge  takes  place,  and  in  particular  of  the  nature  of  the  con- 
ductor. If  this  latter  is  made  up  of  two  parts,  iV  and  iV',  experi- 
ment shows  that  the  quantity  of  heat  divides  between  them 
in  proportion  to  their  respective  resistances.  Accordingly,  by 
taking  very  stout  conductors  of  very  small  resistance,  and  inter- 
posing between  them  a  wire  of  great  resistance,  we  may  concen- 
trate in  the  latter  almost  the  whole  of  the  heat  produced  by  the 
discharge.  Thus  with  an  apparatus  called  the  universal  dis- 
charger (Fig.  51),  we  may  raise  the  temperature  of  a  wire  of  any 
material  stretched  between  the  two  knobs  D  and  d'  sufficiently  to 
melt  it,  or  even  to  volatilise  it. 

\i His  the  quantity  of  heat  available,  m  the  mass  of  the  metal, 
d  its  density,  and  c  its  mean  specific  heat,  the  temperature,  /,  to 
which  it  will  be  raised  from  0°  by  the  quantity  of  heat,  //,  is 

mc      side' 

if  we  disregard  any  looses  by  radiation. 

Hence,  for  a  given  metal,  the  temperature  depends  only  on  the 
mass  of  metal ;  it  is  higher  as  the  mass  is  less— that  is  to  say,  as 
the  wire  is  finer  and  shorter.  For  two  wires  of  the  same  mass  but 
Qf  different  metals,  it  is  inversely  as  the  specific  heat ;  lastly,  for 
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two  wires  of  different  metals,  of  the  same  section  and  the  same 
length,  it  is  inversely  as  the  product  of  the  density  into  the  specific 
heat — that  is  to  say,  the  thermal  capacity  of  unit  volume. 


Fig.  51. 

If  the  wire  is  to  be  fused  by  a  given  quantity  of  heat,  //",  the 
mass  of  the  wire  may  be  determined  by  the  equation 

m{cT-^\)  =  H 

in  which  7"  is  the  melting  point  and  X  the  heat  of  fusion  of  the  metal. 
All  metals  may  thus  be  either  melted  or  volatilised  ;  iron  is 
suddenly  reduced  to  droplets,  which  burn  in  the  air,  throwing  out 
sparks,  and  producing 
oxide  of  iron.  Silk 
threads  interwoven  with 
fine  gold,  silver,  or 
copper  wire,  are  very 
well  suited  for  these 
experiments.  A  quite 
moderate  discharge  is 
sufficient  to  volatilise 
them  with  explosive 
violence.  The  metal  disappears  completely  in  fumes,  which 
rapidly  settle.  They  are  easily  collected  on  a  card  placed  against 
the  wire  (Fig.  52),  leaving  a  deposit  on  it  which  is  characteristic  of 


Fig.  52. 
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the  metal,  both  in  shape  and  in  colour.  The  silk  usually  remains 
unchanged:  The  explosion  which  accompanies  the  volatilisation 
of  the  metal  is  an  indication  that  the  air  is  violently  disturbed. 
If  the  experiment  is  made  by  inmiersing  the  ends  of  the  rods 
between  which  the  wire  is  stretched  in  a  vessel  of  water  (Fig.  53), 
the  disturbance  which  takes  place  when 
the  discharge  is  passed,  being  transmitted 
through  an  incompressible  liquid,  smashes 
the  glass  with  a  great  noise.  The  effect 
resembles  that  of  a  torpedo. 

In  what  is  known  as  t'ranklin^s  experiment 
(Fig.  54),  a  piece  of  gold-leaf,  ff',  is  applied 
..  against  a  piece  of  paper,  B,  in  which  a 
portrait  of  Franklin  is  cut  out ;  on  the  other 
side  is  placed  a  white  silk  ribbon,  c,  and  the 
whole  is  strongly  clamped  between  two  slips 
of  wood,  P.  When  a  discharge  is  passed, 
the  gold  is  volatilised,  its  vapours  pass  through  the  parts  cut  out, 
and  reproduce  the  design  in  a  violet-brown  colour  on  the  ribbon. 

70.  Passage  of  the  discharge  through  Bad  Oondactors.— 
If  a  bad  conductor  is  interposed  in  the  circuit,  the  greater  part  of 
the  energy  is  expended  in  the  mechanical  operations  of  tearing 


Fia  S3. 


Fig.  54. 

and  of  rupture.    A  sheet  of  paper,  a  card,  a  thin  sheet  of  glass  are 
easily  perforated  even  by  rather  weak  discharges. 

In  the  experiment  with  the  card  represented  in  Fig.  55,  when 
the  discharge  is  passed,  the  perforation  produced  exhibits  a  kind 
of  weit  round  the*  ed^es,  and  if  the  two  points  are  not  at  thesanre 
height,  the  hole  is  nearer  the  negative  point 
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Electricity  passes  less  easily  through  glass.  The  experiment 
may  be  made  by  means  of  the  apparatus  represented  in  Fig.  56. 
The  greatest  difficulty  in  this  experiment  is  to  prevent  the  spark 
from  travelling  over  the  surface  of  the  glass  plate.  This  should  be 
well  warmed,  and  a  drop  of  oil  placed  round  the  upper  point. 
With  powerful  batteries  glass  plates  of  some  centimetres  in  thick- 
ness may  be  perforated  ;  in  this  case  the  two  points  should  be 
completely  imbedded  in  a  bad  conductor,  such  as  resin  or  wax,  or, 
still  better,  a  mixture  of  the  two. 

71.  Passage  of  the  discharge  over  the  surface  of  Bad 
Conductors. — The    property  which  the  discharge  possesses  of 


Fig.  55. 


Fig.  56. 


travelling  over  the  surface  of  bad  conductors  gives  rise  to  remark- 
able luminous  phenomena.  When  a  battery  is  so  strongly  charged 
that  it  is  on  the  point  of  discharging  spontaneously  between  the 
two  coatings,  a  crackling  sound  is  heard,  and  at  the  same  time 
numerous  lines  of  light  spread  over  the  uhcoated  surface  of 
the  jars. 

Very  beautiful  effects  are  obtained  by  covering  a  glass  plate 
with  tin-foil  on  one  side  only.  One  of  the  limbs  of  the  discharger 
is  placed  in  contact  with  the  tin-foil,  and  the  other  at  a  small 
distance  in  front  of  the  uncoated  surface.  Each  discharge  gives 
rise  to  very  beautiful  ramifications. 
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The  discharges  which  travel  thus  over  the  surface  of  the  glass  • 
leave  a  permanent  trace,  which  can  be  made  visible  by  breathing 
on  the  surface  so  as  to  deposit  a  little  moisture. 

The  propagation  of  the  spark  along  the  surface  of  badly  con- 
ducting bodies  is  facilitated  by  portions  of  conducting  material 
dispersed  over  them.     Very  beautiful  effects  are  thus  obtained 


t 


\ 


Fig.  57. 
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Fig.  58. 


with  what  is  known  as  the  luminous  jar  (Fig.  57) ;  this  is  a 
Leyden  jar,  the  outer  coating  of  which,  instead  of  being  con- 
tinuous, consists  of  metal  filings  fastened  on  with  varnish.  The 
mner  coating  is  prolonged  by  a  tongue  of  tin-foil  to  within  a 
short  distance  from  the  outer  coating.  Every  spark  which  passes 
between  the  two  armatures  branches  out  over  the  latter. 
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With  these  phenomena  may  be  associated  the  luminous  tubes  and 
panes  (Fig.  58),  obtained  by  fastening  on  the  surface  of  glass  a 
series  of  small  lozenges  of  tin-foil,  between  which  sparks  pass 
simultaneously,  producing  the  effect  of  a  continuous  line  of  light. 

72.  Dismptive  Discharge.— The  disruptive  discharge  (§§  20, 
67)  presents  a  great  variety  of  forms,  which  may  be  referred  to 
three  types — the  sparky  the  brushy  and  the  glow. 
All  these  forms  have  one  common  character,  which  is  that, 
notwithstanding  their  short  duration,  they  are  not 
simple  phenomena.  When  examined  by  means  of 
a  rotating  mirror,  a  dis- 
charge is  usually  seen  to  be  ^ 
an  intermittent  phenome- 
non consisting  of  a  great 
number  of  successive  dis- 
charges in  opposite  direc- 
tions, which  have  a  well 
marked  oscillatory  char- 
acter, as  if  the  electricity 
went  from  one  armature  to 
another  until  it  had  lost  all 
its  energy. 

The  spark  when  it  is  short 
appears  as  a  bright  line  of 
light,  which  is  the  more 
dense  the  greater  the  quan- 
tity of  electricity.  In  pro- 
portion as  the  distance 
increases  or  as  the  capacity 
of  the  condenser  diminishes, 
the  line  is  less  defined ;  it 
becomes  narrower  and  less 
luminous,  and  acquires  a  zigzag  form  (Fig.  59),  passing  into  that 
of  a  brush. 

The  production  of  the  spark  is  always  accompanied  by  a  hard 
crackling  sound,  due  to  a  violent  mechanical  disturbance  of 
the  medium,  as  may  be  illustrated  by  means  of  KinnersUys 
thermometer  (Fig.  60).  When  the  discharge  passes  between  the 
two  knobs,  the  water  is  driven  out  of  the  larger  tube  into  the 
smaller  one. 

If  the  spark  is  passed  through  water  in  the  apparatus  repre- 
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Fig.  59. 
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Fig.  60. 
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sented  in   Fig.   6i,   the    disturbance   is  sufificient  to  break  the 
tube. 

T)[i^  brush  (Fig.  62)  has  a  pale  violet  tint,  and  is  accompanied 
by  a  peculiar  continuous  hissing  sound,  very  different  from  the 


Fig.  61. 


sharp  crack  of  the  spark  discliarge.     The  whole  has  an  ovoidal 
form,  and  the  ramifications  which  proceed  from  the  positive  pole 


Fig.  62. 

are  connected  with  it  by  a  kind  of  brightly  luminous  stem.  The 
negative  pole  appears  as  though  it  were  clothed  with  a  luminous 
layer ;  if  it  ends  in  a  point,  this  is  tipped  with  a  small  brilliant  star. 

The  glow  is  produced  when  the  pressure  of  the  gas  is  diminished. 
This  can  be  investigated  by  means  of  the  electrical  egg  (Fig.  63) 
or  what  are  known  as  Geissler's  tubes  (Fig.  64).  These  are  filled 
with  various  gases  and  are  hermetically  sealed  after  being  ex- 
hausted. Platinum  wires  fused  into  the  glass  serve  as  conductors 
for  the  electricity. 

The  glow  always  seems  to  start  from  the  positive  pole;  the 
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negative  pole  is  surrounded  by  a  violet  aureole  followed  by  a 
darker  space.  Its  colour  varies  with  the  nature  of  the  gas  ;  with 
air  it  is  rose  violet,  white  with  carbolic  acid, 
and  bluish  violet  with  hydrogen.  The  colour 
changes  also  with  the  pressure  of  the  gas  and 
the  density  of  the  flow  of  electricity  which  tra- 
verses it.  With  the  tube  represented  in  Fig.  64 
filled  with  rarefied  hydrogen,  the  glow  which 
is  blue  in  the  wider  parts  is  reddish  crimson  in 
the  capillary  portion  which  joins  them. 

When  the  rarefaction  attains  a  certain  point, 
the  light  is  formed  of  parallel  striae  alternately 
bright  and  dark ;  this  is  the  phenomenon  of 
stratification;  it  is  apparently  due  to  the  inter- 
mittent nature  of  the  discharge.  The  striae 
appear  always  to  start  from  the  positive  pole. 
Their  number,  their  shape,  and  the  sharpness 
of  their  outline,  depend  on  circumstances 
which  are  difficult  to  define.  A  conductor,  the 
hand  for  instance,  when  brought  near  the  tube 
has  a  perceptible  action  on  the  phenomenon. 

The  glow- light  has  the  property  of  readily  exciting  fluorescence. 
The  glass  tube  itself  becomes  more  or  less  fluorescent  according 


Fig.  63. 
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Fig.  64. 

to  its  composition.  If  it  contains  a  little  uranium  it  acquires  a 
very  beautiful  green  phosphorescence.  Very  beautiful  effects  are 
also  obtained  by  surrounding  the  tube  through  which  the  dis- 
charge passes  with  solutions  of  sulphate  of  quinine  or  other  fluor- 
escent substances. 

If  the  rarefaction  is  pushed  still  further,  so  that  the  pressure 
does  not  exceed  a  few  millionths  of  an  atmosphere,  the  pheno- 
menon acquires  a  special  character,  which  has  been  very  com-* 
pletely  investigated  by  Mr.  Crookes.  The  glow- light  disappears 
entirely,  and  the  passage  of  electricity  is  only  manifested  by  the 
fluorescence  of  the  glass  tube,  which  acquires  an  extraordinary 
hjstre  in  the  part  opposite  the  negative  pole.  : 

The  phenomena  occur  as  if  electrified  particles  were  shot  from 
the  negative  electrode  at  right  angles  to  the  surface..     .:   '  • 
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Thus  if  one  electrode  has  the  shape  of  a  small  concave  mirror 
of  suitable  curvature,  the  discharge  which  starts  from  it  forms  a 
cone  having  its  apex  on  the  opposite  surface,  where  it  forms 

a    brightly    luminous    spot. 
^^'_  "^        ->>,__^^^  In  Fig.  65,  the  electrode,  a, 

/IvL     ^^ ""'^Z^^^  N    '^  *    small  convex    mirror, 

P^ "_'222'''''\^^/^      while  ^  is  a  cross  of  alumi- 
nium which  is  so   fastened 
by  a  small  joint  that  it  can 
p  ^           M  be  raised  or  lowered. 

+  ::lm^._.  When  the  discharge  passes, 

_  the    glow-light   proceeds   in 

^^^  straight  lines,  and  impinging 

Pjq  gw  on  the  glass  makes  the  whole 

of  it  fluorescent,  except  that 
portion  corresponding  to  the  cross,  which  thus  throws  a  shadow. 
If  now  the  cross,  ^,  is  lowered,  the  part  which  was  previously  in 
shadow  is  now  more  brightly  luminous  than  the  rest,  so  that  a 
bright  cross  stands  out  on  a  less  bright  ground. 

The  experiment  shown  in  Fig.  66  seems  to  demonstrate  the 
material  character  of  these  radiators.    A  small  wheel  with  vanes 


Fig.  66. 

of  mica  rests  with  its  axle  on  two  glass  rails  ;  two  small  electrodes 
of  aluminium  are  fused  into  the  ends  of  the  tube  just  above  the 
middle.  When  the  discharge  is  passed,  it  acts  on  the  upper  half 
of  the  wheel  and  moves  it  from  one  end  of  the  tube  to  the  other 
towards  the  positive  pole. 

Spectroscopic  examination  of  these  luminous  phenomena  pro- 
duced by  the  discharge  throws  some  light  on  their  nature.  The 
ight  of  the  spark  shows  lines  which  are  characteristic  of  the 


Digitized  by 


Google 


§73-]  Striking  Distance.  103 

metals  of  the  electrodes  between  which  the  spark  passes,  and  at 
the  same  time  of  the  gas  in  which  it  is  formed.  The  light  of  the 
former  predominates  especially  in  the  case  of  strong  sparks.  If 
the  electrodes  are  of  two  different  metals,  the  lines  due  to  both 
metals  are  found.  A  portion  of  the  energy  is  therefore  expended 
in  detaching  and  volatilising  particles  of  metal  from  the  two  elec- 
trodes. It  is  observed,  for  instance,  that  after  a  somewhat  power- 
ful discharge  between  a  gold  knob  and  a  silver  one,  silver  is  found 
on  the  gold,  and  gold  on  the  silver  knob. 

In  the  light  of  the  glow  discharge  no  trace  of  metallic  lines  is 
met  with  ;  the  spectrum  is  the  same  whatever  the  nature  of  the 
metal,  and  is  due  solely  to  the  incandescent  gas. 

73.  Striking  Distance. — The  length  of  the  spark  in  air  under 
the  ordinary  pressure,  or  what  is  known  as  the  striking  distance^ 
depends  on  the  difference  of  potentials  of  the  two  electrodes.  It 
varies  a  little  with  the  shape  of  the  electrodes  ;  thus,  for  the  same 
striking  distance,  the  difference  of  potentials  required  between  two 
spheres  is  greater  than  between  two  plates.  It  must  be  observed 
that  in  the  case  of  two  parallel  plates,  which  are  large  in  proportion 
to  their  distance  apart,  if  the  difference  of  potentials  increased  in 
proportion  to  the  striking  distance,  the  discharge  would  always  take 
place  with  the  same  electrical  force,  and  consequently  for  the  same 
density  of  the  electrical  layer  (§  43).  As  a  matter  of  fact,  the 
difference  of  potentials  increases  less  rapidly  than  the  distance,  the 
rate  of  increase  becoming  less  rapid  the  greater  the  distance. 
This  is  seen  from  the  following  table,  which  refers  to  the  discharge 
between  two  knobs  each  one  centimetre  in  diameter : — 


Distance  of  the 

Difference  of  Potentials. 

Knobs. 

In  Electrostatic 

Cm. 

Units. 

In  Volts. 

0.1 

16.1 

4,830 

o-S 

S6.3 

16,890 

I.O 

84.7 

25.440 

1.5 

97.8 

29.340 

2.0 

104.5 

31.350 

3.0 

124.0 

37.aoo 

SO 

153' 0 

45.900 

lao 

187.0 

56,100 

15.0 

206.0 

61,800 

The  striking  distance  in  air  is  sensibly  the  same  for  the  spark 
properly  so  called  as  for  the  brush.    This  is  readily  demonstrated 
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by  a  Holtz  machine,  with  or  without  the  Leyden  jars,  which  in- 
crease the  capacity  of  the  conductors  (§91).  Without  the  jars, 
the  brush  is  formed  continuously  and  the  difference  of  potentials 
between  the  two  electrodes  is  sensibly  constant.  Using  the  jars, 
the  sparks  pass  intermittently,  the  difference  of  potentials  increases 
until  the  spark  is  produced,  when  it  falls  almost  to  zero. 

When  the  pressure  is  diminished,  the  difference  of  potentials 
corresponding  to  a  given  striking  distance  diminishes  rapidly 
to  a  certain  limit,  beyond  which  it  again  increases  with  extreme 
rapidity.  There  appears  to  be  one  particular  pressure  at  which 
the  resistance  to  the  discharge  is  a  minimum.  This  varies  in 
different  gases,  and  with  one  and  the  same  gas  it  varies  with  the 
dimensions  of  the  tube.  With  air  it  is  about  3  mm.  in  a  space  of 
an  ovoidal  form,  but  it  is  considerably  smaller  in  tubes.  Lastly,  as 
the  pressure  is  gradually  diminished  a  point  is  reached  at  which 
the  spark  does  not  pass,  whatever  may  be  the  difference  of  poten- 
tials. It  seems  to  result  from  this,  that  matter  is  necessary  for  the 
transmission  of  electricity,  and  that  it  is  the  molecules  of  the 
dielectric  itself  which  serve  as  the  vehicle. 

74.  Ohemical  EfE^ects  of  the  Spaxk.— The  spark  in  air  ignites 
combustible  bodies  like  alcohol  and  ether  ;  it  ignites  mixtures  of 
oxygen  with  combustible  bodies  like  hydro- 
gen and  its  compounds,  carbonic  oxidie,  &c. 
The  eudiometer  is  based  on  this  principle. 
In  this,  as  in  VoMs  pistol  (Fig.  67),  a 
spark  is  caused  to  pass  through  a  deton- 
ating mixture  of  gases.  The  rod,  de,  is 
insulated  from  the  side  of  the  vessel,  and 
the  moment  a  spark  passes  between  the 
electrified  body  and  the  knob  D,  a  spark 
also  strikes  between  the  knob  E  and  the 
side  of  the  vessel  which  is  connected  with 
the  earth. 

A  succession  of  sparks  decomposes  am- 
moniacal  gas  into  its  elements,  nitrogen 
and  hydrogen,  until  a  certain  proportion 
of  these  gases  has  been  produced.  If 
hydrogen  and  nitrogen  arc  present  in 
larger  proportion,  the  passage  of  sparks  causes  the  gases  to 
combine  and  reform  ammonia.  By  means  of  an  apparatus  such 
as  that   shown   in   Fig.  68,  it  was  proved  by  Cavendish  th^t 
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the  passage  of  electric  sparks  through  a  mixture  of  nitrogen  and 
oxygen  produced  nitric  acid.    The  ends  of  the  V-tube  filled  with 


Fig.  68. 

the  mixture  of  the  two  gases  are  placed  in  two  vessels  of  mercury, 
one  of  which  is  connected  with  the  prime  conductor  of  an 
electrical  machine,  while  the  other  is  put  to  the  rubber.  The 
gases  should  be  slightly  moist, 
and  when  the  machine  is 
worked  the  mercury  rises  in 
the  tube  in  proportion  as  the 
gases  combine  to  form  the  acid. 
The  brush  discharge,  or  elec- 
tric effluvium^  produces  in 
some  cases  characteristic  effects 
different  from  those  of  a  sudden 
spark  discharge.  An  important 
example  is  the  transformation 
of  oxygen  into  ozone,  which 
takes  place  when  a  current  of 
oxygen  is  passed  between  two 
glass  plates,  or  two  glass  tubes 
one  inside  the  other,  each 
coated  on  the  farther  side  with 
tin-foil  connected  with  the 
terminals  of  an  induction-coil 
or  of  a  Holtz  machine.  The 
proportion  of  ozone  formed  is 

increased  when   the  tempera- 

ture  is  kept  low.     If  concentric  Piq  gg 

tubes  are  employed,  the  tin-foil 

coatings  may  with  advantage  be  replaced  by  strong  sulphuric  acid. 

Fig.  69  shows  a  convenient  form  of  apparatus. 
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75.  Physiological  Effects  of  the  Discharge.— When  the  dis- 
charge is  passed  through  the  human  body,  a  shock  is  felt  which, 
according  to  the  energy  of  the  charge,  may  be  either  a  simple 
prickling  or  a  disabling  shock.  The  experiment  is  made  by  hold- 
ing a  charged  Leyden  jar  in  one  hand  by  its  outside  coating  while 
the  other  hand  is  brought  to  touch  the  knob  connected  with  the 
inner  coating.  The  shock  may  also  be  taken  by  a  large  number 
of  persons  at  once,  by  joining  hands  in  a  chain,  while  the  first 
grasps  the  outside,  and  the  one  at  the  end  brings  his  hand  to 
the  knob. 

Experiment  shows  that  the  physiological  effect  depends  on  the 
energy  of  the  discharge,  that  is  to  say,  jointly  on  the  fall  of  poten- 
tial and  on  the  quantity  of  electricity.  Thus  we  may  take  with 
impunity  sparks  from  an  ordinary  machine  20  to  30  cm.  in  length, 
while  one  of  only  a  few  millimetres  from  a  battery  of  great  capa- 
city could  not  be  borne.  In  like  manner,  for  the  same  quantity  of 
electricity  the  discharge  by  cascade  gives  a  more  violent  shock 
than  that  of  a  single  jar.  Another  circumstance  which  comes 
into  play  is  the  duration  of  the  discharge  and  the  manner  in  which 
it  is  effected ;  thus  a  battery  which  would  give  a  violent  shock 
under  ordinary  circumstances  only  gives  a  very  feeble  one  when 
the  discharge  takes  place  through  a  moist  cord  forming  part  of 
the  circuit  The  effect  of  this  is  to  increase  the  duration  of  the 
discharge,  and  at  the  same  time,  without  altering  the  total  energy 
of  the  discharge,  to  cause  a  considerable  part  of  it  to  be  converted 
into  heat. 
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CHAPTER  VIII. 
APPARATUS  FOR  ELECTROSTATIC  MEASUREMENT. 

76.  Couloinb's  Balance. — This  fundamental  apparatus,  by  which 
a  quantity  of  electricity  may  be  measured  in  absolute  value,  has 
been  previously  described  (§  9).  If  the  two  balls  are  equal,  and 
^  is  the  charge  on  each,  then  for  an  angle  a,  which  does  not 
exceed  20°,  the  force  between  them 

On  the  other  hand,  the  condition  of  equilibrium  between  the 
momettt  of  this  force  and  the  moment  of  the  torsion-couple  is 
expressed  by  the  equation 

//=^C(A  +a) 

from  which 

q^=Cl{A  +a)a2. 

77.  Gkild-Leaf  Electroscope. — This  instrument  has  already 
been  described  (§  13)  as  well  as  the  manner  in  which  it  is  used. 
A  few  words  may  here  be  added  to  complete  the  theory. 

In  order  that  the  indications  of  the  instrument  may  be  definite, 
the  cage  which  contains  the  leaves  should  be  at  a  known  potential — 
that  of  the  earth,  for  instance.  It  is  advisable  to  make  the  jar  a 
conductor  by  lining  the  interior  to  within  a  convenient  distance 
from  the  rod  with  strips  of  tin-foil,  or  with  brass  gauze  of  some- 
what large  mesh.  This  as  well  as  the  knobs  are  in  connection 
with  the  ground.  An  excellent  earth-contact  is  obtained  by  con- 
necting the  apparatus  with  gas  or  water  pipes. 

If  V  is  the  potential  of  the  leaves  and  V^  that  of  the  cage, 
the  charge  of  the  leaves  is  proportional  to  their  capacity  and  to 
the  difference  of  potentials  V  -  V^{%  49).  The  divergence,  which 
depends  on  the  charge,  serves  to  measure  either  the  charge  or 
the  potential    If  the  capacity  were  independent  of  the  divergence, 
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the  potential  and  the  charge  would  vary  proportionally  to  each 
other,  and  the  same  graduation  would  serve  for  both  cases. 

Faraday's  cylinder  (§  15)  furnishes  a  very  simple  means  of 
graduating  an  electrometer  for  comparing  charges. 

7a  Condensing  Electroscope.— We  have  sometimes  to  deal 
with  electrification  which  is  very  great  as  to  quantity,  but  which 
is  so  distributed  as  not  to  produce 
a  difference  of  potentials  sufficient  to 
cause  a  visible  divergence  of  the 
leaves  of  an  electroscope  employed 
as  hitherto  described.  In  such  cases 
it  is  advantageous  to  use  a  Voltc^s 
condenser  {Fig,  70)  in  connection  with 
the  electroscope.  This  consists  of  two 
metal  plates  varnished  on  the  surfaces 
facing  each  other,  the  two  layers  of 
varnish  forming  an  insulating  plate. 

The  two  boundaries  of  the  electrified 
field  to  be  tested  are  connected,  one 
Wi^  with  one  of  the  plates  of  the  condenser, 
""-  ^and  the  other  with  the  other.     If,  as 
-  ^   is  the  commonest  case,  one  of  the 
boundaries  consists  of  an  insulated 
^^*  ^°*  conductor  and  the  other  of  the  surface 

of  the  room,  the  former  is  connected,  say,  with  the  lower  plate, 
while  the  upper  plate  is  connected  with  the  room  either  through 
the  body  of  the  experimenter,  who  touches  it  with  his  finger,  or, 
still  better,  by  a  wire.  The  connections  with  both  plates  are  re- 
moved after  a  moment  or  two,  and  then  the  upper  plate  is  raised 
by  the  insulating  handle.  The  capacity  of  the  Volta's  condenser 
which  is  very  great  when  the  plates  are  together,  is  thus  greatly 
diminished,  and  the  potential  of  the  lower  plate  and  leaves,  which 
was  previously  nearly  the  same  as  that  of  the  room,  now  differs 
from  it  enough  to  make  the  gold  leaves  diverge.  ^ 

The  phenomenon  of  electrical  absorption  (§  65)  explains  why 
it  is  necessary  that  the  insulating  layer  should  consist  of  two  parts  ; 
it  is  necessary  that  the  upper  plate  should  remove,  with  the  adjacent 
half  of  the  insulating  layer,  the  charge  which  the  latter  may  have 
absorbed. 

79.  Qnadrant  Electrometer.— This  instrument  (Fig.  71),  which 
was  invented  by  Lord  Kelvin,  server  for  the  same  purpose  a§  the 


Digitized  by 


Google 


§79] 


Quadrant  Electrometer. 


109 


gold-leaf  electroscope,  but   is  far  more  sensitive  and  is  better 
adapted  for  accurate  quantitative  measurements. 

It  consists  of  two  pairs  of  quadrants,  aa',  bb'  (Fig.  72),  which  to- 
gether form  a  flat  cylindrical  metal  box  cut  into  four  equal  sectors 
by  two  diametral  sections  at  right  angles  to  each  other.  Each 
quadrant  is  supported  by  an  insulating  glass  stem,  and  the  alternate 


Fig..  71. 

pairs  of  quadrants,;  aa'  and  bb',  are  in  conducting  communication 
with  each  other.  Each  pair  is  connected  also  with  a  small  insu- 
lated rod  which  is  called  the  electrode^  ^nd.  which  serves  to  connect 
up  with  bodies  on  the  outside. 

In  the  middle  of  the  quadrants  is  suspended  what  is  called  the 
needle^  which  has  the  shape  represented  in  the  figure,  and  consists 
essentially  of  two  quadrants  of  thin  sheet  aluminium  joined  at  the 
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centre,  parts  being  cut  out,  as  shown  in  the  figure,  for  still  greater 
lightness. 
The  needle  hangs  by  two  cocoon  fibres,  which  constitute  what 
is  called  a  bijilar  suspension. 

The  position  of  equilibrium  of  the 
needle  is  that  in  which  the  two  fibres 
are  in  the  same  plane.  For  a  small 
deflection  the  force  which  tends  to 
bring  the  needle  back  to  its  position 
of  equilibrium  is  proportional  to  the 
angle  of  deflection.  The  suspension 
must  be  adjusted  so  that  the  posi- 
tion of  equilibrium  of  the  needle  is 
symmetrical  in  reference  to  the 
space  which  separates  the  quad- 
rants. 

The  needle  diverges  from  its  position  of  equilibrium  when  the 
potentials  of  the  two  alternate  pairs  oi  quadrants  differ  from  each 
other.  If  Vy  Fi,  and  F2  are  the  potentials  of  the  needle  and  of  the 
two  pairs  of  quadrants  respectively,  and  ^  is  a  factor  which  de- 
pends on  the  construction  of  the  instrument,  the  deflection  B  is 
given  by  the  equation 

that  is,  it  is  jointly  proportional  to  the  difference  of  potentials 
of  the  two  pairs  of  quadrants,  and  to  the  excess  of  the  potential 
of  the  needle  above  the  mean  potential  of  the  quadrants. 

As  the  electrometer  is  commonly  used,  the  potential  V  of  the 
needle  is  positive  and  very  much  higher  than  that  of  either  pair 
of  quadrants.  Consequently,  the  part  of  the  above  formula  en- 
closed within  square  brackets  does  not  differ  much  from  F,  and 
we  may  write,  approximately,  in  ordinary  cases 

In  order  to  keep  the  potential  of  the  needle  as  nearly  constant 
as  possible,  it  is  connected  with  the  inner  surface  of  a  Leyden 
jar,  generally  formed  by  a  glass  vessel  forming  part  of  the  outer 
case  of  the  electrometer.  In  the  more  complete  forms  of  instru- 
ment, there  is  a  small  electrical  machine  (called  a  replenishet^ 
whereby  the  potential  of  the  jar  and  needle  can  be  brought  to  any 
required  value ;  and  also  a  subsidiary  electrometer  (the  gauge) 
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which  shows  when  the  right  value  is  attained.  These  two  organs 
are  referred  to  in  more  detail  below  (§§  83  and  90). 

Any  two  conductors,  the  difference  of  whose  potentials  is  to 
be  measured,  are  connected  one  to  each  of  the  electrodes  be- 
longing to  the  respective  pairs  of  quadrant^  and  the  resulting 
deflection  d  is  observed  (see  §  80).  The  required  difference  of 
potentials  would  then  be  given  by 

if  V  and  the  fector  A  were  known  for  the  electrometer  used. 
But  as  these  hardly  admit  of  being  accurately  determined  directly, 
the  usual  plan  is  to  observe  the  deflection,  say  6^  corresponding 
to  some  known  difference  of  potentials  ^  -  f^  and  then  to 
eliminate  A  and  V  from  two  equations  similar  to  the  last  We 
thus  get  the  required  difference  of  potentials  in  the  form 

If  it  is  required  to  determine  the  amount  by  which  the  potentia 
of  an  insulated  conductor  differs  from  that  of  the  earth,  the  elec- 
trode of  one  pair  of  quadrants  is  connected  with  the  room  and  the 
other  with  the  conductor  to  be  tested. 

A  different  mode  of  employing  the  quadrant  electrometer  is 
often  adopted  by  Continental  experimenters.  The  two  pairs  of 
quadrants  are  maintained  at  equal  opposite  potentials  (so  that 
their  mean  potential  is  zero)  by  connecting  them  respectively 
with  the  opposite  terminals  of  a  large  number  of  small  galvanic 
cells  connected  in  series,  the  middle  of  the  series  being  put  to 
earth.  Thus  arranged,  the  electrometer  is  adapted  for  indicat- 
ing the  difference  of  potentials  between  an  insulated  conductor 
and  the  earth.  The  conductor  is  connected  with  the  needle,  and 
its  potential,  reckoned  from  that  of  the  earth  (or  the  room)  taken 
as  zero,  is  given  by 

If  a  difference  of  potentials  between  two  insulated  conductors 
is  to  be  measured,  each  is  connected  separately  with  the  needle 
and  the  corresponding  values  of  6  are  observed.  Their  difference 
gives  the  required  difference  of  potentials,  thus 
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As  before,  the  factor  A  can  be  eliminated  by  observing  the  effect 
due  to  some  known  difference  of  potentials. 

Another  way  of  using  the  electrometer  is  to  connect  the  needle 
with  one  pair  of  quadrants,  and  with  one  of  the  two  bodies  whose 
difference  of  potentials  is  required,  while  the  second  of  these  is 
connected  with  the  second  pair  of  quadrants.  In  this  case,  V\=  V^ 
and  the  deflection  becomes 

e  =  \A{y-  V^f 

and  is  thus  always  in  the  same  direction,  whether  the  difference 


Fig.  73. 

V-  V»  \s  positive  or  negative.  This  circumstance  makes  this 
method  of  employing  the  quadrant-electrometer  of  great  value 
when,  as  sometimes  happens,  a  rapidly  alternating  difference  of 
potentials  has  to  be  measured. 

80.  Reading  by  Scale  and  Mirror.— The  deflections  are 
measured  by  the  method  of  reflection.  A  small  concave  mirror  (Fig. 
71)  is  supported  by  the  rod  of  the  needle,  and  is  movable  with  it 
A  vertical  slit  of  light  and  a  scale  divided  into  millimetres  (Fig.  73) 
arc  placed  in  the  vertical  plane  passing  through  the  centre  of 
curvature  and  perpendicular  to  the  axis  of  the  mirror,  at  equal 
distances  above  and  below  the  centre  of  curvature.  The  image  of 
the  slit  of  light  is  produced  in  its  real  size  on  the  scale.    Instead 
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of  a  narrow  slit,  a  wider  one  may  be  used,  in  the  middle  of 
which  an  opaque  wire  is  stretched  vertically  (Fig.  73).  The 
image  of  the  opening  moves  along  the  scale,  and,  as  the  region 
where  the  shadow  of  the  wire  falls  is  bright,  the  divisions  are 
easily  read  off.  Very  good  results  are  also  obtained  with  a  scale 
on  ground  ^ass,  which  is  read  from  behind. 

Let  p  (Fig.  74)  be  the  division  of  the  scale  which  corresponds 
to  the  position  of  equilibrium  of  the  needle ;  if  the  needle  is 
deflected  through  an  angle  a,  the  image  is  formed  on  the 
division  jr,  such  that 

;r  -  /  =  ^  tan  2a 

d  being  the  distance  of  the 
scale  from  the  mirror.  As  the 
angles  are  always  very  small, 
we  may  take  the  arc  for  the 
tangent  and  replace  tan  2a 
by  2a,  which  gives 

2d  Fig.  74- 

!n  order  to  deduce  the  potential  of  a  needle  from  the  de- 
flection observed  m  any  case,  it  is  sufficient  to  know  the  deflection 
produced  by  a  known  potential. 

61.  Difference  <tf  Potentials  between  a  pbint  in  the  Air 
and  the  Earth.— If  an  insulated  conductor  is  placed  in  an 
electric  field,  the  surface  of  the  conductor  is  everywhere  at  the 
same  potential,  and  becomes  continuous  with  some  one  equipoten- 
tial  surface  of  the  fieki.  Those  parts  of  the  surface  of  the  conductor 
which  lie  to  one  side  of  this  equipotential  surface  extend  into 
regions  where  the  undisturbed  potential  of  the  field  would  be 
higher  than  that  of  the  conductor,  and  the  other  parts  of  the 
surfacie  extend  into  regio(ns  where  the  potential  would  be  lower. 
The  electrification  assumed  by  the  conductor  is  ^ch  as  to  keep 
the  potential  of  the  first-mentioned  parts  down,  and  to  bring  that 
of  the  remaining  parts  up  to  the  actual  uniform  potential  pos- 
sessed by  the  conductor  as  a  whole.  That  is  to  say,  the  parts  of  the 
surface  of  the  conductor  which  extend  into  the  region  of  higher 
potential  acquire  a  negative  charge,  and  those  parts  which  extend 
into  the  region  of  lower  potential  acquire  a  positive  charge.  If 
now  a  portion  of  the  surface  of  the  conductor  were  to  become 
detached,  say  from   the   part   which    is   negatively  electrified, 
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carrying  its  electrification  with  it,  the  potential  of  the  whole 
remaining  part  of  the  conductor  would  rise  ;  and  if  the  part  that 
has  been  detached  were  in  some  way  to  grow  again,  a  conductor 
of  the  original  form  would  be  reproduced,  but  it  would  have  a  some- 
what higher  potential  than  before.  Now,  imagine  this  process 
of  successive  separation  and  reproduction  of  a  portion  of  the 
surface  of  the  conductor  to  go  on,  over  and  over  again,  always  at 
the  same  part :  it  is  obvious  that  the  potential  of  the  conductor  as 
a  whole  will  go  on  rising  (if  the  portions  that  become  detached  are 
negatively  electrified,  or,*  in  the  opposite  case,  that  it  will  go  on 
falling)  until  the  surface-density  of  the  detached  portions  becomes 
zero,  when  there  will  be  no  further  change. 

To  apply  this  principle  to  the  experimental  determination  of  the 
potential  at  a  point  in  the  air,  a  vessel  of  water  is  placed  on  an 

insulating  stand  (Fig.  75),  and 
provided  with  a  long,  very  narrow 
tube,  from  the  end  of  which  the 
water  escapes  in  a  fine  stream. 
The  whole  vessel  is  thus  gradu- 
ally brought  to  the  potential  of 
the  point  at  which  the  stream 
of  water  breaks  into  separate 
drops.  To  observe  this,  one  pair 
of  quadrants  is  connected  with 
the  water-vessel,  and  the  other 
pair  with  the  earth.  The  flame  of 
a  spirit-lamp  connected  by  a  fine 
wire  with  the  electrometer  acts 
in  the  same  way  as  a  water-jet,  or 
a  piece  of  touch-paper  prepared 
by  soaking  paper  with  a  solution 
of  nitrate  of  lead  may  be  used. 


..UUL^ 


Fig.  75. 
82.  Absolute  Electrometer.— This  is  based  on  the  attraction 


s  V, 


V 

Fig.  76. 


which  is  exerted  between  a  movable  plate  and  an  infinite  plane 
parallel  to  each  other  and  at  different  potentials. 
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Let  Ki  be  the  potential  of  the  movable  plate,  V  that  of  the 
plane,  and  e  their  distance  apart.  Neglecting  pertuf  bations  arising 
from  the  edges,  the  lines  of  force  are  straight,  perpendicular  to  the. 
ptanes.  In  other  words,  the  tubes  of  force  extending  between  the 
opposed  surfaces  have  the  same  cross-section  from  end  to  end,  and 
the  intensity  of  force  is  therefore  uniform  throughout  and  equal  to 
47r<r/A',  where  <r  is  the'  equal  surface-density  at  each  end  of  the 
tubes,  positive  at  one  end  and  negative  at  the  other  (§§  43,  45). 
But  the  electrification  at  each  end  of  the  tube  contributes  equally 
to  the  force  within  it,  hence  the  force  due  to  each  end  is  27ro-/A^ 
and  this  represents  the  pull  exerted  by  one  plate  on  each  unit  of 
electricity  on  the  other  (for  the  mutual  forces  exerted  by  the  various 
portions  of  the  charge  on  either  plate  cannot  have  a  resultant  tend- 
ing to  move  that  plate).  The  pull  is,  therefore,  27ro^/A'  pejiinit  of 
surface,  or  7^=  27ro^5/ A' for  the  whole  surface.     .  ^    ' 

Since,  further, 

(T  _  Fi  -  F 
K         4'7re    ' 
we  have 

In  order  to  avoid  the  disturbing  effect  of  the  edges,  the  movable 
plate  s  is  cut  out  of  a  larger  plate,  ab,  which  is  called  the  guard 
ring  (Fig.  ^^\     The  plate  s  can  move  freely  in  this,  with  which  it 


~\} 

Fig.  ^^. 

is  in  metallic  connection,  and  thus  at  the  same  potential.  The 
plate  AB  is  the  bottom  of  a  box,  abcd,  which  completes  the  system, 
and  prevents  any  action  which  might  be  exerted  from  the  outside 
on  the  upper  face  of  the  plate.  ; 

The  plate,  S,  is  supported  l?y  a  spring  which  keeps  it  a  little 
above  the  plane  of  the  ring.  The  experiment  consists  in  raising 
the  lower  plate  A  (Fig.  78),  which  represents  the  infinite  plane  and 
is  at  the  potential  F,  until  the  plate  s,  as  observed  by  help  of  the 
lenses  /  and  Z',  appears  exactly  in  the  plane  of  the  guard  ring. 
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On  the  other  hand,  it  is  easy  to  determine  the  mass  P,  whose 
weight  causes  the  plate  s  to  sink  through  the  same  distance.  The 
attraction  is,  then,  equal  to  Pg  dynes. 

We  thus  have  F  =  Pg^  and  therefore  the  difference  of  potentials 
becomes 


V.-V^e^ 


ZjrPg 


It  is  somewhat  difficult  to  measure  accurately  the  distance  e 
of  the  two  plates.  This  difficulty  is  got  rid  of  by  the  following 
device  :  The  lower  plate  is  put  to  earth  so  that  its  potential  F  =  o, 


Fig.  78. 

and  the  reading  of  the  micrometer  m,  which  satisfies  the  condition 
above  stated,  is  noted  :  suppose  the  corresponding  distance  be- 
tween the  surfaces  is  /,  The  plate  is  then  put  in  connection  with 
the  body  at  the  potential  K,  and  the  distance  is  again  adjusted  :  if 
it  is    ow  ^,  we  have 


STT^g 
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^^ 


from  which  by  subtraction 

It  is  thus  sufficient  to  measure  the  diflference  e'  -  e  oi  the  two 
positions  of  the  plate  A. 

83.  In  order  to  keep  this  plate  at  a  constant  potential,  Fi,  the 
whole  system  consisting  of  the  plate,  the  guard  ring,  and  the  box 
is  connected  with  the  inner  coating  of  a  Leyden  jar,  which  is 
formed  by  the  glass  case  of  the  instrument  One  of  two  accessory 
pieces  of  apparatus  serves  to  maintain,  and  the  other  to  verify,  the 
constancy  of  the  potential,  Fi.  The  first,  R,  which  is  called  the 
replenisher  (§  90),  increases  the  charge  of  the  jar  when  the  knob 
is  turned  in  one  direction,  and  lessens  it  when  it  is  turned  in  the 
contrary  direction.     The  second,  which  is  called  the  gauge^  j. 


Fig.  79. 

makes  it  possible  to  recognise  when  the  potential  has  acquired  a 
given  value.  This  is  an  apparatus  which  is  based  on  the  same 
principle  as  the  electrometer  itself,  and  consists  of  a  movable  plate 
of  aluminium,  p  (Fig.  79),  with  its  guard  ring,  and  a  plate  which 
attracts  it,  the  whole  being  contained  in  the  box,  j  (Fig.  78). 
Both  the  plate  p  and  the  guard  ring  are  connected  with  the  outer 
coating  of  the  electrometer ;  the  lower  plate  is  at  a  fixed  distance 
from  the  plate/,  and  is  in  connection  with  the  inner  coating  of  the 
electrometer,  hence  the  plate  p  always  comes  back  to  the  plane  of 
the  guard  ring  for  the  same  value  of  the  potential. 

The  plate/  is  attached  to  a  stretched  platinum  wire,^  which  it 
twists  slightly  in  coming  into  the  plane  of  the  guard  ring  ;  a  pro- 
jecting tongue,  hy  carries  at  its  end  a  fine  wire  which  can  be 
observed  by  means  of  the  lens  /,  and,  when  the  plate  p  is  in  the 
plane  of  the  ring,  ought  to  be  exactly  between  two  marks  on  a 
white  card. 


Digitized  by 


Google 


1 1 8        Apparatus  for  Electrostatic  Measuretmnt,      [§  84. 

84.  Lane's  Unit  Jar. — This  apparatus  is  used  to  measure 
comparatively  large  quantities  of  electricity,  such  as  the  charge 
of  a  Leyden  battery.,  k  consists  of  a  Leyden  jar  (Fig.  80),  the 
outer  coating  of  which  is  in  conducting  communication  with  a 
knob,  B,  which  by  means  of  a  micrometric  screw,  F,  may  be  set 
at  any  measured  distance  from  the  knob,  A,  connected  with  the 
internal  coating.  If  the  knob  A  is  connected  with  the  source  of 
electricity,  a  spark  passes  between  the  two  knobs  whenever  the 
difference  of  potential  between  them  reaches  a  value  depending 


Fig.  80. 

on  their  distance  apart.  For  the  same  distance  between  the  knobs, 
every  spark  that  passes  represents  the  same  quantity  of  electricity. 
In  order  to  measure  the  charge  of  a  battery,  the  unit  jar  may  be 
insulated  and  interposed  between  one  terminal  of  the  machine  and 
the  inner  coating  of  the  Leyden  battery ;  or  the  battery  may  be 
insulated  and  the  unit-jar  interposed  between  the  outer  coating  of 
the  battery  and  the  second  terminal  of  the  machine.  In  either 
case  the  -number  of  sparks  serves  as  a  comparative  measure  of 
the  quantity  of  electricity  given  to  the  battery. 
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CHAPTER   IX. 
ELECTRICAL  MACHINES. 

85.  Electric  Machines  in  General.— Any  contrivance  which 
serves  for  the  continuous  generation  of  electrical  energy  may 
be  called  an  electrical  machine.  Such  contrivances  are  frequently 
spoken  of  as  sources  of  electricity,  although  no  process  is  known 
which  can  be  properly  described  as  the  production  or  generation 
of  electricity.  All  that  can  be  done  by  any  electrical  process  is  to 
transfer  electricity  in  such  a  way  that  the  quantity  which  enters 
any  closed  space  across  one  part  of  the  bounding  surface  is  equal 
to  the  quantity  which  simultaneously  leaves  the  same  space  across 
some  other  part  of  the  surface.  Or,  if  we  prefer  to  speak  of 
two  different  kinds  of  electricity,  we  must  say  that  whenever 
a  given  quantity  of  positive  electricity  is  transferred  in  one 
direction  across  a  given  surface,  an  equal  quantity  of  negative 
is  simultaneously  transferred  in  the  opposite  direction  across  the 
same  surface.  It  is  thus  impossible  either  to  increase  or  decrease 
the  absolute  quantity  of  electricity  within  a  given  space. 

The  energy  of  an  electric  field  (§  55),  namely  \  Q  (V -  V'\ 
being  proportional  jointly  to  the  charge  and  to  the  difference 
of  potentials,  is  increased  when  either  of  these  factors  separately, 
or  their  product,  is  increased.  In  the  various  kinds  of  electrical 
machines,  the  mechanical  energy  expended  is  partly  expended 
in  overcoming  the  ordinary  friction  of  the  moving  parts,  but  in 
addition  to  this  there  is  always  an  expenditure  of  energy  in 
maintaining  motion  in  opposition  to  electric  force,  and  the  elec- 
tric energy  generated  by  the  machine  is  equal  to  the  mechanical 
energy  thus  expended. 

Electrical  machines  may  be  divided  into  two  classes,  namely, 
those  in  which  the  friction  of  heterogeneous  substances  plays  an 
essential  part  in  the  electrical  action,  and  those  whose  action 
depends  on  electrical  induction.    Machines  of  the  former  class 
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are  cdWtd  friction  machineSy  those  of  the  latter  class  are  called 
induction  machines, 

86.  General  Mode  of  Action. — In  either  case  an  electric  field 
is  established,  one  boundary  of  which  is  formed  by  a  moving  part 
of  the  machine,  which  may  be  called  the  carrier,  and  the  other 
boundary  usually  by  the  surface  of  the  room.  The  motion  of  the 
machine  brings  the  carrier  into  a  position  in  which  either  the 
whole  of  it  at  once,  or  the  various  parts  of  it  in  succession,  are 
more  or  less  completely  surrounded  by  an  insulated  conductor, 
the  collector  of  the  machine.  Consequently,  the  field  of  force 
extending  between  the  carrier  and  the  room  is  cut  into  two  parts, 
one  extending  from  the  carrier  to  the  collector,  and  the  other  from 
the  collector  to  the  room.  If  the  carrier  is  formed  of  conducting 
material  and  comes  into  connection  with  the  collector  as  it  passes, 
or  if,  being  a  non-conductor,  its  surface  comes  sufficiently  near  to 
a  number  of  fine  points  projecting  inwards  from  the  inner  surface 
of  the  collector,  the  first  mentioned  part  of  the  field  is  abolished, 
the  carrier  passing  away  unelectrified  and  ready  to  be  electrified 
afresh  by  friction  or  by  induction.  The  result  is  thus  to  set  up  an 
electric  field  between  the  collector  of  the  machine  and  the  room. 
The  charge,  and  therewith  the  difference  of  potentials  of  this  field, 
increases  with  the  continued  action  of  the  machine.  By  appro- 
priate connections  a  greater  or  less  portion  of  the  charge  and 
energy  of  the  field  may  be  transferred  to  a  field  bounded  by  any 
given  conducting  surfaces.  In  this  way  a  Leyden  jar  or  any  other 
condenser  may  be  charged. 

87.  Law  of  Increase  of  Charge.— In  general,  in  a  friction 
machine,  each  portion  of  the  surface  of  the  carrier  is  in  the 
same  electrical  condition  every  time  it  comes  under  the  influence 
of  the  collector,  and  consequently  it  increases  the  charge  of  the 
field  established  by  the  machine  by  the  same  amount  every  time  ; 
in  other  words,  the  charge  of  the  field,  and  the  difference  of 
potentials  which  is  proportional  to  the  charge,  increase  in  arith- 
metical progression.  In  other  cases,  however,  particularly  with 
induction  machines,  the  charge  frequently  varies  as  the  terms  of 
a  geometrical  progression.  Consider,  for  example,  the  following 
arrangement,  which  may  be  taken  as  a  type  of  all  inductive 
machines.  Two  metal  jars,  A  and  B,  are  placed  on  insulating 
stands,  the  potential  of  A  exceeding  that  of  the  room  by  some 
small  amount  V^  and  the  potential  of  B  exceeding  that  of  the 
room  by  ^.    A  metal  ball  is  hung  by  an  insulating  thread  inside 
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each  jar,  and  while  there  is  connected  for  a  moment  with  the 
room.  Each  jar  thus  becomes  one  boundary  of  an  electric  field, 
the  second  boundary  of  which  is  formed  partly  by  the  ball  hanging 
inside  the  corresponding  jar,  and  partly  by  the  surface  of  the 
room.  If  c  is  the  capacity  of  the  part  of  the  field  extending 
between  the  inner  surface  of  a  jar  and  its  ball,  and  C  the  capacity 
of  the  part  of  the  field  extending  between  the  outer  surface  of 
a  jar  and  the  room,  the  total  capacity  of  each  field  is  C  +  ^r,  and 
the  electrification  of  the  ball  in  the  jar  A  is  -cV^  and  that  of  the 
other  ball  is  -cV'^-  Now  transfer  each  ball  to  the  other  jar, 
letting  it  first  go  down  to  the  bottom  and  then  raising  it  a  little 
by  the  insulating  thread.  The  balls  thus  give  up  their  electrifica- 
tion completely  to  the  jars,  which  therefore  acquire  the  potentials 

Ki  =  F^  -  ~J—  V^  and  V[  =  ^- _^  -  J/  respectively,  or,  more 

G    "T"  ^  U    "T"    ^ 

shortly,  Fi  =  V^  -  mV^  and  V[  =  K  -  ^K-  This  gives,  for  the 
difference  of  potentials 

Fi-f^  =  (i  +  »»)(K.-0- 

Next  let  both  balls  be  again  connected  for  a  moment  with  the 
room  and  then  retransferred  to  the  jars  they  were  in  before, 
allowed  to  touch  the  bottom  and  raised.  The  potentials  of  the 
jars  thus  become  Vi=  V\  -  mV[  and  Fj  =  V^-  mVi  respectively, 
and  the  difference  becomes 

If  the  same  series  of  operations  be  repeated  over  and  over  again, 
the  difference  of  potentials  becomes  progressively  greater  and 
greater,  being,  after  n  times, — 

88.  Frictional  Machine.— This  consists  of  a  glass  plate,  p, 
movable  about  a  horizontal  axis  (Fig.  8i) ;  of  two  pairs  of  cushions, 
C,  placed  at  the  ends  of  a  vertical  diameter  ;  and  of  two  U-shaped 
insulated  conductors,  S  and  s',  provided  with  points,  on  the  side 
towards  the  plate.  These  conductors  are  called  combs.  Electri- 
fication results  from  friction  of  the  glass  against  the  cushions,  and 
as  each  part  of  the  electrified  glass  comes  between  the  arms  of  the 
combs,  the  electrification  is  transferred  to  the  latter,  and  the  plate 
passes  on  almost  unelectrified ;  accordingly  a  quantity  of  electricity. 
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equal  to  that  which  the  plate  has  brought,  is  communicated  to 
the  insulated /r?wtf  conductor^  dd',  connected  with  the  combs. 

Glass  is  the  best  material  for  the  plate,  but  as  there  is  consider- 
able variation  in  the  quality  of  glass,  some  care  is  needed  in 
selecting  it ;  that  which  is  least  hydroscopic  is  the  best.  All  parts 
of  the  machine  should  be  kept  thoroughly  dry. 


Fig.  8i. 

The  cushions  are  ordinarily  of  leather  stuffed  with  horse  hair, 
and  are  kept  pressed  against  the  plate  by  springs.  If  the  pressure 
is  sufficient  to  bring,  the  rubbers  into  good  contact  with  the  glass, 
farther  pressure  does  not  increase  the  electrification.  The  surface 
of  the  rubber  should  be  covered  with  a  conductor  such  as  that 
variety  of  sulphide  of  tin  known  as  aurum  musivum^  or,  still  better, 
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with  Kienniayer's  amal^am^  which  is  composed  of  zinc,  tin,  and 
mercury  ;  this  is  redoced  to  powder,  and  a  little  lard  having  been 
applied  to  the  cushion,  some  of  the  powder  is  spread  evenly 
over  it.         ■ 

The  contact  between  the  glass  and  the  rubber  sets  up  a  fixed 
difference  of  potentials  between  them,  the  glass  becoming  posi- 
tively electrified,  and  the  rubber  negativie.  This  difference  of 
potentials  is  at  first  very  small,  since  the  equal  oppositely  electri- 
fied surfaces  are  very  close  together.  But  as  each  portion  of 
the  glass  moves  away  from  the  rubber,  its  potential  acquires  a  very 
high  value,  and,  in  order  to  prevent  loss,  quadrant-shaped  pieces 
of  oiled  silk,  not  shown  in  the  figure,  are  often  fixed  to  the  rubbers 
so  as  to  enclose  on  both  sides  the  parts  of  the  plate  between  the 
rubbers  and  the  combs.  These  are  kept  in  contact  with  the  plate 
by  the  electrical  attraction. 

The  rubbers  are  usually  put  in  connection  with  the  earth  by 
strips  of  tin-foil  which  pass  down  the  support ;  the  conductor  of 
the  machine  thus  gives  positive  electricity.  But  machines  are 
also  constructed  in  which  the  cushions  are  supported  by  glass 
legs,  and  connected  with  a  second  system  of  conductors.  Either 
positive  or  negative  electricity  may  thus  be  obtained  at  will. 
Whether  the  rubbers  are  insulated  or  not,  the  yield  of  the 
machine  is  the  same  for  the  same  atmospheric  conditions,  as 
is  also  the  difference  of  potentials  between  the  rubbers  and  the 
conductors.  It  is  only  the  absolute  value  of  the  potential  which 
changes. 

In  order  to  take  sparks  from  either  the  positive  or  the  negative 
conductor,  the  experimenter  must  be  electrically  connected  with 
the  other  conductor.  If  this  is  not  insulated  the  table  and  floor 
generally  serve  as  a  sufficient  connection. 

Similarly,  to  charge  a  Leyden  jar  or  battery,  the  rubbers  of 
the  machine  must  be  connected  with  one  coating  and  the  prime 
conductor  with  the  other.  Here,  again,  if  the  rubber  is  uninsu- 
lated, the  table  generally  forms  a  sufficient  connection  between 
it  and  the  outer  coating.  But  if  either  the  rubber  or  the  outer 
surface  of  the  jar  is  insulated,  some  conducting  connection  must 
be  provided. 

In  order  to  estimate  the  potential  of  the  conductor,  a  small 
electroscope  known  as  Henley s  electrometer  (r,  Fig.  81)  is  used. 
This  is  a  small  pendulum  formed  of  a  thread  with  a  pith-ball  at 
the  end,  movable  about  an  axis  in  front  of  a  scale.    The  diver- 
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gence  increases  with  the  potential    Similarly  the  diminution  of 
the  divergence  indicates  the  loss  of  electricity. 

In  order  to  increase  the  capacity  of  conductors  and  obtain 
stronger  sparks,  the  prime  conductor  used  formerly  to  be  con- 
nected with  large  hollow  metallic  cylinders  suspended  from  the 
ceiling  by  silk,  which  were  called  secondary  conductors.  It  is 
simpler  and  less  cumbersome  to  connect  the  conductor  with 
the  inner  coating  of  a  Leyden  jar,  the  outer  coating  of  which 
is  connected  with  the  room.  If  the  potential  of  the  machine  should 
exceed  that  which  the  jar  can  support,  a  cascade  arrangement 
may  be  used  (§  59). 

89.  The  unit  jar  (§  84)  furnishes  a  very  simple  means  of 
measuring  the  yield  of  the  machine,  and  of  investigating  the 
conditions  which  modify  it.  We  have  already  said  that  this  yield 
is  independent  of  the  pressure  of  the  rubbers  when  once  there  is 
sufficient  contact  between  them  and  the  glass.  The  yield  is  like- 
wise independent  of  the  capacity  of  the  conductors,  provided  the 
causes  of  loss  are  the  same.  It  is  proportional  to  the  surface  of 
the  glass  which  passes  between  the  rubbers ;  it  is,  therefore, 
proportional  to  the  length  of  the  rubbers ;  thus,  if  one  pair  of 
rubbers  is  used  instead  of  two,  the  yield  is  reduced  to  one  hal£ 
The  yield  is  further  proportional  within  wide  limits  to  the  speed 
of  rotation  of  the  plate. 

In  some  machines  only  a  single  pair  of  rubbers  and  a  single 
comb  is  used,  with  the  object  of  pushing  back  the  limit  at  which 
discharge  is  produced  between  the  conductor  and  the  rubber. 
A  greater  difference  of  potentials  is  obtained,  but  a  lower  yield. 

90.  Induction  Machines— Eeplenisher.—We  shall  commence 
the  description  of  these  machines  by  that  of  Lord  Kelvin's  re- 
plenisher,  which  Figs.  82  and  83  represents  in  about  its  ordinary 
size. 

A  and  B  (Figs.  82  and  83)  are  two  portions  of  a  cylinder  with 
the  same  axis,  o,  both  insulated,  and  each  of  them  acting  alter- 
nately both  as  inductor  and  collector.  In  the  interior  are  two 
curved  metal  plates,  p  and  Q,  which  are  fixed  by  a  cross-piece  of 
ebonite  to  an  ebonite  rod,  T,  so  that  by  means  of  a  milled  head, 
£,  they  can  be  made  to  rotate  within  the  cylinders  A  and  B.  Four 
springs,  a,  by  c^  d^  placed  at  the  same  distance  from  the  axis,  are 
touched  in  succession  by  the  projecting  parts  of  the  plates  P  and 
Q  ;  a  and  b  communicate  with  A  and  B  respectively,  while  c  and 
d  are  connected  with  each  other.    The  action  of  the  replenisher  is 
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essentially  the  same  as  that  of  the  two  meul  jars  and  balls  discussed 
in  §  ^T, 


Fig.  82. 


Fig.  83. 


91.  Holtz's  Machine.— The  action  of  Holtz's  machine  is 
analogous,  except  that  the  increase  of  the  charge  is  continuous 
instead  of  intermittent. 

It  consists  of  two  glass  plates  (Fig.  84)  placed  parallel  at  a  small 
distance  from  each  other ;  one  is  fixed  by  means  of  wooden  knobs 
supported  by  glass  rods,  the  other  is  movable  about  a  horizontal 
axis.  Besides  the  central  aperture,  through  which  passes  the  axis 
of  the  movable  plate,  the  fixed  plate  has  two  apertures  or  windows 
at  the  ends  of  the  same  diameter.  Along  one  edge  of  each  of  these 
windows  is  an  armature  of  paper  provided  with  a  tongue^  also 
of  paper,  terminating  in  a  point  in  the  centre  of  the  opening. 
Opposite  the  armatures,  on  the  other  side  of  the  free  movable  plate 
are  two  combs  connected  with  two  small  insulated  conductors,  p 
and  N.  By  an  insulated  handle  it  is  possible  to  vary  at  will  the 
distance  of  the  two  knobs,  P  and  N,  which  will  be  called  the  poles 
of  the  machine.  Two  sliding  knobs,  P'  and  n',  may  be  brought 
into  contact  with  the  corresponding  poles,  so  that  either  one  or 
the  other  may  be  put  to  earth. 

To  get  the  machine  to  work,  it  must  first  be  primed.  The  two 
poles,  P  and  N,  are  brought  into  contact,  and  the  movable  plate 
being  put  in  rotation  by  the  handle,  so  as  to  move  towards  the 
points,  an  ebonite  plate  or  stick  of  sealing-wax  charged  by  friction 
with  negative  electricity  is  brought  near  one  of  the  armatures. 
When  the  machine  is  in  action  a  peculiar  hissing  sound  is  heard  ; 
from  the  comb,  near  which  the  ebonite  was  held,  a  luminous  sheet 
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spreads  in  a  direction  opposite  to  the  motion  of  the  plate,  this 
is  the  positive  comb  (§  20) ;  every  point  of  the  negative  comb  is 
tipped  by  a  small  star  of  light.  The  electrified  ebonite  may  then 
be  withdrawn,  and  the  rod  which  connects  the  two  poles  drawn 
away;  a  brush  discharge  then  passes  between  the  two  poles 
as  long  as  the  rotation  continues.  It  is  readily  shown  that  the 
electricity  of  each  of  the  poles  is  of  the  opposite  kind  to  that  which 


Fig.  84. 

escapes  from  the  corresponding  comb.     The  action  stops  if  the 
knobs  P  and  N  are  drawn  too  far  apart. 

The  brush  discharge  depends  upon  the  small  capacity  of  the  con- 
ductors. In  order  to  increase  this  capacity,  the  two  conductors, 
p  and  N,  may  be  connected  with  two  Leyden  jars,  K  and  H,  the 
outer  coatings  of  which  are  connected  with  each  other.  The  two 
jars  form  thus  a  cascade  between  the  two  poles,  and  each  of  them 
has  half  the  difference  of  potentials  of  the  two  poles  (§  59).  If  the 
outer  coatings  are  connected  to  earth,  the  two  conductors  are  at 
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equal  and  opposite  potentials.  When  jars  are  used,  the  sparks 
are  not  continuous,  as  with  the  brush,  but  they  follow  each  other 
at  regular  intervals,  and  are  much  more  luminous,  denser,  and  pro- 
duce a  louder  crack.  With  a  machine  the  plate  of  which  is  60 
cm.  in  diameter  they  may  attain  a  length  of  20  cm. 

Most  of  these  machines,  as  now  constructed,  are  double ;  they 
have  two  fixed  plates  close  to  each  other.  The  two  movable 
plates,  which  are  mounted  on  the  same  axis,  rotate  on  the  outside. 
The  armatures  are  placed  opposite  each  other,  those  which  are 
similarly  electrified  being  together ;  the  same  U-shaped  comb 
surrounds  the  two  movable  plates.  The  action  of  the  machine  is 
in  no  way  altered,  except  that  the  yield  is  double. 

It  is  sometimes  difficult  to  start  the  action  of  the  machine, 
especially  in  damp  weather ;  it  then  will  not  begin  unless  the 
ebonite  plate  is  strongly  electrified.  The  glass  plate  is  usually  made 
to  rotate  with  a  velocity  of  eight  to  ten  turns  a  second. 

In  order  to  explain  the  action  of  the  machine  and  to  make  the 
figures  clearer,  we  will  suppose  the  glass  plates  replaced  by 
concentric  cylinders  (Fig.  85). 

The  circumference  represents 
the  movable  cylinder  ;  a'  and  b' 
the  two  paper  armatures ;  the 
fixed  cylinder  is  not  shown,  as  it 
has  scarcely  other  function  than 
that  ofsupporting  the  armatures; . 
Aa  and  B^  are  the  two  con- 
ductors represented  as  in  actual 
contact. 

Suppose  the  plate  to  be  at  rest. 
The  ebonite  plate  c  charged 
with  negative  electricity  is 
brought  near  the  armature  a'.  It  acts  inductively  on  the  conductor 
AB ;  positive  electricity  is  attracted  towards  A,  and  negative  to- 
wards B ;  but  owing  to  the  points  the  positive  electricity  escapes 
on  to  the  glass  at  A  and  negative  at  B  until  equilibrium  is  estab- 
lished. 

When  the  plate  is  turned,  the  positively  electrified  glass  is 
carried  away  from  A,  and  the  negatively  electrified  glass  from  B, 
so  that  the  conductor  ab  is  again  left  subject  to  the  inductive 
action  of  the  ebonite,  which,  acting  as  before,  causes  a  stream  of 
positive  electricity  to  escape  from  the  comb  A,  and  a  stream  of 
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negative  from  B.  Each  part  of  the  plate,  as  it  passes  A,  thus 
receives  a  positive  charge,  and,  as  it  passes  B,  a  n^^ative  charge, 
until,  after  half  a  turn,  the  whole  plate  is  electrified  as  indicated  by 

Fig.  86.  Henceforward  the  ar- 
matures come  into  play :  the 
paper  tongues  that  project  from 
them  through  the  windows  in 
the  fixed  plate  graze  the  surface 
of  the  approaching  parts  of  the 
revolving  plate,  and  thus  the 
armature  a'  acquires  a  negative 
charge,  and  b'  a  positive  charge. 
The  electric  force  due  to  these 
charges  acts  in  the  same  way 
as  that  due  to  the  electrified 
ebonite,  so  that  the  inductive 
action  on  the  conductor  AB  is  increased,  and  a  greater  discharge 
of  electricity — positive  at  A,  negative  at  B — takes  place  on  to  the 
surface  of  the  revolving  plate.  The  consequence  is  that  the 
armatures,  in  their  turn,  become  more  strongly  charged,  or  acquire 
a  greater  difference  of  potentials,  and  that  the  action  already 
described  goes  on  still  more  actively,  so  tihat,  after  a  few  turns  of 
the  plate,  the  electrified  ebonite  may  be  removed  and  the  machine 
continues  to  act.  As  described,  the  upper  half  of  the  plate  carries 
positive  electricity  from  left  to  right,  and  the  lower  half  carries 
negative  electricity  from  right  to  left,  which  is  electrically  the 
same  thing.  This  transfer,  due  to  the  motion  of  the  plate,  is 
compensated  by  a  flow  of  positive  electricity  from  B  to  A  through 
the  conductor,  and  of  negative  electricity  from  A  to  B.  When  the 
difference  of  potentials  between  the  armatures  has  attained  a 
sufficiently  high  value,  the  electric  flow  through  the  conductor 
continues,  even  if  the  knobs  P  and  N  are  separated,  and  it  then 
becomes  evident  as  a  stream  of  sparks.  If  the  knobs  are  separated 
too  far,  the  action  of  the  conductor  ceases,  and  there  being  now -no 
electrical  interchange  between  the  combs  and  the  revolving  glass- 
plate  as  it  passes  them,  negative  electricity  is  carried  roimd  to 
the  positive  armature  b',  and  positive  electricity  to  the  n^ative 
armature  a'.  The  electrification  of  the  armatures  is  thus  lessened, 
and  may  be  destroyed  altogether,  or  even  inverted.  When  the 
knobs  are  quickly  put  into  contact  again,  if  the  electrification  has 
only  been  diminished,  or  if  it  has  been  inverted  in  sign,  the  actkm 
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of  the  machine  recommences,  either  in  the  same  way  as  before  or 
in  the  opposition,  as  the  case  may  be. 

If  the  jars  are  connected  with  the  conductors,  the  flow,  instead  of 
passing  continuously  across  the  gap  ab,  charges  the  jars  until  the 
potential  reaches  the  value  corresponding  to  the  striking  distance  ; 
a  spark  passes  and  the  same  succession  of  phenomena  is  repeated. 

When  the  jars  are  used,  if  the  distance  of  the  two  poles  is  too 
great  for  the  spark  to  pass,  it  sometimes  happens  that  the  action 
stops,  then  starts  again,  the  signs  of  the  poles  being  reversed,  and 
the  same  series  of  alternations  are  reproduced.  Each  jar  is  peri- 
odically charged  and  discharged  by  the  corresponding  comb.  This 
is  specially  liable  to  occur  with  batteries  of  large  capacity. 

Holtz's  machine  affords  a  means  of  making  a  curious  experiment 
on  reversibility.  If  the  two  combs  of  a  machine  in  the  ordinary 
state  are  connected  with  the  poles  of  a  second  one,  from  which  the 
driving  band  has  been  removed  so  as  to  allow  the  plate  to  turn 
freely,  and  if  the  first  machine  is  then  set  in  action,  and  a  slight 
impulse  is  given  to  the  plate  of  the  second  machine,  it  continues 
to  rotate ;  the  electricity  thus  transmits  the  motion  of  the  first 
machine  to  the  second. 

92,  Diametral  Oonductor. — Various  attempts  have  been  made 
to  prevent  the  machine  from  ceasing  to  act  or  reversing  its  poles. 
A  useful  contrivance  for  this 
purpose  is  the  diametral  con- 
ductor (Fig.  87).  Each  armature 
occupies  almost  the  whole  of  a 
quadrant,  and  an  insulated  con- 
ductor, a'b',  with  combs  at  the 
ends,  can  be  placed  between, 
them  along  any  diameter.  So 
long  as  the  two  poles  are  in 
contact,  or  when  they  are  sepa- 
rated, so  long  as  the  machine 
continues  in  normal  action,  the 
diametral  conductor  has  no  effect,  the  conditions  of  its  equilibrium 
between  the  two  armatures  being  those  which  have  been  established 
by  the  principal  conductor.  But  if  the  poles  are  separated  so  far 
that  the  principal  conductor  ceases  to  act,  the  diametral  conductor 
replaces  it,  and  the  machine  continues  to  work. 

93.  Vosb'b  Machine.— Holtz's  machine  has  been  modified  in 
many  ways.    Voss's  machine  (Fig.  88),  which  is  now  widely  used, 
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is  a  machine  with  a  diametral  conductor,  and  has  some  of  the 
features  of  the  Holtz  machine  and  of  the  replenisher. 

The  movable  plate  is  provided  with  metal  studs,  which  act  like 
the  carriers  of  the  replenisher.  The  inductors  are  represented  by 
two  strips  of  tinfoil  fixed  to  the  centre  of  the  paper  armatures. 
They  are  connected  with  two  small  brushes,  which  touch  the  studs 
just  before  their  passing  under  the  combs  ;  these  brushes  play  the 
same  part  as  the  two  springs  a  and  b  (Figs.  82,  83).  Two  other 
brushes  placed  in  the  middle  of  the  comb  of  the  diametral  con- 
ductor act  like  the  two  springs,  c  and  d. 


Fig.  88. 

94.  Wimshurst's  Machine.— This  consists  of  two  identical 
plates  of  glass  which  are  mounted  on  a  horizontal  spindle  so  as  to 
rotate  in  contrary  directions,  and  are  provided  on  the  outside  with 
narrow  strips  of  tinfoil  arranged  radially  at  equal  distances  apart 
(Fig.  89).  Two  horseshoe-shaped  conductors  provided  with  points 
enclose  the  two  plates  at  opposite  ends  of  the  horizontal  diameter, 
and  are  in  connection  with  the  two  poles,  and  also  with  two  Ley  den 
jars.  Diametral  conductors,  making  an  angle  of  from  60*"  to  90° 
with  each  other,  are  placed,  one  opposite  each  plate ;  they  have 
small  brushes  at  their  ends  which  graze  against  the  bands  of 
tinfoil. 
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The  direction  of  rotation  of  the  plates  is  such  that  a  radius, 
which  at  any  instant  is  horizontal,  becomes  parallel  to  the  corre- 
sponding diametral  conductor  by  turning  through  an  acute  angle. 
To  explain  the  action,  suppose  that,  by  the  approach  of  an  electri- 
fied body  or  otherwise,  the  potential  near  one  end  of  one  of  the 
diametral  conductors, — say  at  the  left  hand  upper  part  of  the 
figure,— is  made  higher  than  elsewhere.  A  tinfoil  sector  passing 
through  this  region  is  connected  by  the  conductor  with  the  sector 
at  the  opposite  end  of  the  same  diameter,  and  the  two  are,  there- 


FlG.  89. 

fore,  brought  for  the  moment  to  the  same  potential,  by  the  passage 
of  positive  electricity  through  the  conductor  from  the  first  to  the 
second.  The  motion  of  the  plates  brings  these  two  sectors  simul- 
taneously opposite  two  sectors  of  the  other  plate,  which  are  for  the 
moment  connected  by  the  second  diametral  conductor.  This 
second  pair  of  sectors  thus  assume  the  same  potential,  although 
one  is  near  a  negatively  charged  sector  of  the  first  plate,  and  the 
other  near  a  positively  charged  sector.  This  equalisation  of 
potentials  involves  a  passage  of  positive  electricity  through  the 
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second  conductar  from  the  lower,  left  hand,  end  to  the  upper,  right 
hand,  end.  These  actions  taking  place  with  all  the  sectors  in  turn 
as  they  pass  the  diametral  conductors,  the  result  is  a  continuous 
succession  of  positively  and  negatively  charged  sectors  on  one 
plate,  arriving  simultaneously  opposite  the  two  ends  of  the  dia- 
metral conductor  applied  to  the  other  plate.  As  we  have  described 
the  action,  the  sectors  arriving  opposite  the  left  hand  ends  of  both 
conductors  would  be  positively  electrified,  and  those  to  the  right 
negatively.  There  would  thus  be  a  continuous  flow  of  positive 
electricity  through  both  conductors  from  left  to  right,  charging 
the  sectors  positively  which  pass  simultaneously  through  the  left 
hand  collecting  comb.  Similarly,  those  which  pass  simultaneously 
through  the  right  hand  comb  would  be  negatively  charged.  The 
combs  take  up  the  electrification  of  the  sectors  that  pass  them, 
and  there  is,  consequently,  a  flow  of  positive  electricity  from  the 
left  hand  comb  and  discharging  knob  to  the  right  hand  comb, 
which  compensates  the  transfer  from  right  to  left  due  to  the  motion 
of  the  plates  and  the  action  already  described.  The  action  of  the 
machine  is  such  as  to  increase  the  initial  inequality  of  potential, 
and  it,  therefore,  acts  more  powerfully  as  the  motion  goes  on. 

As  a  general  rule,  a  machine  like  that  of  Holtz,  where  the 
electricity  has  to  strike  across  an  interval  of  air,  can  only  begin  to 
work  with  an  appreciable  charge.  On  the  other  hand,  a  machine 
with  direct  metallic  contact  or  with  a  brush  may  start  itself,  how- 
ever small  the  initial  charge.  It  is  very  seldom  that  there  is  not 
sufficient  difference  of  potentials  between  the  different  parts  of  a 
Wimshurst's  machine  to  make  it  begin  work. 

95.  Yield  and  Energy  of  a  Machine.— By  means  of  Lane's  unit- 
jar  (§§  84,  89),  it  may  easily  be  shown  that  the  yield  of  inductive 
machines  is  proportional  to  the  velocity  of  rotation,  independent 
of  the  capacity  of  the  conductor,  and  of  the  absolute  value  of 
the  potential  of  the  poles  ;  it  does  not  alter  when  one  of  these  is 
connected  with  the  ground ;  it  diminishes  as  the  difference  of 
potentials  between  the  poles  increases.  The  yield  of  inductive 
machines  is  ordinarily  much  greater  than  that  of  frictional 
machines.  With  a  Lane's  jar  with  a  striking  distance  of  i  mm., 
the  yield  for  one  turn  of  a  plate  machine,  98  cm.  in  diameter, 
being  taken  at  i,  that  of  a  Holtz  machine  of  55  cm.  was  0.86.  But 
the  former  made  one  turn  in  a  second,  and  the  latter  ten  turns, 
so  that  the  yields  per  second  were  as  i  :  8.6. 

The  following  numbers  will  give  an  idea  of  the  absolute  value  of 
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the  yield  :  seven  turns  of  a  double  plate  Holtz  machine  charged 
a  battery,  the  electrostatic  capacity  of  which  was  22,500  cm.,  so  as 
to  give  a  spark  o.i  cm.  in  length. 

As  the  capacity  of  the  battery  was  -5-^^= 0.02  5  microfarads 

and  since  a  striking  distance  of  o.  i  cm.  corresponds  to  a  potential 
difference  of  4830  volts  (§  73),  we  get  for  the  charge  of  the  batteiy 

Q=  FC=4830  X  0.025  X  io-^=  120.75.  x  lor^  coulombs, 

and  for  the  corresponding  work  (§  39) 

T^\  MV^\  X  4830  X  120.75  ^  10-^=0.742  joules. 

These  numbers  correspond  to  seven  turns  of  a  machine,  which 
makes  ten  a  second  ;  so  that  to  get  the  numbers  for  one  second  we 
must  multiply  by  10  and  divide  by  7.  We  thus  find  that  the 
machine  would  give  per  second  0.00017  coulombs  of  electricity, 
and  1.06  joules  of  work. 

The  power  of  a  machine  is  defined  by  the  work  which  it  does  in 
unit  time.  The  watt^  which  corresponds  to  one  joule  per  second, 
has  been  taken  as  unit  of  power.  We  should  accordingly  say  that 
the  power  of  the  machine  was  1.06  watts. 
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GALVANIC  OR  VOLTAIC  BATTERY. 

96.  Galvanic  Element. — If  a  plate  of  zinc  and  a  plate  of  copper 
dip  side  by  side,  without  touching,  in  a  vessel  of  water  acidulated 
with  sulphuric  or  hydrochloric  acid,  two  pieces  of  copper  wire 
attached  one  to  each  plate  are  found  to  differ  in  potential.  If  the 
wires  are  connected  with  the  alternate  pairs  of  quadrants  of  a 
quadrant-electrometer,  a  deflection  is  produced  indicating  a  differ- 
ence of  potentials  of  about  one  volt,  the  potential  of  the  wire  from 
the  copper  plate  being  the  higher. 

Similar  results  would  be  obtained  if  almost  any  two  metals  were 
substituted  for  copper  and  zinc  in  the  above  experiment,  and 
instead  of  acidulated  water,  ordinary  tap-water,  or  water  contain- 
ing a  small  quantity  of  some  salt  in  solution,  may  be  used.  The 
only  difference  in  the  result  would  be  in  the  magnitude  of  the 
observed  difference  of  potentials.  The  material  of  the  connecting 
wires  is  of  no  consequence ;  copper  is  mentioned  as  being  the 
material  most  likely  to  be  at  hand,  and,  on  the  whole,  the  most 
convenient. 

Results  equivalent  to  those  just  stated  were  observed  in  1789  by 
Ludovico  Galvani,  professor  of  anatomy  at  Bologna.  An  arrange- 
ment such  as  we  have  described,  or  any  modification  of  it  produc- 
ing like  effects,  is  consequently  often  spoken  of  as  a  galvanic 
element  or  galvanic  cell;  and  the  study  of  the  numerous  pheno- 
mena for  the  discovery  of  which  Galvani's  observation  formed  the 
starting-point  constitutes  the  science  oi  galvanism, 

97.  Voltaic  Pile  —  Galvanic  Battery.  — The  difference  of 
potentials  between  the  wires  of  a  galvanic  cell  depends  only  on 
the  materials  employed,  and,  to  some  extent,  on  their  temperature  ; 
it  is  not  affected  by  the  size,  shape,  or  relative  positions  of  the 
plates,  nor  by  their  absolute  electrical  potential.  If  placed  on  an 
insulating  stand,  a  galvanic  cell  may  be  strongly  electrified  either 
positively  or  negatively,  but  however  high  or  however  low  the 

"34 


Digitized  by 


Google 


§97.]-  Voltaic  Pile — Galvanic  Battery,  135 

potential  of  the  cell  as  a  whole  may  be,  the  potential  of  the  wire 
from  the  copper  plate  remains  about  one  volt  higher  than  that  of 
the  wire  connected  with  the  zinc. 

A  consequence  of  this  is  that,  if  several  cells  are  arranged  one 
after  another,  and  the  zinc  plate  of  the  first  is  connected  by  a  wire 
with  the  copper  plate  of  the  second,  the  zinc  of  that  with  the  copper 
of  the  third,  and  so  on  throughout,  the  zinc  of  the  last  cell  but  one 
being  joined  to  the  copper  of  the  last,  the  difference  of  potentials 
l>etween  the  wire  from  the  first  copper  plate  and  that  from  the  last 
zinc  plate  is  equal  to  the  difference  found  in  the  case  of  a  single 
cell  multiplied  by  the  number  of  cells.  To  see  how  this  follows, 
let  us  assume  for  simplicity  that  the  difference  of  potentials  in  the 
case  of  a  single  cell  is  exactly  one  volt,  and  that  the  wire  connected 
with  the  last  zinc  plate  is  in  contact  with  the  inside  of  the  room 
where  the  experiment  is  made.  We  may  assume  then  (§  36)  that 
its  potential  is  zero.  Accordingly  the  potential  of  the  copper  plate 
of  the  same  cell  and  of  the  wire  attached  to  it  will  be  one  volt.  But 
this  wire  is  fastened  to  the  zinc  of  the  last  cell  but  one,  and  there- 
fore the  copper  of  this  cell  will  have  a  potential  =  2  volts.  In 
the  same  way  that  of  the  next  preceding  cell  will  have  a  potential 
=  3  volts,  and  so  on  to  the  beginning  of  the  series,  the  potential 
rising  by  one  volt  for  every  cell.  Proceeding  in  the  opposite 
direction  along  the  series  of  cells,  we  should  find  a  fall  of  poten- 
tial equal  to  one  volt  at  a!  time  as  we  passed  from  one  cell  to  the 
next ;  so  that,  if  the  first  copper  plate  were  kept  at  potential  zero, 
the  second  would  have  a  potential  =  -  i,  the  next  -  2,  and 
so  on. 

The  fact  that  the  difference  of  potentials  resulting  from  a  single 
pair  of  metals  dipping  into  an  aqueous  liquid  can  be  thus  mul- 
tiplied, by  arranging  in  order  a 
number  of  such  pairs  connected 
together,  was  discovered  in  1800 
by  Alessandro  Volta,  professor 
of  physics  at  Pa  via.  In  order 
to  produce  the  effect  in  a  marked 
degree,  he  arranged  a  number 
of  alternate  discs  of  copper  and 
zinc,  each  pair  being  separated  fig.  90. 

from  the  next  by  a  round  of  cloth 

soaked  with  acidulated  water,  as  shown  in  section  in  Fig.  90,  and  in 
perspective  in  Fig.  91.     This  arrangement  is  known  as  Volta' spile. 
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A  corresponding  combination  of  pairs  of  metal  plates  in  separate 
vessels  of  liquid  is  called  a  voltaic  battery  or  galvanic  battery^  and 

in  general  the  terms  voltaic 
and  galvanic,  and  words  formed 
from  them,  are  used  almost  in- 
terchangeably in  relation  to  the 
class  of  phenomena  we  have 
now  to  study. 

98.  Volta*s  Theory  of  Elec- 
trification by  Contact.  — In 
order  to  explain  facts  of  the 
kind  referred  to  in  the  last  two 
paragraphs,  Volta  supposed  that 
the  surface  of  contact  of  two 
metals,  or  more  generally  of 
any  two  different  substances,  is 
the  seat  of  a  peculiar  force, 
which  he  termed  electromotive 
force,  the  effect  of  which  is  to 
transfer  positive  electricity 
across  the  surface  in  one  direc- 
tion and  negative  in  the  other, 
until  the  tendency  of  the  two 
electricities  to  reunite  balances 
the  force  which  tends  to  sepa- 
rate them.  He  supposed  the 
electromotive  force  in  any  given 
case  to  depend  solely  on  the 
nature  of  the  materials  in  con- 
tact, and  not  upon  the  size  or 
shape  of  the  bodies,  or  the  ex- 
tent of  the  surface  of  contact,  or 
on  their  electric  state. 
Among  the  numerous  experiments  which  he  devised  to  establish 
this  principle  the  following  may  be 
cited  : — 

I.  Two  plates,  one  of  zinc  and  the 
other  of  copper,  supported  by  insulat- 
ing handles  (Fig.  92),  and  at  first  in 
the  neutral  state,  are  placed  in  contact 
and  then  separated.     On  applying  these,  each  separately,  to  a 


Fig.  91. 
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delicate  electroscope,  it  is  found  that  they  are  each  electrified,  the 
zinc  positively  and  the  copper  negatively.  The  amount  of  the 
charge  is  proportional  to  the  extent  of  the  surfaces  in  contact. 
The  two  plates  are  charged  as  if  they  were  the  plates  of  a  con- 
denser between  which  a  difference  of  potentials  has  been  estab- 
lished. The  two  electricities  form  on  the  surfaces  in  contact 
two  equivalent  layers,  which  remain  separated  in  conformity  with 
the  electromotive  force  of  contact  of  Volta,  notwithstanding  the 
absence  of  an  insulating  plate. 
2.  A  zinc  strip  joined  to  one  of  copper  is  held  in  the  hand,  and 


Fig.  93. 

the  copper  end  is  applied  against  the  lower  plate  of  a  condensing 
electroscope,  the  top  plate  of  which  is  touched  by  the  other  hand 
(Fig.  93).  If  the  connections  are  broken  and  the  top  plate  is 
raised,  the  gold  leaves  diverge,  with  negative  electricity ;  this 
proves  that  the  potential  of  the  copper  was  negative,  for  as  the 
zinc  was  held  in  the  hand,  it  was  at  the  potential  of  the  earth- 
that  is,  at  zero.  If  the  experiment  is  repeated  in  exactly  the 
same  manner,  except  that  the  copper  is  held  in  the  hand  and 
the  zinc  applied  to  the  electroscope,  the  leaves  do  not  diverge. 
The  fall  of  potential  from  zinc  to  copper  is  evidently  the  same  in 
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both  cases,  and  the  potential  of  the  plate  is  zero  like  that  of  the 
copper  held  in  the  hand. 

The  experiments  may  be  modified  by  interposing  between  the 
plate  of  the  condenser  and  the  strip  of  copper  a  disc  of  cloth  or 
paper  wetted  with  acidulated  water.  Nothing  is  changed  in  the 
former  case ;  the  divergence  of  the  gold  leaves  is  still  negative. 
But  in  the  second  case,  in  which  the  copper  is  held  in  the  hand, 
the  leaves  diverge  with  positive  electricity,  instead  of  remaining 
unaffected. 

99.  Objections  to  Volta's  Theory.—- While  no  question  is  raised 
as  to  the  results  of  the  fundamental  experiments  adduced  by 
Volta  and  his  supporters  in  confirmation  of  his  views,  there  is  by 
no  means  universal  agreement  among  physicists  as  to  the  true 
interpretation  of  these  results.  The  most  serious  objection  to 
Volta's  theory  is  that  it  does  not  afford  a  satisfactory  account  of 
the  source  of  the  energy  the  production  of  which  it  implies.  Sup- 
pose S  to  be  the  capacity  of  the  condenser  used  in  either  of  the 
forms  of  experiment  described  in  §  98,  and  V  and  F'  to  be  the 
potentials  acquired  by  the  two  plates  respectively,  then  the  pro- 
duction of  the  difference  of  potentials  V  -  V  would  indicate  a 
generation  of  electrical  energy  =  J  5(F-  vy.  If  the  plates  of 
the  condenser  have  a  radius  of  5  cm.  and  are  ^  cm.  apart,  the 

capacity  is  (§§  52, 59)  S  =  -^__^g_-  =  500  in  C.G.S.  units.    If 

the  difference  of  potentials  is  one  volt,  or  ?r^th  of  an  electrostatic 
unit,  the  energy  is  ^  x  500  x  ^  x  ^  =  2.78  x  10  -  ^  erg.  The 
only  source  from  which  this  energy  could  be  derived,  consistently 
with  Volta's  hypothesis,  is  the  heat  contained  in  the  zinc  and 
copper.  It  is  true  that  the  withdrawal  of  the  quantity  of  heat 
required  to  furnish  the  quantity  of  energy  in  question, — rather  less 
than  three  thousandths  of  an  erg, — would  cause  an  utterly  im- 
perceptible fall  of  temperature  in  a  compound  bar  of  zinc  and 
copper  large  enough  to  be  used  in  the  experiment,  so  that  the 
suggested  explanation  cannot  be  rejected  on  this  ground.  Indeed, 
it  is  known  from  other  experiments  (see  Chap,  xiv.),  that  when 
a  much  larger  quantity  of  electricity  than  there  is  any  question  of 
in  the  present  case,  is  caused  to  pass  from  copper  to  zinc  across 
the  common  surface,  an  ascertainable  lowering  of  temperature 
really  ensues.  But  when  a  numerical  comparison  is  made,  it  is 
found  that  the  quantity  of  heat  which  thus  disappears  is  in- 
adequate to  account  for  the  difference  of  potentials  developed  in 
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Volta*s  experiment.  It  is  further  found,  when  other  pairs  of  metals 
are  tried,  that  not  only  is  the  fall  of  temperature  due  to  the  pas- 
sage of  electricity  across  the  separating  surface  generally  insufficient 
to  account  for  Volta's  results,  but  that  there  is  no  recognisable 
relation  between  the  magnitude  of  the  change  of  temperature  in 
the  one  set  of  experiments  and  the  difference  of  potentials  observed 
in  the  other  set.  In  fact,  there  appears  to  be  a  real  difference  of 
potentials  between  different  metals  in  contact,  arising  in  some  way 
solely  from  their  own  properties,  which  enable  them  to  transform 
thermal  energy  into  electric  energy ;  but  this  difference  is,  in 
general,  much  too  small  to  account  for  the  effects  now  imder 
consideration,  and  it  does  not  always  agree  with  these  even  in 
direction. 

100.  Alternative  Theory. — If  we  no  longer  look  for  the  source 
of  the  required  energy  in  the  surface  of  contact  of  the  two  metals, 
we  may  inquire  whether  it  is  not  possible  for  it  to  be  furnished  by 
chemical  action  taking  place  between  one  or  both  of  the  metals 
and  the  air  or  liquid  with  which  they  are  in  contact.  It  is  well 
known  (see  Chap,  xv.)  that  chemical  combination  or  decomposition 
is  associated  in  a  definite  way  with  the  transfer  of  electricity  be- 
tween the  bodies  taking  part  in  the  action,  and  that  the  occurrence 
of  a  fixed  amount  of  chemical  action  involves  the  transfer  of  a 
fixed  quantity  of  electricity.  In  order  to  charge  a  condenser,  such 
as  that  supposed  in  §  99,  of  capacity  500,  to  a  difference  of 
potentials  of  i  volt,  or  i^th  of  an  electrostatic  unit,  a  charge 

of  52?  =  I  a  electrostatic  unit  would  be  required.    Now  the  oxida- 

tion  of  one  gramme  of  zinc  would  correspond  with  a  charge  of 
9  X  10^2,  or  nine  millions  of  millions  of  such  units.  From  this 
it  follows  that  if  the  electrification  observed  in  such  experiments 
as  those  of  Volta  were  really  furnished  by  chemical  action,  oxida- 
tion of  zinc,  the  required  amount  of  such  action  would  be  so 
small  as  to  be  utterly  imperceptible  by  any  direct  mode  of  investi- 
gation. 

The  connection  above  alluded  to  between  chemical  action  and 
transfer  of  electricity  naturally  suggests  the  idea  that  a  definite 
electric  charge  is  uniformly  associated  with  each  atom  of  a  chemi- 
cal substance.  If,  in  addition  to  this,  we  admit  that  the  tendency 
to  combination  which  is  recognised  by  chemists  under  the  name 
of  chemical  affinity  is  capable  of  counterbalancing  electric  forces 
so  as  to  produce  a  condition  of  mutual  equilibrium,  we  may  give 
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some  such  account  as  follows  of  the  action  that  results  from  the 
contact  of  two  metals. 

When  a  piece  of  zinc  is  exposed  to  oxygen  or  air,  we  may 
suppose  that  atoms  of  oxygen,  each  carrying  with  it  a  definite 
charge  of  negative  electricity,  unite  with  the  metal  and  at  the 
same  time  give  up  their  charge  to  it,  so  as  to  lower  its  potential 
below  that  of  the  air,  until  the  resulting  electric  force  counter-? 
balances  the  chemical  force  tending  to  cause  further  combination. 
On  grounds  that  we  cannot  conveniently  discuss  at  this  stage,  we 
infer  that  equilibrium  is  reached  when  the  potential  of  the  zinc 
is  about  1.8  volt  below  that  of  the  air.  We  may  further  suppose 
that  when  a  piece  of  copper  is  exposed  to  oxygen,  oxidation  goes 
on  in  a  similar  way  until  again  a  condition  of  equilibrium  is 
reached,  this  time  when  the  potential  of  the  metal  is  about  0.8 
volt  below  that  of  the  gas.  We  assume  here  that  the  force 
tending  to  cause  combination  of  copper  with  oxygen  is  less  than 
that  tending  to  make  zinc  combine  with  oxygen,  which  is  in 
harmony  with  the  generally  recognised  chemical  characters  of 
the  two  metals. 

If  now  a  piece  of  zinc  and  a  piece  of  copper,  both  in  contact 
with  air,  and  therefore,  according  to  what  we  have  just  said, 
differing  in  potential  by  something  like  one  volt,  are  brought  into 
contact  with  each  other,  we  must  suppose  equalisation  of  potentials 
to  take  place  between  them  in  accordance  with  the  ^general  proper- 
ties of  conductors.  (We  leave  out  of  account  at  present  the  small 
difference  of  potentials  referred  to  at  the  end  of  §  99.)  The 
potential  of  the  zinc  is  thus  raised,  so  that  it  no  longer  causes 
equilibrium  between  the  chemical  and  electrical  forces,  and  we 
may  therefore  suppose  a  further  oxidation  to  occur  until  the 
difference  of  1.8  volt  is  again  produced.  Or  we  may  suppose 
the  same  result  to  be  produced  by  a  deoxidation  of  the  copper ; 
or,  again,  we  may  imagine  that  both  these  actions  occur  simul- 
taneously. Either  way,  the  result  would  be  uniformity  of  potential 
throughout  the  two  connected  pieces  of  nteial^  with  a  difference  of 
potentials  between  portions  of  the  gas  in  contact  with  the  zinc  and 
copper  respectively.  The  potential  of  the  gas  just  outside  the 
oxidised  portion  of  the  zinc  would  exceed  that  of  the  metals  by 
1.8  volt,  and  that  of  the  gas  just  outside  the  copper  would  exceed 
it  by  0.8  volt.  That  is  to  say,  there  would  be  an  electric  field 
established  in  the  gas,  the  difference  of  potentials  between  the 
boundaries  being  one  volt,  and  the  positive  side  of  the  field  would 
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adjoin  the  zinc.  We  must  suppose  that  it  is  this  difference  of 
potentials  which  is  observed  in  many  experiments  that  are  usually 
cited  as  evidence  of  a  difference  of  potentials  between  the  metals. 
A  point  of  considerable  importance  remains  to  be  discussed  in 
connection  with  the  account  just  given  of  the  probable  origin  of 
the  phenomena  referred  to  in  the  preceding  paragraphs.  We 
have  assumed  that  the  oxidation  of  a  metal  is  accompanied  by  a 
transfer  of  negative  electricity  to  the  metal.  This  seems  to  imply 
that  oxygen  gas  as  such  is  negatively  electrified,  a  conclusion 
inconsistent  with  the  observed  electrical  neutrality  of  oxygen  or 
air  under  ordinary  conditions.  In  reference  to  this  we  may  call  to 
mind  the  fact  that,  on  purely  chemical  grounds,  chemists  have 
concluded  that  a  molecule  of  oxygen  gas  consists  of  two  atoms 
which  are  in  some  way  held  together,  and  that  the  connecting 
force  has  been  likened  to,  if  not  actually  identified  with,  electrical 
attraction,  a  molecule  of  oxygen  being  represented  by  the  symbols 

O  O.  If  we  follow  out  such  ideas,  we  must  look  on  each  mole- 
cule as  constituting  in  itself  an  electric  field  of  almost  infini- 
tesimal extent,  but  the  gas  as  a  whole  would  be  electrically 
neutral.  If  now  combination  of  oxygen  and  zinc  takes  place,  we 
must  suppose  that  the  negative  member  of  a  molecular  pair  unites 
with  the  metal,  leaving  the  positive  member  in  the  state  of  a 
so-called  dissociated  atom.  It  seems  likely  that  the  metallic 
surface,  with  which  a  number  of  negative  atoms  have  entered  into 
chemical  combination,  would  have  the  corresponding  positive 
oxygen  atoms  adhering  to  it  as  an  external  layer  held  on  by 
electric  force.  If  so,  we  should  have  two  parallel  oppositely 
electrified  surfaces  separated  by  a  molecular  distance,  and  com- 
parable with  the  surface  of  a  condenser.  The  difference  of 
potentials  between  the  positive  and  negative  layers  would  be  the 
electric  force  multiplied  by  the  distance,  or,  in  the  symbols  we 
have  commonly  used — 

V-  V  ^  ^Tr^e\K, 

I  8 
If  we  put  A'  =  I,   V  -  F'  =  1.8  volt  =  -:r-  =  0.006   electrostatic 

4init,  and  e  -—  i  cm./io8  (one  hundred-priillionth  of  a  centimetre),  a 
value  which  there  is  reason  to  believe  is  somewhere  near  the  truth, 
we  get  for  a-  the  charge  per  square  centimetre 

.006  ^  10''  . 

(r=  7^^  -  5  X  10*' 
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Now  we  have  already  said  that  the  oxidation  of  one  gramme  of  zinc 
corresponds  with  the  transfer  of  nearly  9  x  lo^*  electrostatic  units 
of  electricity.  Hence,  to  produce  a  difference  of  potentials  of  1.8 
volt  between  a  zinc  plate  and  the  adjacent  air,  we  should  require, 
according  to  the  view  we  have  been  discussing 

5-^=5.5/io» 

grammes  of  zinc  to  be  oxidised  per  square  centimetre  of  surface. 
Or  the  oxidation  of  5J  milligrammes  would  suffice  for  10  square 
metres  of  surface. 

The  charge  per  unit  surface  of  a  copper  plate  in  air  or  oxygen 
would  be  proportionately  less  than  that  of  zinc,  as  its  potential 
differs  less  from  that  of  the  gas. 

101.  B^smn^. — The  two  theories  we  have  been  discussing, 
which  we  may  distinguish  as  the  contact  theory  and  the  chemical 
theory  respectively,  both  profess  to  account  for  the  same  experi- 
mentally verifiable  facts,  that,  under  certain  definite  conditions, 
differences  of  potential  are  produced  involving  the  generation  of 
corresponding  amounts  of  electric  energy. 

According  to  the  contact  theory,  the  seat  of  the  action  that 
gives  rise  to  the  difference  of  potentials  is  at  the  separating 
surface  of  the  two  metals,  and  this  action  would  still  go  on  if  it 
were  possible  to  make  the  experiment  in  an  absolute  vacuum.  Ac- 
cording to  this  theory,  the  source  of  energy  is  the  heat  contained 
in  the  metals,  whose  temperature  must  accordingly  be  lowered 
by  an  immeasurably  small  amount  when  they  are  put  into  contact. 

According  to  the  chemical  theory,  the  seat  of  the  action  is  the 
surface  of  contact  between  the  metals  and  the  surrounding  air 
(oxygen),  and  the  metals  themselves  are  at  the  same  potential 
(leaving  out  of  account  a  very  small  difference  to  be  discussed 
later).  The  energy  is  derived  from  the  energy  of  chemical  com- 
bination between  one  of  the  metals  and  the  surrounding  gas. 

Hitherto  no  single  experiment  has  been  made  which  can  be 
considered  as  separately  conclusive  either  way,  and  the  amounts 
of  energy  involved  are  so  small  that  we  can  hardly  expect  such  an 
experiment  to  be  made  hereafter.  At  any  rate,  for  the  present  we 
can  only  infer  what  are  admissible  suppositions  by  appealing  to 
general  principles  and  observing  the  relations  between  thermal, 
chemical,  and  electrical  energies  in  cases  where  they  are  brought 
into  play  to  a  measurable  extent    Appealing  to  this  test,  we  have 
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in  favour  of  the  chemical  theory  the  apparently  conclusive  facts 
that  the  energy  of  the  galvanic  battery,  the  action  of  which  Volta's 
hypothesis  was  intended  to  explain,  is  admittedly  derived  from 
chemical  action  (§  155);  and  that,  in  the  case  of  thermo-electric 
action  (§§  140-144),  where  heat  is  undoubtedly  the  source  of  elec- 
tric energy,  Volta's  theory  of  contact  action  has  no  application. 

102.  Electromotive  Force  of  a  Cell  or  Battery.— According 
to  the  contact  theory,  when  a  plate  of  copper  and  a  plate  of  zinc 
dip  into  acidulated  water  without  touching  each  other,  there  is  no 
appreciable  difference  of  potentials  between  them,  because  there 
is  no  metallic  contact.  According  to  the  chemical  theory,  there  is  a 
difference  of  potentials  of  about  one  volt,  but  there  is  no  difference 
of  potentials  between  the  air  in  contact  with  the  zinc  and  that  in 
contact  with  the  copper,  just  because  the  liquid  acts  on  the  metals 
in  virtually  the  same  way  as  air,  so  that  there  is  the  same  step  of 


Aiir       Zinc         Acid        Copjoer      Air 

Fig.  94. 

potential  at  the  liquid-metal  surfaces  as  at  the  air-metal  surfaces,  as 
is  illustrated  in  Fig.  94,  where  vertical  heights  represent  potentials. 
If  a  copper  wire  is  attached  to  the  zinc  plate,  then,  according  to 
either  view,  there  is  a  difference  of  about  a  volt  between  this  wire 
and  the  copper  plate  or  a  copper  wire  attached  thereto.  Accord- 
ing to  the  contact  theory,  this  result  is  attributed  to  the  intro- 
duction of  a  copper-zinc  contact ;  according  to  the  chemical 
theory,  the  copper  wire  merely  takes  the  potential  of  the  zinc  to 
which  it  is  joined ;  but  there  is  now  an  experimentally  recognisable 
difference  of  potentials  between  the  air  in  contact  with  the  wire 
from  the  copper-plate  and  the  air  in  contact  with  the  wire  from 
the  zinc  plate,  because  now  the  acid-metal  contacts  do  not  balance 
the  air-metal  contacts  (see  Fig.  95). 

In  §§  96  and  97,  in  order  to  avoid  raising  the  questions  we  have 
just  l>een  referring  to,  we  were  careful  to  speak  of  the  difference 
of  potentials  between  wires  of  the  same  metal  (copper)  attached  to 
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the  two  plates  of  a  single  cell,  or  to  the  two  terminal  plates  of  a 
battery  or  pile.  But  in  any  case,  these  questions  are  of  theoretical 
and  not  practical  importance  :  in  practice  the  plates  of  a  cell  or 
a  battery  are  always  connected  either  with  wires  of  the  same  metal 
(usually  copper),  or  with  binding-screws  of  the  same  metal  (usually 
brass),  and  there  is  then  no  controversy  as  to  the  difference  of 
potentials  existing  between  these  wires  or  binding-screws,  as  the 
case  may  be. 

This  difference  is  necessarily  equal  to  the  algebraic  sum  of  the 
differences  occurring  at  all  the  surfaces  of  contact  of  different 
materials  intervening  between  the  two  extremities  of  the  cell  or 
battery ;  for  since  all  the  materials  are  conductors,  and  there  is 
electric  equilibrium,  there  is  no  difference  of  potentials  except  at 
the  contacts.  The  wires  or  binding- screws  connected  with  the 
first  and  last  plates  of  a  battery,  or  with  the  two  plates  of  a  single 
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cell,  are  called  the  poles  or  terminals  of  the  battery  or  cell ;  that 
one  which  is  connected  with  the  copper  plate  and  has  the  higher 
potential  is  the  positive  pole  or  terminal,  and  that  connected  with 
the  zinc  is  the  negative  pole. 

The  algebraic  sum  of  the  differences  of  potential  occurring  at  all 
the  surfaces  of  contact  of  different  materials  intervening  between  the 
terminals  of  a  cell  is  called  the  electromotive  force  of  the  cell  As 
we  have  just  said,  this  is  the  same  as  the  difference  of  potentials 
between  the  terminals  when  there  is  electrical  equilibrium.  If,  how- 
ever, the  terminals  are  joined  by  a  wire,  a  condition  of  statical 
equilibrium  no  longer  obtains,  and  the  difference  of  potentials 
between  the  terminals  is  then  less  than  the  electromotive  force  of 
the  cell.  The  relation  between  these  quantities  is  more  fully  dis- 
cussed in  Chaps,  xi.  and  xii. 

When  several  cells  are  connected  one  after  another  to  form  a 
battery,  the  algebraic  sum  of  the  electromotive  forces  of  the  several 
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cells  is  the  electromotive  force  of  the  battery.  By  connecting  the 
terminals  of  each  separate  cell,  and  then  those  of  the  battery,  with 
the  quadrant  electrometer,  it  is  easily  verified  that  the  difference 
of  potentials  between  the  terminals  of  the  battery  is  the  sum  of  the 
differences  between  the  terminals  of  the  cells  composing  it. 

103.  A  Ctelvanic  Battery  Comparable  with  an  Electric 
Machine.— The  fundamental  property  of  a  galvanic  battery,  by 
virtue  of  which  it  maintains  a  constant  difference  of  potentials 
between  its  terminals,  or  between  any  conductors  connected  with 
them,  makes  it  exactly  analogous  to  an  electric  machine.  By  its 
action  an  electric  field  is  established,  the  boundaries  of  which  are 
the  surfaces  of  the  conductors  attached  to  its  terminals.     If  the 


Fig.  96. 

theory  set  forth  in  §  100  is  correct,  at  least  in  its  main  outlines,  the 
charge  of  the  field  is  derived  from  the  atomic  charges  of  the  mole- 
cules which  take  part  in  the  chemical  action  that  goes  on  in  the 
cell.  Expressing  the  same  thing  in  other  words,  we  may  say  that 
the  lines  of  force  that  extend  between  the  boundaries  of  the  field 
are  transferred  to  them  from  the  atoms.  Fig.  96  may  suggest  the 
electric  field  set  up  when  the  terminals  of  a  battery,  B,  are  con- 
nected by  wires  with  the  surfaces  of  a  condenser,  c  :  the  fine  lines 
in  the  figure  represent  roughly  the  distribution  of  lines  of  force. 
If  now  the  plates  of  the  condenser  be  connected  for  an  instant 
with  each  other,  the  lines  of  force  between  them  disappear,  biit 
new  lines  immediately  take  their  place.  Lines  previously  extend- 
ing between  the  connecting  wires  close  in  upon  the  condenser  and 
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are  followed  by  fresh  lines  generated  by  the  battery,  the  ends 
of  the  lines  travelling  along  the  wires.  We  have  already  seen 
(§  2.1)  that  a  surface  from  which  lines  of  force  start  is  what  is 
otherwise  called  a  positively  electrified  surface,  and  that  a  surface 
on  which  lines  terminate  is  negatively  electrified.  It  follows  that 
when  lines  of  force  flow  through  the  dielectric  medium  from  the 
battery  to  the  condenser,  their  ends  at  the  same  time  moving  along 
the  connecting  wires,  that  the  process  may  be  otherwise  described 
as  a  flow  of  positive  electricity  from  the  positive  terminal  of  the 
battery  along  one  wire  to  the  corresponding  plate  of  the  condenser, 
and  of  negative  electricity  from  the  negative  terminal  along  the 
other  wire  to  the  second  plate  of  the  condenser.  But,  as  we 
cannot  distinguish  the  transfer  of  positive  electricity  in  one  direc- 
tion from  the  transfer  of  an  equal  quantity  of  negative  electricity 
in  the  opposite  direction,  the  process  referred  to  may  be  equally 
well  described  as  a  flow  of  positive  electricity  from  one  pole  of 
the  battery  to  the  condenser,  and  of  an  equal  quantity  of  positive 
electricity  from  the  condenser  to  the  negative  pole  of  the  battery. 

If  the  plates  of  the  condenser  are  connected  permanently, 
instead  of  only  for  an  instant,  or,  more  simply,  if  a  continuous  wire 
(sometimes  called  an  interpolar  wire)  is  used  to  connect  the 
terminals  or  poles  of  the  battery  with  each  other,  a  continuous 
procession  of  lines  of  force  must  be  thought  of  as  spreading  out 
from  the  battery,  their  ends  travelling  in  opposite  directions  along 
the  wire  until  they  meet,  and.  the  lines,  as  it  were,  shrink  into  the 
wire.  This  process  constitutes  what  is  known  as  a  continuous 
electric  current^  which  may  be  described  as  the  passage  of  equal 
quantities  of  positive  and  negative  electricity  in  opposite  directions 
round  the  circuit  formed  by  the  battery  and  wire,  or  as  the  circu- 
lation of  a  double  quantity  of  positive  electricity  in  one  direction. 
The  ordinary  phraseology  employed  in  reference  to  electric  cur- 
rents is  founded  on  the  conception  of  a  single  kind  of  electricity 
traversing  the  circuit.  If  we  employ  the  conception  of  a  double 
circulation  of  the  two  kinds  of  electricity  in  opposite  directions, 
any  statement  of  the  quantity  of  electricity  passing  through  the 
battery  or  along  a  wire  must  be  taken  as  referring  to  the  arith- 
metical sum  of  the  quantity  of  positive  going  one  way  and  of 
negative  going  the  other  way.  This  conception  of  two  electricities 
in  some  ways  connects  itself  most  easily  with  the  notion  of  an 
electric  field  employed  in  the  previous  part  of  this  work ;  but, 
whatever  the  mode  of  expression  employed,  it  is  important  to 
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remark  that,  while  what  is  called  an  electric  current  is  maintained 
in  a  circuit,  the  battery  is  continuously  giving  off  energy  to  the 
surrounding  dielectric  medium,  and  that  the  conducting  wire  is 
continuously  absorbing  energy  from  the  medium.  While  this  is 
going  on,  both  the  conducting  wire  and  the  dielectric  medium 
exhibit  special  properties  that  we  have  to  study  in  what  follows. 

104.  Decrease  of  Electromotive  Force  by  the  Passage  of  a 
Onrrent. — During  the  passage  of  a  current  through  a  galvanic 
cell,  chemical  action  goes  on  among  the  materials.  With  cells 
of  the  construction  we  have  hitherto  spoken  of,  formed  of  two 
metal  plates  dipping  into  dilute  acid,  the  result  is  a  change  in 
the  chemical  nature  of  the  substances  in  contact,  producing  a 
diminution  of  electromotive  force,  and  a  consequent  weakening 
of  the  action  of  the  cell.  Usually,  on  interrupting  the  conducting 
circuit  and  allowing  the  cell  to  rest  for  a  while  without  producing 


Fig.  97. 

a  current,  there  is  a  more  or  less  complete  recovery  of  the  original 
electromotive  force,  unless  indeed  the  chemical  action  has  gone 
so  far  as  to  nearly  use  up  some  essential  constituent.  This  tem- 
porary decrease  of  electromotive  force  is  often  referred  to  as 
polarisation  of  the  cell  or  battery.  We  shall  discuss  the  effect 
more  fully  in  connection  with  the  chemical  effects  of  the  current 

(§153). 

105.  Modifications  of  Volta*s  Pile.— This  decrease  of  power 
is  shown  in  a  marked  degree  by  a  Volta's  pile  if  it  is  used  to 
give  a  continuous  current.  It  was  at  first  attributed  to  the  squeez- 
ing out  of  the  liquid  from  the  pieces  of  cloth  at  the  lower  part 
of  the  column  by  the  weight  of  the  metal  discs  above  them,  and 
to  remedy  it  Volta  adopted  the  arrangement  shown  in  Fig.  97,  and 
known  as  the.  crown  of  cups^  consisting  of  a  number  of  separate 
vessels  containing  dilute  acid,  with  a  strip  of  copper  and  a  strip  of 
zinc  inserted  in  each  and  connected  as  before  described.     To 
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make  a  battery  of  many  cells  more  compact  and  portable,  and  to 
facilitate  filling  in  and  removing  the  acid,  a  further  early  device 
was  Cruickshank's  trough  battery  (Fig.  98),  consisting  of  a  number 
of  double  plates  of  zinc  and  copper  cemented  into  grooves  cut  in 
the  opposite  sides  of  a  wooden  trough  so  as  to  divide  the  trough 
into  a  number  of  water-tight  cells,  each  having  one  side  formed 
of  copper  and  the  other  of  zinc. 

The  electromotive  force  of  a  Volta's  cell,  as  measured  on  open 
circuit  on  the  quadrant  electrometer,  is  about  one  volt,  but  in  what- 
ever form  it  is  constructed  the  electromotive  force  falls  rapidly 
when  the  circuit  is  closed. 

106.  Use  of  Amalgamated  Zinc. — If  ordinary  commercial  zinc 
is  used  in  the  construction  of  a  voltaic  cell,  it  dissolves  in  the  acid 


Fig.  98. 

even  when  the  circuit  is  not  closed.  But  pure  zinc,  or  common 
zinc  that  has  been  amalgamated,  does  not  dissolve  by  itself  in 
dilute  sulphuric  or  hydrochloric  acid.  When  used  in  a  voltaic  cell, 
it  is  attacked  only  while  the  current  is  passing,  and  the  quantity 
that  then  dissolves  is,  as  we  shall  see  (§  155),  proportional  to 
the  current  produced.  To  amalgamate  a  zinc  plate,  its  surface 
should  be  cleaned  by  dipping  it  in  dilute  acid,  and  then,  while 
it  is  still  wet  with  the  acid,  pouring  on  to  it  a  few  drops  of  mercury, 
which  readily  spread  over  it. 

107.  Constant  Batteries.— The  so-called  polarisation  of  a 
Volta  cell  appears  to  be  mainly  due  to  the  formation  of  a  layer 
of  hydrogen  on  the  surface  of  the  copper  plate,  to  which  it 
adheres  with  considerable  obstinacy.  To  prevent  this  many  ex- 
pedients have  been  employed,  mostly  consisting  in  the  employ- 
ment of  such  materials  that  the  chemical  action  taking  place 
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among  them  does  not  lead  to  the  separation  of  hydrogen.  In 
order  that  there  may  be  no  polarisation,  in  other  words,  that  the 
electromotive  force  may  be  the  same  whatever  the  strength  of 
the  current,  the  materials  of  the  cell  should  be  such  that  the 
passage  of  the  current  and  the  accompanying  chemical  action 
cause  no  change  in  the  nature  of  the  substances  in  contact.  In 
proportion  as  polarisation  is  avoided,  a  battery  or  cell  is  called 
constant.  No  perfectly  constant  form  of  battery  has  yet  been 
devised,  but  there  are  two  or  three  forms  which  make  a  fair 
approach  to  constancy  when  properly  constructed  and  employed. 

DanielPs  battery  (1836)  was  the  earliest  form  of  constant  battery, 
and  is  still  one  of  the  most  efficient.     The  metals  employed  are 


Fig.  99. 

amalgamated  zinc  and  copper,  the  zinc  dipping  in  a  dilute  solution 
of  zinc  sulphate  or  in  dilute  sulphuric  acid,  and  the  copper  in  a 
saturated  solution  of  copper  sulphate.  The  two  liquids  are  kept 
from  mixing  by  a  porous  partition  of  unglazed  earthenware,  or 
sometimes  by  putting  the  heavier  saturated  copper  solution  in  the 
bottom  of  a  vessel  and  the  lighter  liquid  above.  A  cell  arranged 
in  the  former  way  is  represented  in  Fig.  99,  where  c  and  z  are 
the  copper  and  zinc  plates  respectively,  and  D  is  the  porous 
partition.  During  the  passage  of  the  current,  metallic  zinc  is 
converted  into  zinc  sulphate,  which  dissolves  in  the  liquid  in 
contact  with  the  zinc  plate,  and  metallic  copper  separates  from 
the  solution  of  copper  sulphate  and  is  deposited  on  the  copper 
plate.    The  metallic  surfaces  thus  retain  permanently  their  original 
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character,  but  the  concentration  of  the  solutions  changes,  especi- 
ally in  close  contact  with  the  metal  plates,  and  this  causes  a  small 
decrease  of  electromotive  force  while  the  current  is  passing.  The 
normal  electromotive  force  of  a  Daniell's  cell  is  about  1.07  volt. 

In  Groves  battery  (1840)  the  evolution  of  hydrogen  is  sup- 
pressed by  the  employment  of  strong  nitric  acid,  which  gives  up 
part  of  its  oxygen  and  converts  the  hydrogen  into  water.  One 
of  the  metals  is  again  amalgamated  zinc  dipping  into  dilute 
sulphuric  acid  (i  vol.  of  acid  to  8  or  10  of  water),  which  is  sepa- 
rated from  the  nitric  acid  by  a  partition  of  porous  earthenware. 
The  use  of  nitric  acid  necessitates  the  replacement  of  copper  by 
a  metal,  platinum,  which  the  acid  does  not  attack. 


Fig.  icx). 

Bunsen^s  battery  (Fig.  100)  is  a  modification  of  Grove's,  in  which 
rods  of  dense  gas-graphite  are  substituted  for  the  expensive  plati- 
num plates.    All  else  remains  as  in  Grove's  battery. 

The  electromotive  force  of  a  Grove's  or  Bunsen's  cell  is  about 
1.8  volt. 

Among  the  many  other  forms  of  cells  that  are  in  more  or  less 
common  use,  we  may  mention  the  bichromate  and  the  Leclanchi 
cells.  In  both  of  these  the  plates  consist  of  amalgamated  zinc 
and  graphite  respectively :  in  the  former,  the  plates  dip  in  a 
solution  of  potassium  bichromate  acidulated  with  sulphuric  acid  ; 
in  the  latter,  the  liquid  is  a  saturated  solution  of  ammonium 
chloride  (sal  ammoniac),  and  the  carbon  plate  is  closely  packed 
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round  with  black  oxide  of  manganese  in  small  fragments.  The 
electromotive  force  of  a  bichromate  cell  is  about  2  volts,  but  it 
has  the  disadvantage  that  the  liquid  acts  on  the  zinc  even  when 
no  current  is  passing ;  it  must  not,  therefore,  be  left  to  stand  with 
the  plates  in  the  liquid.  A  Leclanch^  cell  has  an  electromotive 
force  of  not  quite  1.5  volt  on  open  circuit.     It  falls  considerably 


Fig.  ioi. 

when  a  current  passes,  but  recovers  when  left  to  itself,  and  the 

plates  may  be  left  in  contact  with  the  liquid  for  long  periods 

without  injury. 

In  all  the  cells  mentioned  the  zinc  terminal  is  negative. 

Fig.  IOI  represents  the  mode  of  connecting  a  number  of  cells 

to  form  a  battery,  and  shows  a  conducting  wire  joined  to  opposite 

terminals  of  the  first  and  last  cells. 
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CHAPTER   XL 
ELECTRIC  CURRENTS— RESISTANCE— OHAPS  LAW. 

108.  The  Electric  Current.— We  have  already  said  (§  103) 
that  when  the  terminals  of  a  battery  are  connected  with  the  plates 
of  a  condenser,  positive  electricity  passes  to  the  plate  in  connection 
with  the  positive  terminal,  and  negative  electricity  to  that  con- 
nected with  the  negative  terminal.  This  accumulation  of  elec- 
tricity on  the  two  plates  continues  until  each  of  them  is  brought  to 
the  same  potential  as  the  pole  of  the  battery  with  which  it  is  con- 
nected. When  this  state  of  things  has  been  reached,  there  is  a 
condition  of  equilibrium  in  which  one  condenser-plate,  the  corre- 
sponding wire,  and  the  battery  terminal  to  which  it  is  attached  are 
all  at  one  potential,  and  the  second  condenser-plate,  wire,  and 
terminal  are  all  at  another  potential,  differing  from  that  of  the  first 
plate  by  an  amount  equal  to  the  electromotive  force  of  the  battery, 
— that  is,  the  same  change  of  potential  occurs  between  the  two 
sides  of  the  dielectric  of  the  condenser  as  between  the  two 
terminals  of  the  battery,  and  the  tendency  of  the  condenser  to 
discharge  exactly  balances  the  electromotive  force  of  the  battery. 

I^  however,  the  terminals  are  connected  by  a  continuous  wire, 

a  condition  of  statical  equilibrium  is  never  established.    The  wire 

tends  to  bring  the  two  terminals  to  the  same  potential,  while  the 

battery  tends  to  maintain  between  them  a  difference  of  potentials 

equal  to  its  own  electromotive  force.    These  two  tendencies  cannot 

be  satisfied  simultaneously:  the  result  is  that  an  intermediate 

state  of  things  is  reached,  in  which  there  is  a  continuous  passage 

of  positive  electricity  in  one  direction  through  the  wire,  and  of 

negative  in  the  opposite  direction,  tending  to  equalise  the  potential 

at  the  two  ends ;  while,  at  the  same  time,  the  battery  continues 

to  supply  positive  electricity  to,  and  to  remove  negative  from,  that 

end  of  the  wire  which  has  the  higher  potential,  and  to  supply 

negative  and  remove  positive  at  the  other  end,  thus  keeping  up 

a  difference  of  potentials  between  the  ends.    This  difference  of 
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potentials  falls  short  of  equality  with  the  electromotive  force  of 
the  battery  to  an  extent  to  be  investigated  later  (§  109). 

As  long  as  these  conditions  are  maintained,  the  wire  possesses 
certain  special  properties  which  are  briefly  indicated  by  saying 
that  it  is  traversed  by  an  electric  current.  These  properties  are 
not  in  all  respects  the  same  in  both  directions — that  is,  some  of 
them  differ  according  as,  when  we  pass  along  the  wire  in  a  given 
direction,  we  are  proceeding  from  the  positive  terminal  of  the 
battery  to  the  negative,  or  the  reverse.  The  same  thing  is 
commonly  expressed  by  saying  that  the  properties  of  the  wire 
depend  on  the  direction  of  the  current^  which  is  conventionally 
understood  to  mean  the  direction  in  which  positive  electricity  is 
conceived  of  as  passing  round  the  circuit,  namely,  through  the 
battery  from  the  negative  terminal  to  the  positive,  and  through  the 
connecting  wire  from  the  positive  terminal  to  the  negative. 

Experiment  shows  that  the  characteristic  properties  associated 
with  what  is  called  the  passage  of  a  current  are  possessed  by 
every  point  in  the  circuit  formed  by  the  battery  and  the  conduc- 
tor by  which  the  terminals  are  connected,  and,  further,  that  the 
intensity  with  which  these  properties  are  exhibited,  as  well  as  their 
direction,  is  the  same  all  round  the  circuit.  It  is  found  also  by 
experiment  that  the  potential  at  any  one  point  of  the  circuit 
remains  constant,  which  shows  that  there  is  no  accumulation  of 
electricity  at  any  part.  Hence  it  is  concluded  that  the  current,  of 
which  the  circuit  is  the  seat,  is  of  the  nature  of  a  continuous  circu- 
lation such  that  every  section  of  the  circuit  is  traversed  simul- 
taneously by  the  same  quantity  of  electricity.  The  quantity  of 
electricity  which  passes  any  section  of  the  circuit  in  a  given  time 
deteiTnines  what  is  called  the  strength  of  the  current.  The  unit  of 
current-strength,  or,  as  it  is  also  called  more  shortly,  the  unit  of 
current,  commonly  employed  for  practical  purposes,  is  that  which 
corresponds  to  a  coulomb  per  second.  Such  a  current  is  called  a 
current  of  one  ampere.  The  strength  of  a  current  expressed  in 
amperes  therefore  gives  the  number  of  coulombs  which  pass  every 
cross-section  of  the  circuit  in  one  second. 

If  the  strength  of  a  current  is  constant,  it  is  represented  by  the 
formula 

where  q  is  the  quantity  of  electricity  which  traverses  any  section 
of  the  circuit  in  /  seconds,  and  since  the  quantity  which  traverses 
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every  section  of  the  circuit  is  the  same,  we  may  speak  of  this  as 
the  quantity  which  traverses  the  circuit.  If  the  current  is  variable, 
its  strength  at  a  given  instant  is  still  expressed  by  the  same 
formula  if  we  understand  by  q  the  small  quantity  that  passes 
during  an  indefinitely  short  interval  of  time,  /,  including  the 
instant  in  question. 

109.  Variation  of  Potential  along  the  Circuit.— A  charac- 
teristic property  of  the  current  is  that  on  each  of  the  conductors 
which  make  up  the  circuit,  the  potential, 
instead  of  being  uniform  throughout,  as  in 
the  condition  of  statical  equilibrium,  varies 
from  one  point  to  another,  always  decreas- 
ing in  the  direction  of  the  current. 
Let  us  suppose  that  the  terminals  of  the 

Tl     battery  are  connected  by  a  series  of  homo- 
/     geneous  cylindrical  wires,  ab,  bc,  CD  .  .  . 
/-     of  different  metals   (Fig.    102).      Take  a 
quadrant  electrometer,  the  needle  of  which 
is  kept  at  a  fixed  potential,  and  put  one 
Fig.  102.  p^jj.  q£  quadrants  in  connection  with  the 

point  A,  which  may  be,  for  instance,  the  positive  terminal  of  the 
battery,  and  the  other  with  a  variable  point,  M,  of  the  interpolar 
wire. 

From  A  to  M  there  will  be  a  fall  of  potential  which  will  vary  with 
the  position  of  the  point  M.  So  long  as  this  point  is  on  the 
wire  AB,  the  fall  is  proportional  to  the  distance  of  the  point  M  from 
A,  and  its  value  in  volts  is  equal  to  the  product  of  the  strength  of 
the  current  C,  expressed  in  amperes,  into  a  factor,  that  we  will 
denote  by  pi,  depending  on  the  length  am  measured  along  the 
wire,  on  the  material  of  the  wire,  its  thickness,  and  to  some  extent 
on  its  temperature  and  other  physical  conditions.  Thus,  letting  A 
and  M  stand  respectively  for  the  potentials  at  the  corresponding 
points,  we  may  write 

A  -  M-=  Cpi. 

If  we  put  n  for  the  value  which  pi  assumes  when  M  comes  to  B,  th 
end  of  the  first  wire,  we  have  for  the  difference  of  potentials  be- 
tween the  points  A  and  B 

A  -  B=  Cry, 
Again,  if  the  point  B  is  connected  with  one  pair  of  quadrants,  and 
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the  point  M  connected  with  the  other  pair,  is  taken  on  the  second 
wire,  BC,  we  have,  as  in  the  previous  case,  for  the  difference  of 
potentials  between  B  and  M 

B  -  M=^Cp^ 

pi  being  a  factor  depending  on  the  material  and  dimensions  of  the 
second  wire,  or,  when  M  coincides  with  c 

B  -  C-=  Cr^ 

and  so  on  for  each  wire  of  which  the  circuit  is  made  up. 

If  A'' be  the  potential  at  the  negative  terminal  of  the  battery,  the 
difference  of  potentials  between  the  terminals,  or  A  -  N,  is  the 
sum  of  the  differences  A  -  B,  B  -  C,  .  .  ,  ;  that  is 

A  -  N=  C(ri  +  n-h  n+  .  .  .  )• 

If  we  examine,  similarly,  by  means  of  the  electrometer,  the 
difference  of  potentials  between  the  terminals  of  the  several  cells 
of  the  battery,  we  find  that  in  each  case  this  is  less  than  the  corre- 
sponding difference  when  the  circuit  is  not  closed,  and  when 
therefore  no  current  is  passing,  by  an  amount  proportional  to  the 
strength  of  the  current  and  to  a  factor,  say  p\  depending  on  the 
nature  of  the  materials  forming  the  cell,  and  on  the  size  and  shape 
of  its  different  parts.  Thus  if  e  be  the  electromotive  force  of  a  cell, 
or  the  difference  of  potentials  between  the  tenninals  when  no 
current  is  passing,  the  difference/ when  it  is  traversed  by  a  current 
of  strength  C,  is 

/=  ^  -  Cp\ 

If  the  battery  consists  of  n  identical  cells  connected  in  series,  its 
total  electromotive  force,  E,  is  equal  to  n  times  the  electromotive 
force,  e,  of  one  cell ;  and  when  the  circuit  is  completed,  so  that  the 
battery  is  producing  a  current  of  strength,  C,  the  difference  of 
potentials  between  its  terminals  is  n  times  the  difference  between 
the  terminals  of  a  single  cell,  or 

A  -  N  ^nf  ^ne  -  nCp'  ■=  E  -  Cr" 

if  we  put  r^  instead  of  np. 

Equating  this  value  oi  A  -  N  with  that  previously  found,  we 
have 

£"  =  C^  +  C  (ri  +  r2  +  rs  +  .  .  . ) 
or 

E^Cir"  ^  r)^  CR 
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when  r  is  put  for  the  sum  of  the  separate  quantities,  rj,  r^r^  ,  .  . , 
and  R  for  the  total  sum  f^  +  r. 

110.  Definition  of  Resistance.— Writing  the  expressions  for 
the  difference  of  potentials  between  two  points  of  a  circuit  as 
follows : — 

A  -  B  B  -  C  C  -  D    ^ 

ri  =       ^ ' ,  ^2  =      -Q     ,  rs  =  — Q —  ,  &c. 

We  see  that  the  factors  n,  ra,  .  .  .  applicable  to  the  metallic  parts 
of  the  circuit  may  be  defined  as  the  ratio  for  each  conductor  of 
the  difference  of  potentials  between  its  ends  to  the  strength  of  the 
current  which  traverses  it  By  experiment  it  is  found  that  this 
ratio  is  constant.  If,  for  example,  various  differences  of  potentials, 
A  -  B,  A'  -  B^  A"  -  B",  .  ,  ,  h^  maintained  between  the  ends 
of  a  conducting  wire,  the  wire  is  in  each  case  traversed  by  a  current 
of  definite  strength,  such  that  if  C,  C,  C^, .  . .  represent  the  currents 
in  the  several  cases,  we  have 

A-  B      A'  -  B       A"  -  BT 

— -^ —  = p —  =    — -Txa —  =  .  .  .  =  a  constant  =  n. 

This  ratio,  which  for  every  conductor  has  a  definite  value  charac- 
teristic of  that  conductor,  is  called  its  resistance. 

In  order  that  any  conductor  which  is  not  itself  the  seat  of 
electromotive  force  may  be  traversed  by  a  current,  it  is  essential 
that,  as  the  result  of  an  external  electromotive  force  applied  to 
it,  the  potential  at  the  part  where  the  current  enters  should  exceed 
that  at  the  part  where  the  current  leaves — that  is  to  say,  there 
must  be  a  drop  of  potential  as  we  pass  with  the  current  through 
the  conductor.  The  resistance  of  the  conductor  may  then  be 
shortly  defined  as  the  drop  of  potential  corresponding  to  a  current 
of  unit  strength  traversing  the  conductor. 

A  galvanic  cell  is  a  conductor  which  is  the  seat  of  electromotive 
force.  Where  there  is  no  current,  there  is  a  difference  of  potentials, 
say  ^,  between  the  terminals  equal  to  the  electromotive  force  of  the 
cell  When  the  terminals  are  joined  by  a  wire,  a  current  traverses 
the  cell  from  the  terminal  which  has  the  lower  potential  to  that 
which  has  the  higher,  and  the  difference  of  potentials  assumes  a 
value,  say  f  less  than  the  electromotive  force  of  the  cell,  so  that 
there  is  a  decrease  in  the  difference  of  potentials,  in  consequence  of 
the  passage  of  the  current,  equal  toe  -f  This  decrease,  divided  by 
the  strength  of  the  current,  is  again  a  constant  quantity,  charac- 


Digitized  by 


Google 


§  I  n]     Resistance  of  Combinations  of  Conductors,       1 5/ 

teristic  of  each  particular  cell,  an^  is  called  its  resistance.  Using 
accents  to  distinguish  the  values  in  different  cases,  this  may  be 
expressed  in  symbols  as  follows  : — 

-"/-^  '-f  =  ^-^  =  .  .  .  =  a  constant 

Accordingly,  the  resistance  of  a  galvanic  cell  may  be  defined  as 
the  decrease  of  difference  of  potentials  between  its  terminals  due  to 
the  passage  of  unit  current, 

111.  Resistance  of  Combinations  of  Oondnctors.— If  several 
conductors  are  connected  end  to  end,  or  in  series^  so  as  to  be 
traversed  by  the  same  current,  the  resistance  of  the  combination 
is,  by  definition,  the  drop  of  potential  between  the  points  where 
the  current  enters  and  leaves  the  series  divided  by  the  strength 
of  the  current ;  and,  as  appears  at  once  on  writing  down  the 
values,  it  is  equal  to  the  sum  of  the  resistances  of  the  separate 
conductors.  Thus,  using  the  same  notation  as  previously,  we 
have  for  the  resistances  of  the  first,  second,  third,  .  .  .  conductors 
taken  by  themselves 

A  '  B  B  -  C  C  -  D   ^ 

and  for  the  resistance  of  the  combination 

A-N 


r  =  ri  +  r2-hr3-\r,  .  . 
since 

(A  -B)  +  {B-C)  +  {C-  D)  +  .  ,  ,=A  -  N, 

Similarly,  for  a  battery  formed  of  a  number  of  cells  connected  in 
series ;  if  ^i,  e^,  ,  .  .  are  the  electromotive  forces  of  the  separate 
cells  when  no  current  is  passing,  and/i,y2, ...  the  differences  of 
potential  between  their  terminals  when  the  circuit  is  closed,  and 
if  £  and  F  have  corresponding  meanings  for  the  whole  battery, 
the  resistances  of  the  separate  cells  are 

and  the  resistance  of  the  battery  is 


Digitized  by 


Google 


158  Resistance.  [§  m- 

Now  it  is  found  by  experiment  (§§  97,  102)  that  -£  —  ^1  +  ^3  +  .  .  . , 
and  F  =/i  +^  +  . .  .,  hence 

r  =  l'.^A±^p?k±^---  =  n  +  r,+  .  .  ., 

or,  again,  the  resistance  of  the  combination  is  the  sum  of  the 
separate  resistances. 

If  a  number  of  conducting  wires  whose  separate  resistances 
are  n,  rsj,  n,  .  .  .  are  employed  to  connect  the  same  points,  as 
A  and  B  (Fig.  103),  the  total  current  of  strength,  say  C,  divides 


among  the  wires,  so  that  the  sum  of  the  currents  in  the  separate 
branches  is  equal  to  the  undivided  current,  or 

C  =  ^1  +  ^2  +  <^3  +   ... 

If  we  put  A  -  B  for  the  difference  of  potentials  between  the  points 
A  and  B,  the  resistances  of  the  separate  wires  are  given  by 

^,      A-B       ^      A  -B       ^_.A^B. 

Cl  C2  cs 

and  the  resistance  of  the  combination  is 
A-B        A  - n 


r  = 


C      "   A  +  ^a  +  ^3  +   .  .  . 
whence, 

I       I       I       I  • 

Conductors  connected  in  this  manner  are  variously  spoken  of  as 
being  connected  abreast^  or  in  multiple  arCy  or  in  parallel  circuit, 
A  case  that  occurs  in  practice  very  frequently  is  where  two  conduc- 
tors are  so  combined.  In  this  case  the  resistance  of  the  combina- 
tion is  r  =  -^  ^^  >  the  product  of  the  separate  resistances  divided 
r\  +  ra 

by  their  sum. 
If  two  galvanic  cells  whose  separate  resistances  are  r^  and  r^ 
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respectively,  and  whose  electromotive  forces  are  e^  and  e^^  are  con- 
nected in  multiple  arc,  their  positive  terminals  being  joined  at  A 
(Fig.  104)  and  their  negative  terminals  at  B,  the 
difference  of  potentials  between  the  points  A  and 
B  may  be  found  from  the  following  considera- 
tion. The  two  cells  form  a  closed  circuit,  round 
which  there  will  in  general  be  a  current  which 
will  traverse  one  of  the  cells,  namely,  that  one 
which  has  the  greater  electromotive  force,  from 
the  negative  to  the  positive  terminal  (this  may 
be  called  the  natural  direction),  and  the  other 
from  the  positive  to  the  negative  terminal  (or  in 
the  inverse  direction).  Let  c  denote  the  strength 
of  this  current;  then,  according  to  §  109,  the 
difference  of  potentials  between  A  and  B  will 
be  less  than  the  electromotive  force,  say  5^1,  of  the  stronger  cell, 
and  greater  than  that,  ^2,  of  the  weaker  cell,  by  the  product  of 
the  current  strength  into  the  resistance  of  the  corresponding  cell. 
ME  be  this  difference  of  potentials,  we  have  accordingly 

E  —  e\-  cr\  and  ^  =  ^2  +  cr^. 

Or,  eliminating  c  between  these  two  values, 

ex  rg  +  ^2  '1 


E^- 


n  +  ^2 


Now  suppose  the  points  A  and  B  connected  by  a  wire  of  resist- 
ance r  (Fig.  105).  This  wire  will  be  traversed 
by  a  current  flowing  from  A  to  B  of  strength 
C  =  ^1  +  ^,  if  C\  and  c^  denote  the  currents  now 
flowing  from  B  to  A  through  the  two  cells 
respectively.  As  the  result  of  this  current, 
the  difference  of  potentials  between  A  and  B 
will  now  be  less  than  before  :  let  it  be  denoted 
by  /^  Then,  by  the  definition  given  at  the 
end  of  §  no,  we  have  for  the  resistance  of 
the  single  cell  which  would  be  equivalent  to 
the  given  combination  of  two  cells 

^~      C 

To  determine  /%  we  may  apply  the  same  definition  to  the  two  cells 
taken  separately  ;  we  thus  get 
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ei-  F  £2-  F 

n  =  — T —  and  r2  =  — :: —  > 

while  the  consideration  of  the  connecting  wire  gives 

F 

Remembering  that  C  =  ci  +  C2,  these  equations  give 


F  = 


rri  +  fy-i  +  ri  rs 


F         ^1  ra  +  ^2  n 

andC  =  —  = 


Putting  these  values  into  the  expression  for  Ry  we  have 
E     F     rrx  +  rr^  +  r\  r2  rj  n 


C      C  n  +  ra  n  +  r2 

Hence  it  appears  that  when  two  conductors  are  connected  in 
multiple  arc,  the  resistance  of  the  combination,  or,  in  other  words, 
the  resistance  of  the  single  conductor  by  which  the  two  given  con- 
ductors can  be  replaced  without  altering  the  strength  of  the  current 
in  any  other  part  of  the  circuit,  is  in  all  cases  equal  to  the  product 
divided  by  the  sum  of  the  separate  resistances,  whether  these  are 
simple  metallic  wires,  or  whether  they  are  galvanic  cells,  or  other 
arrangements  which  form  the  seats  of  electromotive  forces.  In  the 
first  case,  the  single  equivalent  conductor  must  not  contain  an 
electromotive  force ;  in  the  second  case,  it  must  be  the  seat  of 
an  electromotive  force  E  =  {eir^  +  e^n)!  (n  +  ^2). 

112.  Ohm's  Law. — The  nature  of  electric  resistance,  and  the  fact 
that  the  resistance  of  any  given  conductor  has  a  definite  numerical 
value  characteristic  of  that  conductor,  were  first  clearly  recognised 
by  G.  S.  Ohm.  The  properties  of  the  electric  circuit  were  discussed 
by  him  from  this  point  of  view  in  a  work  published  in  1826,  and  the 
relations  that  he  established  between  the  electromotive  force  or 
forces  acting  in  a  circuit,  its  resistance,  and  the  strength  of  the 
current  by  which  it  is  traversed,  form  the  starting-point  of  all  cal- 
culations involving  these  magnitudes.  This  relation  is  usually 
referred  to  as  OhnCs  Law,  and  may  be  expressed  in  symbols  by  the 
following  equation — 

E  E 

JR  =  Y^  t      ^  ^^  ~/S  ^    E  !=  CR 
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which  may  be  applied  either  to  a  single  conductor  or  to  a  complete 
circuit  R  is  the  resistance  of  the  conductor,  or  the  total  resistance 
of  the  circuit,  as  the  case  may  be  ;  E  the  electromotive  force  acting 
in  the  conductor,  or  the  resultant  electromotive  force  of  the  circuit ; 
and  C  the  strength  of  the  current 

The  unit,  in  terms  of  which  resistances  are  commonly  expressed, 
or  th&  practical  unit  of  resistance^  is  called  an  ohm,  and  is  such  that 
an  electromotive  force  of  one  volt  applied  to  a  homogeneous 
metallic  conductor  having  this  resistance  will  maintain  in  it  a 
current  of  one  ampere.  The  ohm  will  be  more  fidly  discussed  in 
the  chapter  on  Electrical  Units  (Chap,  xxx.),  but  we  may  state 
here  that  it  is  very  nearly  equal  to  the  resistance  at  o**  C.  of  14.452 
granmies  of  mercury  in  the  form  of  a  column  of  uniform  cross-section 
and  106.3  cm.  long. 

Ohm  not  only  showed  that  the  resistance  of  a  given  conductor  in 
a  given  condition  is  a  constant  quantity  depending  on  its  material 
and  dimensions,  but  he  also  showed  that  the  resistance  of  a  conduc- 
tor of  uniform  cross-section  j,  and  length  /,  is  expressed  by 

where  p  is  a  constant  characteristic  of  the  material,  called  its 
specific  resistance.  The  full  statement  of  Ohm's  law  must  be  taken 
as  including  this  equation. 

113.  Specific  Resistance. — If  we  put  A*i  for  the  resistance  of  a 
conductor  of  length  i  cm.,  and  cross-section  i  cm. 2,  /  and  s  in  the 
above  expression  both  become  unity,  and  we  have  ^1  =  p,  which 
gives  us  the  definition  of  the  specific  resistance  of  a  material  as  the 
resistance  of  a  conductor  of  that  material  i  cm.  long  and  having  a 
cross-section  of  i  cm^.  The  shape  of  the  cross-section  makes  no 
difference,  so  that,  for  the  purposes  of  this  definition,  we  may 
suppose  that  we  take  i  cm.  length  along  a  square  rod  measuring  i 
cm.  across  each  way  ;  such  a  piece  would  be  a  centimetre-cube,  and 
its  resistance  would  be  the  specific  resistance  of  the  material  But 
it  is  important  to  notice  that,  when  specific  resistance  is  defined 
as  the  resistance  of  a  centimetre-cube,  it  is  to  be  understood  that 
the  flow  of  electricity  takes  place  between  opposite  faces  and  is 
uniformly  distributed  throughout  the  cross-section. 

The  specific  resistances  of  the  metals  increase  with  temperature, 
and  therefore  also  the  actual  resistances  of  conducting  wires.    If 
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the  resistance  of  a  wire  at  o°  C.  is  denoted  by  7?^,  its  resistance  at 
/°  may  be  represented  to  a  first  approximation  by 

R  =  /?,(!+  «/), 

where  a  is  a  coefficient  depending  on  the  material.  For  several 
pure  metals,  the  value  of  a  has  been  found  to  be  from  0.0036  to 
0.0038,  or  nearly  equal  to  the  coefficient  of  expansion  of  gases. 
For  alloys,  the  value  of  a  is  much  smaller,  and  bodies  are  known 
for  which  its  value  is  actually  negative  beyond  a  certain  moderate 
temperature. 

Recent  experiments  by  Professors  Fleming  and  Dewar  show 
that  at  very  low  temperatures,  such  as  can  be  obtained  by  the 
evaporation  of  liquid  oxygen,  the  specific  resistances  of  the  pure 
metals  are  very  much  less  than  they  are  at  ordinary  temperatures. 
The  following  numbers  are  taken  from  their  results  : — 


Approximate 
Temperature. 

Specific  Resistance. 

Silver. 

Copper. 

Iron. 

O'C. 
-200' 
-220' 

10974 
3339 
2439 

1489 
390 

1564 
289 
144 

9115 

1220 

660 

The  specific  resistances  of  non-metallic  liquids  are  enormously 
greater  than  those  of  metals,  and  they  decrease  with  rise  of  tem- 
perature. 

A  table  giving  numerical  values  for  a  number  of  substances,  both 
metallic  and  non-metallic,  is  given  at  the  end  of  this  volume. 
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CHAPTER   XII. 

APPLICATIONS  OF  OH  APS  LAW. 

114.  Onrrent  in  a  Simple  Oircnit. — Ohm's  law  enables  us  to 
calculate  immediately  the  strength  of  the  current  that  a  given 
battery  will  produce  through  any  conductor  of  known  resistance 
which  may  be  connected  with  its  terminals.  For  instance,  suppose 
the  battery  to  consist  of  n  cells  connected  in  series,  each  having 
electromotive  force  e  and  resistance  r^,  and  that  its  terminals  are 
connected  by  a  wire  of  resistance  r.  Then  the  total  electromotive 
force  of  the  circuit  isE  =  ney  and  the  total  resistance  \sR  =  n^  +  r; 
consequently  the  current  is 


If  the  cells  composing  the  battery,  instead  of  being  all  identical, 
have  various  electromotive  forces  and  resistances,  ^i,  e^,  ,  .  ,  and 
'I'j  ^3')  •  •  • )  we  shall  have  E  =  ei  -\-  e^  +  .  .  . ,  and  -^  =  r  + 
ri'+^a  +  .  .  .  Again,  if  any  of  the  cells  are  connected  with  their 
poles  in  the  opposite  direction  to  the  rest,  the  values  of  e  for  them 
must  be  taken  as  negative — that  is  to  say,  E  must  be  taken  as  the 
algebraic  sum  of  the  separate  electromotive  forces.  The  resistance 
of  a  cell  comes  into  account  in  the  same  manner,  whichever  way 
it  is  connected  in  the  circuit ;  hence  the  value  of  R  is  not  affected 
by  the  reversal  of  any  of  the  cells. 

115.  Geometrical  Bepresentation.  —  The  influence  on  the 
strength  of  the  current  of  the  electromotive  force  of  the  battery, 
and  of  the  relative  resistance  of  the  battery  and  the  rest  of  the 
circuit,  can  be  conveniently  expressed  geometrically  by  the  con- 
struction of  Fig.  106.  Here  horizontal  distances  represent  resist- 
ances, and  vertical  distances  electromotive  forces  or  differences  of 
potential,  mn  represents  the  resistance  of  the  battery,  NO  the 
external  resistance,  MK  the  electromotive  force,  ajid  nl  the 
difference  of  potentials  between  the  battery  terminals. 

The  strength  of  the  current  is  given  by  the  slope  of  the  line  KO, 
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that  is,  by  the  tangent  of  the  angle  at  O,  or  if  we  draw  kp  parallel 
to  MO,  to  represent  one  ohm  (represented  in  the  figure  by  1.5  cm.), 
and  PQ  at  right  angles  to  kp,  the  current  is  represented  by  the 
length  of  the  single  line  PQ.     For,  by  construction 


'  R 


MK 
MO 


=    tan  MOK  =  tan  pkq  = 


PQ 
PK 


=  PQ. 


The  figure  also  shows  clearly  the  relation  between  F^  the  difference 
of  potentials  at  the  terminals  of  the  battery,  and  the  electromotive 
force  E=ne,    For  nl,  which  represents  F,  is  equal  to  mk  -  LL', 

MIC 

and  Ll'  =  MN  X  —  which  is  equivalent  to 
MO  ^ 

F^E  -bC^  E- 


K 


TTr' 

where  the  single  symbol  b  is  put  for  «^,  the  resistance  of  the 
P  1/ 


Fig.  106. 

battery,  in  order  to  recall  the  fact  that,  as  long  as  the  battery 
remains  unaltered,  its  resistance  is  a  constant  quantity. 

It  is  easy  from  the  same  figure  to  see,  at  least  generally,  how 
the  strength  of  the  current  depends  on  the  external  resistance. 
If  this  is  great,  O  will  be  very  far  from  N,  the  line  KO  will  be 
nearly  parallel  to  MO,  and  PQ,  which  is  proportional  to  the  current 
strength,  will  be  small ;  obviously,  however,  PQ  does  not  vanish 
for  any  finite  value  of  NO  or  r.  On  the  other  hand,  if  r  diminishes, 
O  approaches  N,  and  finally  coincides  with  it.  In  this  case  the 
current  attains  its  maximum  value,  C  =  EJb  —  elr^,  which  is  the 
same  as  that  of  the  maximum  current  obtainable  from  a  single 
cell.    When  the  terminals  of  a  cell  or  battery  are  connected 
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through  a  conductor  of  no  appreciable  resistance,  the  battery  is 
often  spoken  of  as  being  short-circuited.  Fig.  107  represents  the 
effect  of  short-circuiting  a  battery  of  twelve  similar  cells  in  series, 
the  resistance  of  each  cell  being  represented  by  an  arc  of  a  circle 
instead  of  by  a  distance  along  a  straight  line. 

In  Fig.  106,  a  vertical  ordinate  drawn 
from  any  point  in  NO  would  represent 
the  difference  of  potentials  between  that 
point  and  O,  which  corresponds  with  the 
negative  terminal 

116.  Eirchhofrs  Laws.--The  two 
following  deductions  from  Ohm's  law, 
often  referred  to  as  Kirchhoff*s  rules, 
are  useful  in  calculations  relating  to 
complex  circuits : — 

I*  If  several  conductors  meet  at  the  „ 

same  point,  the  algebraic  sum  of  the 

strengths  of  the  currents  in  the  several  conductors,  reckoned  positive 
when  the  direction  of  the  current  is  towards  the  point,  is  equal  to 
nothing,  or 

2^  =  a 

2.  If  two  or  more  conductors  form  a  closed  figure,  the  algebraic 
sum  of  the  products  of  the  resistances  of  the  several  conductors  into 
the  strengths  of  the  currents  through  them,  reckoned  positive  the 
same  way  round  the  figure,  is  equal  to  the  algebraic  sum  of  the 
electromotive  forces  acting  round  the  figure  in  the  same  direction, 
or 

Icr  =  2^. 

The  first  of  these  theorems  may  be  regarded  as  self-evident,  it 
being  simply  an  expression  of  the  fact  that  under  the  given  conditions 
there  is  no  accumulation  (positive  or  negative) 
of  electricity  at  the  point  considered  (Fig.  108). 

The  second  depends  upon  the  relation  al- 
ready pointed  out  (§  109),  that  the  difference  of 
potentials,  f,  between  the  ends  of  a  conductor 
which  is  the  seat  of  electromotive  force  e,  is  '^'' 
less  than  e  when  the  conductor  is  traversed  p       ^ 

by  a  current  in  the  direction  of  that  which 
the  electromotive   force   tends    to    produce,  by  the  product  of 
the  strength  of  current  into  the  resistance,  or 

f^e  -  CK 
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Applying  this  result  in  succession  to  each  of  the  conductors  form- 
ing a  closed  circuit,  we  get  from  any  selected  starting-point  back 
to  the  same  point  again ;  accordingly,  the  sum  of  the  differences 
of  potential  round  the  circuit  must  be  zero,  or 

2/=  o,  whence  2^  =  2^. 

An  important  special  case  falling  under  this  theorem  is  when  a 
number  of  metal  wires  form  a  closed  circuit  (Fig.  109) :  here  e 
is  equal  to  nothing  for  each  conductor, 
and  therefore  also  for  the  sum,  or 
2^r  =  a 

117.  Oondnctoni  in  Multiple  Arc 
— By  aid  of  the  foregoing  results  it  is 
easy  to  solve  many  problems  which 
present  themselves  in  connection  with 
complex  combinations  of  conductors. 
We  will  consider  first  a  number  of 
metallic  conductors  joining  the  same 
points  A  and  B ;  three  conductors  (Fig.  1 10)  will  be  enough  to 
illustrate  the  general  case.     If  n^  f^rp^  are  the  resistances  of  the 


Fig.  109. 


Fig.  1 10. 

separate  conductors,  we  have  already  seen  (§  iii)  that  the  resist- 
ance R  of  the  combination  is 


R^ 


nnr^ 


r^n  +  riTz  +  rir% 


The  strength  of  the  current  in  each  branch  may  be  expressed  in 
terms  of  the  total  current  C  as  follows :  putting  A  —  B  iox  the 
difference  of  potentials  between  the  points  A  and  B,  we  have 


whence 


A-B 


A'B 


Cm- 


A  'B 


^_A - B  ^A - B  ^A " B , 
n  r2  r% 
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or  c  ^  C  ^V'a 

Similarly 

^,=  C "^ ;      ct^C-  ''^''^ 


The  case  that  occurs  oftenest  in  practice  is  the  simple  one  of 
two  conductors.  This  is  included  in  the  above  formula  if  we 
suppose  rt  to  become  infinite,  when  we  get 


n  +  r%  n  +  ra 

As  one  among  many  instances  of  the  application  of  these  formulae, 
we  may  refer  to  the  measurement  of  currents.  It  often  happens 
that  it  is  not  desirable  to  allow  the  whole  of  the  current  to  pass 
through  the  measuring  instrument.  In  such  a  case,  supposing  the 
resistance  of  the  instrument  to  be  n,  its  terminals  may  be  con- 
nected by  a  wire  of  resistance,  ra,  frequently  called  a  shunt. 
Then  if  Uie  total  current  is  C,  and  the  current  indicated  by  the 
measuring  instrument  is  ci^  the  strength  of  the  total  current  is 
given  by 

r%  \        r^/ 

For  example,  if  r^r^  =  9j  ^  =  ^^1  \  if  n/ra  =  99,  C  =  looti. 

lia  Voltaic  Oells  or  Batteries  in  Multiple  Arc—Let  ^i,  e^  e^, 
be  the  respective  electromotive  forces  of  three  single  voltaic  cells 


or  batteries  connected  as  in  Fig.  in;  n,  n,  n,  the  corresponding 
resistances  measured  between  the  points  A  and  b  ;  Ci,  c^,  cs,  the 
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currents  through  the  several  cells  ;  lastly,  r  the  resistance  of  a 
wire  connecting  A  and  B,  and  c  the  current  in  it  By  applying 
Kirchhoffs  second  rule  to  the  circuit  formed  by  taking  the  cells, 
one  at  a  time,  together  with  the  connecting  wire  r,  we  get  the 
equations  ^  ^ 

cr  +  Cxn  =  euorc—  +  ci=  -1 

n  n 

cr^c^,  =  e^oxcL^c,^'S 

cr  +  c^z  =  ^j,  or  ^  —  +  <rs  =  ~ . 
n  rz 

Then,  adding,  reducing  to  a  common  denominator,  and  simplify- 
ing, we  get  for  the  current  in  the  external  conductor 

ex  n  rz  +  ^2  n  rz  -f  ez  n  n 

^"^  nnrz  +  rr2  rz  +  rrirz-\r  rri  rz 

For  the  resistance  7?  of  a  single  cell  equivalent  to  the  combination, 
we  have  (§  in)  ^  ^  n  r^  ra 

r2  rs  +  n  rz  +  n  ri 
To  obtain  the  electromotive  force  of  the  equivalent  single  cell,  we 
^ave  E  =  c{R  +  r) 

which,  putting  in  the  values  of  c  and  R  and  reducing,  gives 

^  __  gi  n  rs  +  €2  n  rz  +  cz  n  rz 

rz  rz  +  ri  ^3  +  n  'la 

We  may  note  the  following  special  cases : — 

1.  All  three  cells  have  the  same  electromotive  force,  say  ^,  then 

which  shows  that  the  resultant  electromotive  force  of  any  number 
of  equal  cells  connected  in  multiple  arc  is  the  same  as  that  of  a 
single  cell  of  the  same  kind. 

2.  All  the  cells  have  the  same  resistance  ;   in  this  case  the 
formula  gives  g,  +  ^^  +  cz 

^ 3 

or,  the  resultant  electromotive  force  of  any  number  of  cells  of  equal 
resistance  connected  in  multiple  arc  is  the  arithmetic  mean  of  their 
separate  electromotive  forces. 

To  get  the  currents  in  the  separate  branches,  we  may  start  from 
the  equation  ^i-(^i-^)/n 
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^i=- 


and  the  corresponding  expressions  for  c%  and  c^.    Putting  in  the 
value  of  c  already  found,  we  get 

e\  (^2  rz'\rrr%-\-  rr^  -  e^rrz-  ez  rr^ 
n  r2  rs  +  rTi  rz  +  rri  rz  +  rrirt 

The  values  of  C2  and  cz  may  be  obtained  similarly,  or  they  may  be 
written  down  from  the  last  expression  by  cyclically  changing  the 
suf3fixes.  It  is  evident  that  the  denominator  is  not  adtered  thereby. 
119.  Best  Airangement  of  Oells. — Suppose  that  n  similar  cells, 
each  of  resistance  r  and  electromotive  force  e,  are  available  for 


Fig.  1 12. 


Fig.  113. 


sending  a  current  through  a  conductor  of  resistance  ^ :  the  cells 
may  be  grouped  in  various  ways,  as  all  in  series  (Fig.  112),  or  all 
in  multiple  arc  (Fig.  113) ;  or  they  may  be  arranged  in  an  inter- 
mediate manner,  being  divided  into  two  or  more  series  and  these 
again  being  joined  in  multiple  arc  (Fig. 
114).  In  general,  any  change  in  the 
arrangement  of  the  cells  will  cause  an 
alteration  in  the  strength  of  the  current 
in  the  external  conductor,  and  the  ques- 
tion arises,  how  must  they  be  combined  | 
in  order  to  make  this  current  as  strong 
as  possible  ?  Let/  be  the  number  of  cells 
in  each  series,  and  ^  the  number  of 
series,  so  that  Pg  =  n.  The  resistance 
of  each  series  will  be  pr,  and  the  resist- 
ance of  the  q  series  in  multiple  arc  will  be 

i>  .  .        . 

-r.    Again,  the  electromotive  force  of  each  senes  will  be  pe,  and 

as  the  series  are  all  equal,  this  will  also  be  the  electromotive  force  of 
the  whole  combination.  Consequently  the  strength  of  the  current 
will  be  . 

r        r 

JrlqV?"^  pr^q/ 


Fig.  114. 
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The  mmierator  of  the  expression  for  C,  in  its  second  form,  is  con- 
stant, and  C  will  therefore  be  greatest  when  the  denominator  is 
least.  But  the  product  of  the  two  terms  of  the  denominator  is 
pqrr^  =  nrt*^  a  constant  quantity,  and  therefore  the  denominator 
has  its  smallest  value  when  its  two  terms  are  equal,  or/r  =  ^/, 
that  is,  when  the  resistance  of  the  battery  is  equal  to  the  external 
resistance,  or,  what  is  the  same  thing  (since  the  last  equation  is  the 
same  as  p\q  =  r'/r),  when  the  number  of  cells  in  each  series  is  to 
the  number  of  series  as  the  external  resistance  is  to  the  resistance 
of  a  single  celL  Seeing  that/  and  q  must  be  whole  numbers,  and 
pq  =  fly  it  is  not  generally  possible  to  satisfy  accurately  the  condi- 
tion for  a  maximum  current ;  all  that  can  then  be  done  is  to  choose 
the  arrangement  that  comes  nearest  If  r',  the  external  resistance, 
is  very  much  greater  than  r,  the  resistance  of  one  cell,  we  must 
make  pjq  as  great  as  possible,  or  p  =  n  and  ^  =  i  ;  on  the  other 
hand,  if  //r  is  small,  we  must  make/  =  i  and  ^  =  «. 

120.  Oonduction  in  Two  Dimensions.— If,  in  place  of  being  a 
thin  wire,  the  conductor  is  a  uniform  flat  sheet  to  which  electricity 
is  supplied  or  from  which  it  is  withdrawn  at  a  given  point,  the 
current,  instead  of  taking  place  in  one  direction  only,  will  spread 
out  from  the  point  on  all  sides,  or  converge  towards  it,  as  the  case 
may  be.  If  we  suppose  the  uniform  sheet  to  extend  without  limit 
in  all  directions,  it  is  evident  that  the  current  will  spread  uniformly, 
and  that  the  flow  will  take  place  along  straight  lines  drawn  through 
the  point.  If  the  quantity  of  electricity  given  to  or  removed  from 
such  a  sheet  in  a  second  is  Q  coulombs,  and  we  draw  straight  lines 
through  the  point,  making  with  each  other  a  common  angle  a, 

such  that  „      ^^in 

.     a  =  2  7r/2, 

the  total  flow  between  each  pair  of  consecutive  lines  will  be  one 
ampere.  A  quantity  equal  to  Q  will  flow  in  every  second  across 
any  circumference  having  its  centre  at  the  electrode  or  point  where 
electricity  is  supplied  or  withdrawn,  and  the  flow  across  equal 
parts  of  such  a  circumference  will  be  equal  The  flow  per  second 
across  unit  length  of  a  circiunference  drawn  through  any  point  of 
the  sheet  may  therefore  be  taken  as  the  measure  of  the  intensity  or 
density  of  the  current  at  that  point.  Thus  at  any  point  at  a  distance 
r  from  the  electrode,  the  intensity  of  the  flow  is  Ql2irr  =  i  /or, 

Qs       e 

and  the  total  flow  across  an  arc  of  length  s  is  r-z  =  Qr-y  if  we  write 

s 
B  for  the  angle  -  subtended  by  the  arc  s. 
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It  is  evident  horn,  symmetry  that  the  potential  at  every  point  on 
a  circle  drawn  about  the  electrode  as  centre  mtist  be  tlie  same,  or 
that  any  such  circle  must  be  an  equipotential  line.  And  since  the 
direction  of  flow  in  a  conductor  is  the  direction  of  decreasing 
potential,  the  potential  must  decrease 
with  increasing  distance  from  an  elec- 
trode that  supplies  electricity  to  the 
sheet,  that  is,  from  a  source^  and  must 
increase  with  decreasing  distance  from 
a  sink^  or  an  electrode  that  removes 
electricity  from  the  sheet  Consider 
(Fig.  115)  two  concentric  equipotential 
circles  of  very  nearly  equal  radii,  r  and 
r  +  //r,  and  draw  two  radii,  making  a 
very  small  angle  dQ  with  each  other. 
The  two  circles  and  the  two  radii  will 
intercept  a  small  area  on  the  conducting  sheet,  which,  in  the  limit, 
may  be  treated  as  a  rectangle  of  length  dr^  in  the  direction  of  the 
current,  and  of  breadth  rdQ^  at  right  angles  to  the  current.  If  d  is 
the  thickness  of  the  sheet  and  p  its  specific  resistance,  the  resist- 
ance of  this  elementary  portion  may  be  taken  as 


Fig. 


115. 


A 


pdr 
rirdff 


The  whole  circular  strip  bounded  by  the  two  circles  contains  2'R\dQ 
such  areas,  which  may  be  considered  as  conductors  connected  in 
multiple  arc,  and  therefore  the  resistance  of  the  whole  strip  to  the 
radial  flow  taking  place  across  it  is 


^   h^ 


To  get  the  resistance  of  an  annular  belt  contained  between  circles 
of  radii  n  and  r^  differing  by  a  finite  amount,  we  require  to  integrate 
this  expression  between  the  corresponding  limits.  Thus  the  resist- 
ance of  the  belt  is 

R^^  /^  =  _L^log  ?^  =  o.3665^1og  ^» 
27rdy     r       2nd     ^n      ^'^^^d      ion 

But  (§112)  the  difference  of  potentials  between  two  equipotential 
circles  is  equal  to  the  resistance  of  the  intervening  portion  of  the 
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conductor  multiplied  by  the  strength  of  the  current:  we  have 
therefore  for  the  amount  by  which  the  potential  at  radius  r%  exceeds 
that  at  radius  r^ 

V%-  Vi—  -  0.3665  ^  log  ^,  if  the  centre  is  a  source^ 
o        **^ 

and  P^  -  Fi  =  0.3665  i^  log  — ?,  if  the  centre  is  a  stnk. 

It  follows  that  a  series  of  circles  drawn  about  the  same  electrode 
have  a  constant  difference  of  potentials  between  each  one  and  the 
next  if  their  radii  are  in  geometrical  progression,  and  if  Vi  be  the 
potential  at  unit  distance  from  an  electrode,  the  potential  at  any 

distance  r  is  given  by  V=  Vi  —  0.3665  ^  log  r,  the  sign  of  Q 

being  taken  positive  for  a  source  and  negative  for  a  sink. 

121.  Two  Eqinal  Opposite  Electrodes— Lines  of  Flow.— 
Now  consider  a  source  A  (Fig.  116)  supplying  Q  coulombs  per 
second  to  a  conducting  sheet,  and  a  sink  B  removing  electricity  at 


Fig.  116. 

the  same  rate.  In  this  case  there  is  no  change  in  the  total  quantity 
of  electricity  possessed  by  the  sheet,  and  therefore,  with  a  limited 
sheet,  if  the  shortest  distance  from  the  electrodes  to  any  point  of 
the  boundary  is  great  in  comparison  with  the  distance  between  the 
electrodes,  the  state  of  things  does  not  differ  appreciably  from  what 
would  exist  in  the  corresponding  portion  of  an  unlimited  sheet, 
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and  can  be  deduced  by  simply  superposing  on  each  other  the  con- 
ditions which  we  have  already  seen  would  apply  in  the  case  of  a 
source  or  a  sink  respectively  existing  by  itself  in  an  unbounded 
sheet.    Let  AH,  Al,  AK,  be  drawn  through  A,  making  a  constant 

angle  «  =  "^  with  each  other ;  and  let  BH,  Bl,  BK  .  .  .  be  drawn 

similarly  through  B.  Considering  the  effect  of  the  source  A  by 
itself,  the  flow  between  ah  and  Al  into  the  quadrilateral  HHi  li' 
across  hi',  would  be  one  ampere.  Similarly,  considering  the  sink 
B  by  itself,  the  flow  due  to  it  between  bh  and  Bi  would  be  one 
ampere  out  of  the  same  quadrilateral  across  I'l.  The  resultant 
flow  due  to  the  co-existence  of  the  source  and  sink  must  then  be 
such  as  to  satisfy  simultaneously  the  conditions  of  a  flow  of  one 
ampere  inwards  (with  respect  to  the  quadrilateral  considered) 
across  Hi'  and  outwards  across  I'l.  Obviously,  also,  corresponding 
conditions  must  apply  to  the  flow  across  the  boundaries  of  any  of 
the  quadrilaterals  into  which  the  whole  surface  of  the  conducting 
sheet  is  cut  up  by  the  mutual  intersection  of  the  two  sets  of  rays 
drawn  outwards  from  A  and  inwards  towards  B.  Again,  consider 
the  flow  at  one  of  the  points  of  intersection,  say  H  :  the  flow  due 
to  A  alone  is  along  hhi,  and  that  due  to  B  alone  is  along  Hi'.  The 
resultant  flow  must  have  an  intermediate  direction.  Similarly  at 
I  the  resultant  flow  must  have  a  direction  intermediate  between 
III  and  ik'.  Now,  trace  a  curve,  such  as  hik,  through  alternate 
angles  of  successive  quadrilaterals,  and  consider  one  of  the  result- 
ing triangles,  such  as  Hi'i :  we  have  already  seen  that  the  flow 
into  this  triangle  across  the  side  hi'  is  equal  to  the  outward  flow 
across  I'l.  Therefore,  on  the  whole,  there  can  be  no  flow  inwards 
or  outwards  across  the  third  side,  HI,  of  the  triangle.  Hence  we 
see  that  lines  drawn  like  h'i'k',  hik,  HiIiKi,  in  the  figure  are  such 
that,  on  the  whole,  no  electricity  flows  across  them  ;  and  by  taking 
the  common  angle  between  the  constructive  lines  of  the  figure 
smaller,  so  that  the  flow  between  consecutive  lines  due  to  source  or 
sink  alone  is  less  than  one  ampere,  we  may  determine  as  many 
points  as  we  please  between  the  points  H,  i,  K,  .  .  .  and  thus  trace 
continuous  curves  such  that  no  electricity  flows  across  them  any- 
where. But  such  lines  must  coincide  everywhere  with  the  direc- 
tion of  the  current — in  other  words,  they  must  be  lines  of  flow  of 
the  combined  system  of  source  and  sink.  We  see,  then,  that  the 
lines  of  flow  for  the  case  we  are  considering  are  continuous  curves 
traced  through  the  alternate  intersections  of  equiangular  pencils 
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of  rays  drawn  through  the  source  and  sink  respectively,  and  that, 
if  the  common  angle  between  the  rays  corresponds  to  a  flow  of 
one  ampere,  the  flow  between  consecutive  lines  of  the  resultant 
system,  e,g.^  between  h'i'k'  and  hik,  or  hik  and  HiiiKi,  will  also 
be  one  ampere.  From  the  geometry  of  the  figure  it  is  easy  to  see 
that  the  angles  ahb,  aib,  akb,  ...  are  equal,  and  therefore  that 
the  points  H,  i,  K,  .  .  .  are  points  on  a  circle  passing  through  A 
and  B, — and  similarly  for  the  points  on  any  other  line  of  flow, 
as  h'i'k',  &c. 

122.  EoLuipotential  Lines.— The  system  of  equipotential  lines 
due  to  a  source  and  a  sink  in  a  conducting  sheet  can  be  ob- 
tained by  a  process  of  superposition  quite  analogous  to  that 


Fig.  117. 


employed  for  the  lines  of  flow.  In  Fig.  117,  let  A  and  B  again 
represent  a  source  and  a  sink,  and  let  the  two  sets  of  dotted 
circles,  of  which  these  points  are  the  respective  centres,  represent 
systems  of  equipotential  lines  which  would  correspond  to  each 
electrode  if  it  existed  by  itself.  Further,  let  the  smallest  circle 
round  A  correspond  to  potential  V^  and  the  smallest  circle  round 
B  to  potential  -  V^  and  let  there  be  a  common  difference  of  one 
volt  between  any  one  circle  and  the  next  in  each  set  Then  at 
the  point  H  in  the  figure  the  potential  due  to  the  source  is  F  —  6, 
the  potential  due  to  the  sink  is  -  V+  6,  and  the  resultant  potential, 
being  the  algebraic  sum  of  these,  is  =  o.  Similarly,  the  potential 
at  I  and  K  =  o.  At  Hi  the  potential  due  to  the  source  is  V—  Si 
and  that  due  to  the  sink  is  -  V  +  6^  consequently  the  resultant 
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potential  is  +  i.  At  h  the  potentials  due  to  the  electrodes  sepa- 
rately are  V-  6  and  -  V-^-  7  respectively,  and  therefore  the  resultant 
is  again  +  i.  Similarly  at  Ki.  It  follows,  then,  that  the  line  of 
zero  potential  must  pass  through  the  points  H,  i,  K, — it  is,  in  fact, 
the  straight  line  that  bisects  ab  at  right  angles, — and  that  the  line . 
of  potential  +  i  must  pass  through  Hi,  ii,  Ki.  From  similar  con- 
siderations it  is  evident  that  the  line  of  potential  +  2  must  pass 
through  the  points  H2,  is,  K^.  In  like  manner  the  line  of  potential 
-  I  must  pass  through  h',  l',  k'  ;  the  line  of  potential  -  2  through 
h",  i",  k";  and  so  on. 

If  we  put  r  for  the  distance  of  any  point  on  the  conducting 
sheet  from  the  source,  and  r'  for  the  distance  of  the  same  point 
from  the  sink,  it  is  easy  to  see  that  the  potential  must  be  the  same 
at  all  points  for  which  the  ratio  of  the  distances  r  and  /  is 
constant,  and  that  it  must  be  positive  for  all  parts  of  the  sheet 
for  which  r//  is  less  than  unity,  and  negative  for  all  parts  for 
which  this  ratio  is  greater  than  unity. 

The  same  result  is  easily  obtained  algebraically.  Let  V  be  the 
potential  which  the  source,  if  existing  alone,  would  produce  at  a 
given  point,  and  V  the  potential  which  the  sink  alone  would 
produce  at  the  same  point :  then,  if  we  put  U  for  the  resultant 
potential  due  to  both  source  and  sink,  we  have  (§  120) 

F=  Fi--^,log  r 

27ro        e 

r  =  -  F,  +  Se  log  ^ 

27ro       ' 
and  therefore 

^=  F  +  F'  «  -%  (log  f^  -  log  r)  =  SSI  log  t 

whence  it  appears  that  the  potential  is  proportional  to  log  -,  and 
therefore,  as  before,  it  is  constant  when  r'/r  is  constant.        ^ 

The  curves  which  fulfil  the  condition,  //r  =  constant,  are  circles 
with  their  centres  in  the  line  AB. 

123.  Resistance. — Suppose  a  portion  of  a  conducting  sheet,  in 
which  there  are  a  source  and  a  sink  of  equal  strength,  bounded 
by  two  lines  of  flow  and  by  two  equipotential  lines  of  potentials, 
Ux  and  Ut  respectively :  we  can  deduce  the  resistance  of  this 
portion  of  the  sheet  to  the  current  through  it  from  the  formula 

/?=(^i-  ^a)/C 

derived  from  Ohm's  Law. 
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For  Ux  we  may  write  -^  log  ^ ,  and  -^  log  ^  for  U<a.  so  that 
27ro     ^ri  27rd     ^n 

the  difference 


^1-  U^ 


%(iog  ^-log^^=^log?^^ 


The  strength  of  the  current  C  is  to  the  total  flow  Q  as  the  angle  Oy 
at  which  the  flow-lines  bounding  the  portion  of  the  sheet  considered 

meet  each  other  at  the  electrodes,  is  to  27r.    That  is  C=  Q— :  hence 

/?=  P    .  log^». 
Bh        ^  f\ri 

If  we  have  to  deal  with  the  whole  space  between  two  complete 


Fig.  ii8. 

equipotential  lines,  we  have  ^  =  27r  and  therefore  C  =  2>  and  con- 
sequently 

Fig.  Ii8  shows  the  lines  of  flow  and  the  equipotential  lines 
for  the  case  we  have  been  discussing  combined  in  one  diagram. 
It  will  be  seen  that  the  two  sets  of  lines  intersect  at  right  angles. 
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CHAPTER  XIII. 
WORK  DONE  BY  THE  ELECTRIC  CURRENT 

124.  Energy  of  the  Circuit— We  have  seen  (§§  34,  35)  that, 
in  order  to  transfer  electricity  from  a  point  of  lower  to  a  point 
of  higher  potential,  work  has  to  be  done  against  electric  force, 
the  amount  of  work  being  numerically  equal  to  the  product  of 
the  quantity  of  electricity  transferred  into  the  difference  of  poten- 
tials ;  and  also  that,  when  electricity  passes  from  a  higher  to  a 
lower  potential,  a  corresponding  amount  of  work  is  done  fy 
electric  force.  Accordingly  electric  energy  is  generated  when 
electricity  passes  from  a  lower  to  a  higher  potential,  and  is  ex- 
pended when  it  passes  from  a  higher  potential  to  a  lower.  In 
the  former  case,  energy  of  some  other  kind  must  be  expended ; 
and  in  the  latter  case,  energy  of  some  other  kind  is  produced. 

Let  us  consider,  from  this  point  of  view,  the  processes  that  go 
on  in  the  circuit  of  a  galvanic  battery  whose  terminals  are  con- 
nected by  a  conducting  wire.  To  make  the  discussion  definite, 
suppose  the  electromotive  force  of  the  battery  to  be  £,  and  let  ^ 
stand  for  the  resistance  of  the  battery  itself,  and  r  for  that  of  the 
connecting  wire.  Then  the  circuit  is  traversed  by  a  current  of 
strength  C  =  El{d  +  r),  and  in  /  seconds  a  quantity  of  electricity, 
Q  =  C/,  passes  round  it.  By  the  action  of  the  battery  this  quantity 
of  electricity  is  raised  in  potential  to  the  extent  E:  consequently 
a  quantity  of  work,  W  =  EQ,  is  done  against  electric  force,  and 
therefore  electric  energy  equal  to  JV  is  generated. 

It  is  the  function  of  the  battery  to  supply  this  energy,  and  it 
does  so,  as  will  be  further  explained  in  Chapter  XV.,  at  the 
expense  of  the  chemical  energy  of  the  materials  consumed  in  it. 
During  the  passage  of  the  current,  chemical  action  goes  on  in  the 
battery,  such  that  the  products  of  the  action  possess  less  chemical 
energy  than  the  materials  from  which  they  are  formed,  and  the 
difference  is  available  for  the  production  of  electrical  energy. 

In  all  cases  energy  must  be  continuously  supplied  to  the  circuit 
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in  order  to  maintain  a  current ;  but,  according  to  the  nature  of  the 
case,  the  source  from  which  it  is  derived  may  vary.  Thus,  in  a 
thermo-electric  circuit,  energy  is  supplied  in  the  form  of  heat ; 
in  the  case  of  the  circuit  of  a  dynamo-electric  machine,  it  is 
mechanical  energy  that  is  supplied.  From  our  present  point  of 
view,  it  may  be  said  that  the  function  of  a  galvanic  battery  of  a 
thermo-electric  pile,  or  of  a  dynamo-electric  machine,  is  identical : 
they  are  all  contrivances  for  effecting  the  transformation  of  other 
kinds  of  energy  .into  the  energy  of  an  electric  current,  and  the 
differences  in  their  construction  and  in  the  details  of  their  action 
depend  on  the  kind  of  energy  which  they  respectively  transform. 

125.  Electric  Work. — Turning  now  to  the  other  aspect  of  the 
matter,  we  have  to  consider  the  electric  circuit  as  giving  out 
energy,  or  the  electric  current  as  doing  work.  The  form  in  which 
energy  is  given  out,  or  the  nature  of  the  work  done,  depends  on 
the  nature  and  conditions  of  the  various  parts  of  the  circuit,  and 
much  will  have  to  be  said  on  these  points  in  subsequent  chapters, 
but  certain  general  laws  as  to  the  amount  of  energy  given  out  may 
be  considered  at  this  stage. 

It  follows  from  the  simple  consideration  that  the  energy  of  the 
circuit  does  not  on  the  whole  either  increase  or  decrease  during  the 
passage  of  a  current,  that  the  amount  of  energy  given  out  by  it  in 
a  given  time  must  be  the  same  as  the  amount  received  by  it  in  the 
same  time,  though  the  form  may  be  wholly  or  partially  different 
Another  consideration  which  leads  to  the  same  conclusion  is  that 
the  same  quantity  of  electricity  passes  every  section  of  the  circuit 
in  the  same  time ;  hence,  while  the  potential  of  a  quantity  of 
electricity,  g,  is  raised  by  the  amount  E^  by  the  action  of  the 
battery  or  other  equivalent  organ  (thermopile,  dynamo,  &c.),  and 
while,  therefore,  energy  to  the  amount  EQ  is  received  by  the 
circuit,  the  same  quantity  of  electricity  has  its  potential  lowered 
in  an  equal  degree,  energy  being  thus  given  out  by  the  circuit 
to  the  amount  EQ. 

126.  Available  Energy.— We  have  already  seen  (§§  109,  in) 
that  the  difference  of  potentials,  F^  between  the  terminals  of  a 
battery  is  less  than  the  electromotive  E  by  the  product  of  the 
resistance  of  the  battery,  ^,  into  the  strength  of  the  current,  or 
F  ^  E  —  bC.  Hence  the  fall  of  potentials  which  the  current 
undergoes  outside  the  battery  is  F^  and  the  energy  generated  in 
the  part  of  the  circuit  external  to  the  battery  and  given  out  by  it 
is  FQ.    This  represents  the  whole  of  the  energy  of  the  battery 
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which  is  available  for  doing  external  work,  and  it  is  less  than 
the  total  energy  of  the  circuit  hy  {E  -  F)  Q  —  bOt 

The  difference  between  the  total  energy  and  the  available 
energy  of  the  circuit  is  analogous  to  that  between  the  total  work 
ddne  by  a  steam-engine  and  that  available  for  external  purposes. 
A  certain  amount  of  the  work  done  on  the  piston  by  the  steam  is 
consumed  within  the  engine  itself  in  processes  essential  to  its 
working  and  in  overcoming  unavoidable  friction,  and  it  is  only  the 
remainder  that  can  be  made  use  of  for  driving  external  machinery 
or  other  purposes.  In  like  manner,  the  external  or  available  energy 
of  the  electric  circuit  is  the  excess  of  the  total  energy  above  that 
consumed  in  the  battery. 

The  available  energy  given  out  per  second  is  FQ\t  =  FC,  This 
quantity  is  the  rate  of  doing  work  by  the  circuit,  and  is  comparable 
with  the  horse-power  of  a  steam-engine.  If  the  difference  of 
potentials,  F^  is  measured  in  volts,  and  the  strength  of  the  current, 
C,  in  amperes,  the  product,  FC^  is  expressed  in  watts  or  volt- 
amperes,  one  watt  being  the  rate  of  doing  work  represented  by 
10^  ergs  per  second  (§§  39,  95). 

By  analogy  with  the  horse-power  of  an  engine,  the  rate  at  which 
work  can  be  done  by  a  battery  may  be  called  the  power  of  the 
battery.  It  is  a  quantity  which  depends  in  part  on  the  construction 
of  the  battery,  but  in  part  also  on  the  conditions  of  its  employment, 
just  as  the  horse-power  of  an  engine  is  not  entirely  determined  fey 
the  characteristics  of  the  engine  itself,  but  also  to  some  extent  upon 
the  conditions  of  working,  such  as  the  speed,  steam-pressure,  &c. 

127.  Joule's  Law. — Returning  to  the  case  of  a  battery  with  its 
terminals  connected  by  a  wire,  as  supposed  in  §  124,  it  is  found 
that  the'  temperature  begins  to  rise  as  soon  as  the  circuit  is  com- 
pleted, and  if  the  electromotive  force  amounts  to  a  few  volts,  and 
the  total  resistance  to  an  ohm  or  less,  the  elevation  of  temperature 
may  become  very  appreciable,  the  wire  becoming  red,  or  even 
white-hot,  if  it  does  not  previously  fuse  or  bum.  As  soon  as  the 
temperature  of  the  wire  has  risen  at  all  above  that  of  surrounding 
objects,  it  begins  to  lose  heat  by  conduction  and  radiation,  and  the 
temperature  continues  to  rise  until  the  rate  at  which  heat  is  thus 
given  out  becomes  equal  to  the  rate  at  which  it  is  generated  in  the 
wire  by  the  current  In  this  case,  heat  is  the  only  form  of  energy 
generated,  and  during  the  passage  of  a  quantity  of  electricity,  g, 
the  amount  of  heat,  H^  is  such  that 

JH^EQ, 
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where  J  is  the  mechanical  equivalent  of  heat.  Assuming  the 
strength  of  the  current  constant  and  applying  Ohm's  law,  we  may 
write  this 

JH  =  ECt  =  E}t\R  =  ORt, 

where  R  is  put  for  ^  +  r  the  total  resistance  of  the  circuit  Of 
the  whole  amount  of  heat  produced,  a  part,  say  H\^  is  generated 
within  the  battery,  and  the  rest,  H^  in  the  connecting  wire,  the 
relative  proportions  being  such  that 

H^\H  =  b\{p  +  r)     and    H^H  =  r\{p  +  r). 

The  law  of  the  generation  of  heat  in  the  circuit,  which  we  have 
here  deduced  from  general  considerations  relating  to  electric 
energy,  and  have  expressed  above  in  three  different  but  equivalent 
'formulae,  was  discovered  experimentally  by  Joule  about  1843,  *t  a 
time  when  the  true  nature  of  electromotive  force  was  very  im- 
perfectly recognised.     It  is  consequently  known  as  Joulis  Law, 

The  subjoined  diagram  (Fig.  119)  may  be  taken  as  a  geo- 
metrical representation  of  Joule's  law  :  MK  represents  the  electro- 

K 


motive  force  of  the  battery,  mn  the  battery  resistance,  no  the 
external  resistance,  and  the  ratio  MK :  MO  the  strength  of  the 
current  Then  if  we  draw  kp  at  right  angles  to  KO,  the  length, 
MP,  represents  the  energy  expended  in  the  circuit  per  second, — 
that  is  to  say,  the  energy  converted  into  heat  per  second  in  the 
whole  circuit.  To  get  the  heat  generated  in  the  external  con- 
ductor and  in  the  battery  respectively,  we  must  draw  nl  perpen- 
dicular to  MO,  LQ  perpendicular  to  KO,  and  LSR  parallel  to  op  : 
then  NQ  represents  the  external  energy  (=//^a),  and  SR  the  internal 
energy  («///i). 
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If  the  units  for  the  electrical  quantities  in  the  above  formulae 
are  the  volt,  the  ampere,  and  the  ohm  respectively,  the  energy 
developed  is  expressed  in  joules  (§§  39,  112).  In  order  to  get  it 
expressed  in  units  of  heat,  gramme-degrees,  we  have  to  remember 
that  I  joule  =  10^  ergs,  and  that  i  gramme-degree  =  4.18  x  10^ 
ergs.  Hence,  the  heat  in  gramme- degrees  is  given  by  dividing 
the  number  of  joules  by  4.18,  or  by  multiplying  it  by  0.239.  Thus, 
for  the  heat  produced  per  second,  we  have 

H  =  0.239  EC  =  a239  £*//?  =  0.239  C*/?. 

These  formulae  apply  either  to  the  heat  developed  in  the  com- 
plete circuit,  or  to  that  developed  in  any  part  of  it,  provided  that 
appropriate  values  are  assigned  to  the  symbols. 

The  experimental  verification  of  Joule's  law  is  obtained  by  allow- 
ing a  measured  current  to  pass  for  a  known  time  through  a  wire  of 
known  resistance,  r,  immersed  in  a  calorimeter,  and  measuring  the 
resulting  quantity  of  heat,  A,  which,  when  the  experiment  is  pro- 
perly performed,  is  found  to  satisfy  the  equation 

h  =  0.239  ^''^• 

Taking  the  law  itself  as  established,  the  same  kind  of  experiment 
as  that  just  indicated  may  be  employed  for  determining  r,  y,  or  C, 
when  in  each  case  the  other  quantities  are  known. 

128.  Heating  of  Wires.— If  a  chain  be  formed  of  bits  of  metal 
wire— platinum,  for  instance — alternately  thick  and  thin,  and  a 
current  be  passed  through,  the  thin  wires  will  become  red  hot,  while 
the  stout  wires  are  scarcely  heated.  In  like  manner  with  a  chain 
formed  of  alternate  pieces  of  platinum  and  silver  wire  of  equal 
diameter,  the  former  become  red  hot  while  the  latter  are  still  dark. 

Again,  if  we  take  a  long  thin  platinum  or  iron  wire  through 
which  a  current  is  passing,  and  we  gradually  diminish  the  length 
of  the  wire  interposed  in  the  circuit,  it  will  be  seen  that  this  be- 
comes more  and  more  heated  until  it  fuses.  The  strength  of  the 
current  increases  as  the  length  of  the  wire  diminishes.  In  like 
manner,  if  we  take  a  long  piece  of  iron  wire  and  regulate  the 
strength  of  the  current  so  that  the  wire  is  at  a  dull  red  heat, 
and  then  cool  a  part  of  the  wire  by  dipping  it  in  water,  the  re- 
mainder becomes  brightly  incandescent  By  cooling  the  wire  its 
resistance  is  lessened  (§  113),  and  therefore  the  strength  of  the 
current  is  increased  ;  the  effect  is  the  same  as  if  part  of  the  wire 
had  been  taken  out  of  the  circuit 
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If  there  were  no  loss  of  heat  by  radiation,  the  temperature  of  a 
conductor  traversed  by  a  continuous  current  would  go  on  inde- 
finitely increasing.  The  temperature  which  it  reaches  is  that 
for  which  the  gain  at  each  instant  is  equal  to  the  loss.  We 
may  admit  Newton's  law  of  cooling  as  at  any  rate  approximately 
applicable  to  this  case,— that  is  to  say,  the  loss  by  radiation  at 
each  instant  is  proportional  to  the  excess  of  temperature  of  the 
wire  over  the  surrounding  medium, — then  the  quantity  of  heat  lost 
in  a  second  by  a  wire  of  length  /,  of  radius  r,  of  emissive  power  *, 
for  the  excess  of  temperature  ^,  will  be  (,2irrL0  ;  and  if  p  is  the 
specific  resistance  of  the  metal,  and  C  the  strength  of  the  current, 
we  have  the  equation 

/€2wrie  =  ^C* 

from  which  we  get 

27ry  er» 

This  formula  shows  that  for  a  given  metal  with  the  same  con- 
ditions of  surface,  the  heating  remains  the  same  if  the  diameter  of 
the  wire  varies  as  the  two-thirds  power  of  the  strength  of  the  current. 
If  further,  as  shown  by  experiment,  c  and  p  vary  with  the  tempera- 
ture in  such  a  manner  that  their  ratio  remains  sensibly  constant,  and 
6  and  6^  are  the  temperatures  which  for  a  given  wire  correspond 
to  the  currents  C  and  C^  we  have 

The  conditions  vary, 'however,  according  as  the  wire  is  bare  or 
is  covered  with  an  insulator,  and  according  as  it  is  stretched  out  or 
coiled  on  a  reel.  With  copper  it  is  in  practice  assumed  that  the 
current  must  not  exceed  six  amperes  for  each  square  millimetre  of 
cross-section  if  the  wire  is  bare,  and  two  or  three  if  it  is  covered. 

129.  Generalisation  of  Jonle's  Law. — We  have  already  stated 
(§  125)  that  under  proper  conditions  the  energy  of  the  electric 
circuit  can  be  employed,  not  only  in  generating  heat,  but  in  doing 
work  of  various  other  kinds.  Without  inquiring  what  kinds  of 
work  are  done  by  the  current  between  any  two  given  points  of  the 
circuit,  we  may  say  that  if  C  is  the  strength  of  the  current  in 
amperes,  and  e  the  difference  of  potentials  between  the  points  in 
volts,  the  total  work  done  by  the  current  in  one  second  in  this  part 
of  the  circuit  is 

IV  =  eC  joules. 
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Suppose,  for  example,  a  circuit  made  up  as  in  Fig.  120,  where 
the  current  of  the  battery,  B,  is  sent  through  some  piece  of  appa- 
ratus enclosed  in  a  sealed  box,  A,  entering  by  the  binding-screw,  /, 
and  leaving  at  q.  We  can  measure  the  difference  of  potentials 
between  p  and  ^,  and  the  strength  of  the  current,  C,  and  thus 
determine  eC,  Without  its  being  needful  to  open  the  box,  or  to 
know  anything  about  the  apparatus  contained  in  it,  or  the  effects 
that  the  current  produces  within  it,  this  gives  the  algebraic  sum  of 
all  the  work  done  per  second  within  the  box.  If  r  is  the  resistance 
of  the  part  of  the  circuit  within  the  box,  there  will  be  a  generation 
of  heat,  A,  per  second,  such  that 

Jh  =  Or. 

But  there  may  be  work  of  other  kinds  as  well.     Let  «/i,  «/2,  .  .  . 


'ZZ  ^ 


Fig.  120. 


represent  for  one  second  the  amounts  of  work  of  various  kinds, 
other  than  generation  of  heat ;  then 

+  CV, 


eC  =  iu\  -f  Wa  + 


. ,  the  siOTi  of  the  work 


if,  for  shortness,  we  put  w  iox  w\  ■¥  w^  ■\- 
of  all  kinds  except  production  of  heat. 

If  2c/  =  o,  the  whole  of  the  energy  expended  between  p  and  q  in 
a  second  is  transformed  into  heat,  and  the  quantity  of  this  energy 
may  be  represented  indifferently  by  CV  or  by  eC.  This  is  Joule's 
law  in  the  special  sense.  But  we  may  generalise  the  law  so  as  to 
make  it  express  the  rate  of  expenditure  of  energy  independently  of 
the  form  or  forms  which  that  energy  assumes.  In  words,  the  more 
general  form  of  the  law  may  be  stated  thus  :  the  rate  of  expenditure 
of  energy  in  any  part  of  an  electric  circuit  is  equal  to  the  strength 
of  the  current  multiplied  by  the  amount  by  which  the  potential  at 
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the  point  where  the  current  enters  exceeds  that  at  the  point  where 
it  leaves.     In  symbols  we  may  write  it — 

W^eC^w  +  CV. 

130.  Inverse  Electromotive  Force.— Suppose  the  resistance 
of  the  complete  circuit  to  be  7?  =  r'  +  r  ohms,  r*  being  the  resist- 
ance of  the  battery  and  of  everything  not  included  in  A,  and  let  the 
electromotive  force  of  the  battery  be  E^  then  we  have  the  equation 

EC^w^  Oiy  ^r)^w^  C^R 
or 

E    =  w\C  +  CR, 

Now,  by  Ohm's  law,  CR  must  be  equal  to  the  algebraic  sum  of  all 
the  electromotive  forces  of  the  circuit :  let  this  be  denoted  by  E, 
Then 

E'  ^  E  -  wjC, 

That  is,  when  the  energy  of  a  current  is  not  wholly  expended  in 
generating  heat,  in  order  to  obtain  the  effective  electromotive  force 
of  the  circuit,  we  must  deduct  from  the  electromotive  force  of  the 
battery  the  quotient  obtained  by  dividing  the  sum  of  the  work  of 
other  kinds  done  per  second  by  the  strength  of  the  current 
Hence,  we  conclude  that  the  doing  of  work  by  a  current,  other 
than  the  generation  of  heat,  involves  the  existence  of  a  negative 
electromotive  force 

€  =  w/C 

131.  Strength  of  the  Onrrent— Maximnm  Bate  of  doing 
Work. — Seeing  that  the  battery,  in  the  case  now  under  considera- 
tion, is  not  the  only  seat  of  electromotive  force,  we  cannot  get  the 
strength  of  the  current  by  considering  it  alone  :  we  require  to  take 
also  into  account  the  rate  at  which  work  is  done.  The  equation 
used  in  the  last  paragraph — 

EC^w  +  aR 

gives  for  the  strength  of  the  current 


'  =  K±a/ 


ic;e-w 


R 

if  we  put  C^  for  the  strength  of  current  EjR  that  the  given  battery 
would  maintain  in  the  circuit  if  all  the  energy  were  transformed 
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into  heat.  This  equation  indicates  two  strengths  of  current  for  any 
given  value  of  w :  for  example,  if  «/  =  o,  we  may  have  C  =  o  or 
C  =  C^  It  is  represented  geometrically  by  the  annexed  diagram 
(Fig.  121),  in  which  distances  measured  to  the  right  denote  values 
of  Wy  and  distances  measured  upwards  denote  values  of  C,  The 
electromotive  force  of  the  battery  is  taken  as  4  volts,  and  the  resist- 
ance of  the  circuit  as  0.04  ohm,  so  that  C^  =  100  amperes.  The 
diagram  indicates  the  double  value  of  the  current  for  a  given  value 
of  w ;  for  example,  C  =  20  and  C  =  80,  both  correspond  with 
w  =  64.  Again,  the  diagram  shows  very  clearly  that,  however 
gp-eat  the  current  may  become,  there  is  a  maximum  rate  of  work 
that  cannot  be  exceeded.    This  corresponds  with  C  =  ^C^  and, 
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Fig.  131. 


with  the  values  used  in  the  diagram,  is  equal  to  100.  The  same 
thing  appears  from  the  algebraical  formula,  in  which  the  quantity 
under  the  sign  of  the  square  root  would  assume  an  impossible 
value  if  w  were  greater  than  ^C^E.  With  this  limiting  value  of 
w,  the  quantity  under  the  sign  of  the  square  root  vanishes,  and 
we  get  C=iC^y  as  from  the  diagram. 

132.  Efficiency. — When  a  battery  of  electromotive  force,  E, 
maintains  a  current  of  strength,  C,  it  gives  out  energy  at  the  rate 
EC,  of  which  the  amount  C^H  per  second  is  converted  into  heat, 
while  the  remainder,  EC-  C^R,  is  available  for  doing  work  of  other 
kinds.  When  a  battery  is  employed,  say,  for  driving  an  electro- 
magnetic motor,  or  for  producing  chemical  decomposition,  the 
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heat  generated  represents  a  loss  of  energy  so  far  as  the  intended 
purpose  is  concerned,  and  it  is  only  the  remainder  that  is  actually 
used.  The  ratio  of  the  energy  converted  into  useful  work  in  a 
given  time  to  the  total  energy  given  out  by  the  battery  in  the  same 
time,  or 

EC        -     C,  "* 

is  called  the  efficiency  of  the  circuit.  Since  C^  is  a  constant  quan- 
tity for  the  given  circuit,  it  is  evident  that  the  value  of  u  increases 
as  C  diminishes,  and  that  it  attains  its  maximum  value  =  i  when 
C  =  o,  and  its  minimum  value  =  o  when  C  =  C^  Efficiency  =  i, 
or  perfect  efficiency,  represents  the  conversion  of  all  the  energy 
given  out  by  the  battery  into  useful  work  ;  the  othet  extreme  case, 
«  =  o,  is  when  the  whole  of  the  energy  of  the  battery  is  converted 
into  heat  The  actual  rate  of  doing  useful  work  is  equal  to  the 
rate  at  which  energy  is  given  out  by  the  battery  multiplied  by  the 
efficiency,  or 

This  equation  shows  that  in  the  extreme  case  of  perfect  efficiency 
(C  *=  o)  the  actual  amount  of  work  done  would  vanish,  for  no 
energy  would  be  given  out  by  the  battery.  It  also  again  shows 
that  the  maximum  rate  of  doing  work  is  when  the  inverse  electro- 
motive force  spoken  of  in  §  130  is  equal  to  \E  and  therefore  suffi- 
cient to  reduce  the  strength  of  the  battery  current  to  \C^\  for  the 
sum  of  the  two  factors  C^-  C  and  C  in  the  expression  for  w  is 
constant,  and  therefore  the  product  is  greatest  when  the  factors 
are  equal,  or  C  =  ^C^     In  this  case  u  =0.5,  and 

w  =  0.2s  EC^  =  0.2s  E*IR. 

That  is,  the  maximum  rate  at  which  useful  work  can  be  done  is 
equal  to  one  quarter  the  rate  at  which  energy  would  be  given  out 
by  the  battery  if  it  were  all  converted  into  heat 

From  the  diagram  of  §  131  it  is  easily  seen  that,  when  the  rate 
of  work  is  64  per  cent,  of  the  maximum,  the  efficiency  may  be  0.8 
or  0.2.  The  greater  value  corresponds  with  the  lower  half  of  the 
curve,  which  represents  the  conditions  that  would  always  be 
employed  in  practice. 

133.  Energy  of  a  OelL — Suppose  a  single  cell  of  electromotive 
force  e  and    resistance  p,  and  let    the    external   resistance  be 
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negligible,  then  the  maximum  rate  of  work  obtainable  from  the 
cell  is 

which  is  a  constant  quantity  characteristic  of  the  cell.  The  greatest 
value  of  e  is  about  two  volts  in  cells  actually  used.  It  approaches 
this  value  in  a  Grove's  or  Bunsen's  cell,  and  slightly  exceeds  it  in 
secondary  cells  with  lead  plates.  The  value  of  p  may  vary  greatly, 
according  to  the  size  and  arrangement  of  the  plates,  but  it  is  most 
easily  made  small  in  cells  of  the  kinds  for  which  e  is  great ;  hence 
the  practical  advantage  of  such  cells. 

Next  suppose  n  similar  cells  arranged  in  q  series  of  p  cells  each. 
The  electromotive  force  of  the  combination  will  be  E  —  fie^  and  the 

resistance  J^  =  ^p ;  and,  if  we  again  suppose  the  external  resist- 
ance to  be  negligible,  the  maximum  attainable  rate  of  work  is 

that  is  to  say,  that  the  maximum  rate  of  work  is  proportional  to  the 
total  number  of  cells  employed,  but  does  not  depend  upon  the 
manner  in  which  they  are  combined. 
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CHAPTER  XIV. 
THERMO-ELECTRICITY. 

134.  Peltier's  Phenomenon. — The  generation  of  heat  depend- 
ing on  resistance  being  (§  127)  proportional  to  C^R,  is  the  same 
whether  the  current  is  positive  or  negative.  It  is  in  this  sense  like 
the  generation  of  heat  by  ordinary  mechanical  friction,  which  is 
independent  of  the  direction  of  the  motion,  and  it  may  consequently 
be  spoken  of  as  the  frictional  generation  of  heat.  But  it  is  evident 
that  if  there  is  anywhere  a  fixed  difference  of  potentials  between 
adjacent  parts  of  a  conducting  circuit,  existing  independently  of 
the  passage  of  a  current,  as,  for  example,  an  electromotive  force 
acting  at  the  surface  of  contact  of -two  different  metals,  this  must 
give  rise  to  a  further  production  of  heat  if  the  current  passes  from 
higher  to  lower  potential,  and  to  a  disappearance  of  heat  if  the 
current  flows  in  the  opposite  direction.  The  sign  of  any  such  effect 
would  then  be  reversible  with  the  direction  of  the  current,  and  the 
quantity  of  heat  produced  in  the  one  case  or  destroyed  in  the  other, 
in  a  given  time,  would  be  proportional  to  the  strength  of  the 
current. 

Conversely,  a  reversible  thermal  effect  occurring  at  any  part  of 
a  circuit  must  be  attributed  to  the  existence  at  this  part  of  a  differ- 
ence of  potentials  existing  independently  of  the  current  If  at  a 
part  of  the  circuit  there  is  a  fail  of  potential  n  as  we  pass  along 
the  circuit  in  the  direction  of  the  current,  the  reversible  quantity  of 
heat  H  generated  by  a  current  of  strength  C  flowing  for  /  seconds 
will  be  given  by 

JH  =  cat. 

Now,  an  effect  of  this  kind  taking  place  at  the  surface  of  contact 
of  two  metals  was  discovered  by  Peltier  in  1834,  and  is  consequently 
known  as  the  Peltier  effect.  If  a  current  passes  from  antimony  to 
bismuth,  heat  is  produced  at  the  surface  of  contact ;  and  if  a  current 
passes  from  bismuth  to  antimony,  heat  is  destroyed :  similarly  in 
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the  case  of  any  other  two  metals,  heat  is  generated  if  a  current 
traverses  the  surface  of  contact  in  one  direction,  and  is  consumed 
if  it  passes  in  the  opposite  direction,  the  quantity  in  a  given  time 
being  in  each  case  proportional  to  the  strength  of  the  current  and 
to  a  coefficient  (n  in  the  last  equation)  depending  on  the  nature  of 
the  metals  and  on  their  temperature.  This  coefficient,  known  as 
the  Peltier  coefficient^  or  the  coefficient  of  the  Peltier  effect,  repre- 
sents for  a  junction  of  any  two  metals  the  amount  of  energy  con- 
verted into  or  produced  from  heat  per  second  when  a  current  of 
unit  strength  traverses  the  junction. 

Experiments  on  the  Peltier  effect  present  some  difficulties,  from 
the  fact  that  they  are  always  complicated  by  the  frictional  genera- 
tion of  heat.  It  is  not  possible  to  observe  the  thermal  effects 
occurring  at  the  mere  surface  of  contact  of  two  metals  :  in  any 
actual  experiment  we  are  obliged  to  include  a  finite  portion  of  the 
circuit,  extending  from  a  point,  say  M,  on  one  side  of  the  junction 
to  a  point,  say  N,  on  the  other  side,  and  to  observe  the  total 
amount  of  heat  generated  in  a  given  time  within  this  part  of  the 
circuit.  If  r  is  the  resistance  between  the  points  M  and  N,  the 
energy  converted  into  frictional  heat  per  unit  of  time  is  Ch^^  and 
the  energy  converted  into  reversible  heat  is  Ol.  Hence,  if  H  is 
the  quantity  of  heat  produced  in  /  seconds  when  the  current  flows 
in  one  direction,  we  have 

/^  =  (Cn  +  CV)/  ; 

and,  denoting  the  heat  generated  when  the  current  flows  in  the 
opposite  direction  by  H\  we  have 

JH'^{-  Cn  +  CV)/. 

In  order  to  determine  the  value  of  the  Peltier  coefficient  for  a 
given  case,  we  may  allow  a  current  of  constant  strength  to  pass 
first  in  one  direction,  and  then,  for  the  same  length  of  time,  in  the 
opposite  direction  :  taking  the  difference  of  the  two  quantities  of 
heat  produced,  we  get  in  this  way 

"  -      2a     ' 

To  get  good  results,  the  frictional  or  non-reversible  term  Or 
should  be  made  as  small  as  practicable  by  making  mn,  the  portion 
of  the  circuit  over  which  the  experiment  extends,  short,  and  there- 
fore r  small,  and  by  using  a  small  current. 

If  an  iron  wire,  ab,  be  connected  by  copper  wires  with  the  ter- 
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minals  of  a  battery,  on  completing  the  circuit  a  current  will  flow 
from  copper  to  iron  at  one  end,  say  A,  and  from  iron  to  copper  at 
the  other  end.  In  this  case  heat  will  disappear  at  A,  and  will  be 
generated  at  B  ;  and  if  the  current  is  sufficiently  weak,  there  may 
be  an  actual  fall  of  temperature  at  A,  while  the  temperature  at  B 
rises.  This  effect  may  be  shown  in  a  striking  form  by  surrounding 
the  joint  A  with  ice-cold  water,  and  placing  the  joint  B  in  ice.  As 
the  current  passes,  ice  is  formed  at  A,  and  an  equal  quantity  is 
melted  at  B. 

In  a  case  like  that  just  described,  where  two  opposite  junctions 
have  the  same  temperature,  the  Peltier  coefficient  has  the  same 
value  for  both,  but  has  opposite  signs  ;  hence  the  Peltier  effects  at 
the  two  junctions  exactly  compensate  each  other,  and  the  quantity 
of  heat  generated  in  the  circuit  is  that  which  a  current  of  the  same 
strength  would  produce  in  a  homogeneous  conductor  of  the  same 
resistance. 

A  similar  compensation  occurs  in  a  circuit  containing  any 
number  of  metallic  junctions  all  at  the  same  temperature ;  the  sum 
of  the  reversible  thermal  effects  vanishes,  and  Joule's  law  expresses 
the  total  generation  of  heat. 

135.  Thomson  Effect.— Professor  Sir  William  Thomson  (Lord 
Kelvin)  discovered  in  1856  that  a  phenomenon  analogous  to  the 
Peltier  effect  occurs  in  a  conductor  of  one  and  the  same  material 
when  a  current  passes  from  a  hotter  to  a  colder  part,  or  vice  versd^ 
whence  we  must  conclude  that  parts  at  different  temperatures  are 
not  at  the  same  potential,  even  when  there  is  electrical  equilibrium. 

Thus,  for  instance,  if  the  ends  A 
and  B  of  a  copper  bar  (Fig.  122) 
are  kept  at  o**,  and  an  inter- 
^  mediate  point,  c,  is  raised  to 
some  higher  temperature,  T^  the 
potential  increases  continuously 
from  A  to  C,  and  decreases  by  the 
same  amount  from  C  to  B.  Con- 
sequently, when  electricity  flows 
through  the  wire  from  A  to  B,  there  is  an  increase  of  electrical 
energy  as  it  goes  from  A  to  C,  and  a  corresponding  quantity  of 
heat  is  used  up,  while  from  c  to  B  there  is,  to  an  equal  extent, 
a  decrease  of  electrical  energy  and  a  generation  of  heat.  The  final 
result  thus  shows  itself  as  a  transfer  of  heat  from  the  part  A  C  to 
the  part  C  B — that  is  to  say,  in  the  direction  of  the  current. 


Fig.  132. 
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In  iron,  on  the  other  hand,  the  effect  is  reversed :  the  potential 
decreases  as  temperature  rises,  so  that  there  is  generation  of  heat 
between  A  and  C  (Fig.  123),  and 
disappearance  of  an  equal 
quantity  between  c  and  B,  a 
result  which  is  equivalent  to 
a  transfer  of  heat  in  the  oppo- 
site direction  to  the  current        ^  C  B 

To  show  these  effects,  the  ^'^-  ps- 

euds A  and  B  of  the  bar  to  be  experimented  upon  may  be 
kept  at  o**,  and  the  middle  C  at  a  higher  temperature,  such 
as  100" ;  then,  if  everything  is  symmetrical,  the  temperature 
at  a  point,  M,  between  A  and  C  will  be  the  same  as  at  m', 
equidistant  from  C  on  the  other  side.  On  sending  a  strong  cur- 
rent through  the  bar  in  the  direction  ab,  the  temperature  will  be 
raised  throughout  by  the  frictional  development  of  heat,  but,  as 
the  result  of  the  effect  we  are  considering,  the  temperature  at  m' 
will  be  raised  more  than  that  at  M  in  the  case  of  copper,  silver, 
zinc,  cadmium,  or  antimony ;  while  with  iron,  platinum,  or  bismuth, 
the  temperature  at  M  will  become  higher  than  that  at  m'.  In 
metals  of  the  former  class,  the  Thomson-effect  is  said  to  be 
positive;  in  those  of  the  latter  class  the  Thomson-effect  is  nega- 
tive; in  lead  it  is  not  perceptible. 

136.  Thermo-Electric  Currents.— In  a  circuit  formed  of  different 
metals,  if  all  the  points  where  two  different  metals  join  are  at  the 
same  temperature,  the  differences  of 
potential  to  which  both  the  Peltier- 
and  Thomson-effects  are  due  com- 
pensate each  other  all  round  the 
circuit,  and  there  is  no  current.  But 
if  the  joints  are  not  all  at  the  same 
temperature,  this  compensation  no 
longer  exists,  and  the  circuit  is  tra- 
versed by  a  current  The  production 
of  currents  under  such  conditions, 
thermo-electric  currents^  was  dis- 
covered by  Seebeck  in  1821,  there- 
fore a  good  while  before  either  of 
the  allied  phenomena  that  we  have  been  discussing  were  known. 

Suppose  a  circuit  formed  by  twisting  or  soldering  together  at 
their  ends  wires  of  two  different  metals,  as,  for  example,  iron  and 
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copper  (Fig.  124) :  then,  if  one  junction,  ^  remaining  at  the 
ordinary  temperature,  the  other,  A,  is  raised  to  a  higher  tempera- 
ture, a  current  is  produced  which  goes  from  copper  to  iron  at  the 
heated  junction,  and  from  iron  to  copper  at  the  cold  one. 

The  metals  named  in  the  following  list  are  arranged  in  such  an 
order  that  if  any  two  of  them  are  formed  into  a  circuit,  as  above 
described,  there  is  a  current  across  the  heated  junction  from  the 
metal  whose  name  occurs  first  in  the  list  to  that  whose  name 
occurs  later : 


o 


137.  Thermo-Electric  Inversion.— The  direction  of  the  current 
is  in  accordance  with  the  rule  just  given,  only  so  long  as  the 
average  temperature  of  the  two  junctions  is  not  above  or  below  some 
definite  value,  depending  on  the  two  metals  of  which  the  circuit  is 
formed.  Thus  with  iron  and  copper,  this  temperature  is  about  275". 
If  the  average  temperature  of  the  junctions  is  above  this  point,  or, 
what  comes  to  the  same  thing,  if  the  sum  of  the  two  temperatures 
is  more  than  550**,  the  current  is  from  iron  to  copper  at  the  hotter 
junction,  and  from  copper  to  iron  at  the  cooler  one.  If  the  sum  of 
the  two  temperatures  is  equal  to  550°,  there  is  no  cuirent  in  the 
circuit  Supposing  one  junction  kept  permanently  at  o**,  and  the 
temperature  of  the  other  to  be  gradually  raised;  the  circuit  is 
traversed  by  a  current  which  increases  in  strength,  at  first  com- 
paratively quickly,  and  afterwards  more  slowly,  till  the  hotter 
junction  reaches  275',  then  decreases,  slowly  at  first,  and  afterwards 
more  rapidly,  till  the  hot  junction  is  at  550",  when  it  ceases.  If  the 
temperature  is  raised  still  higher,  a  current  reappears,  but  in  the 
opposite  direction.  If  the  junction  whose  temperature  remains 
constant  is  kept  at  100*  instead  of  at  0°,  the  maximum  strength  of 
current  is  again  reached  when  the  other  junction  is  at  275**,  but  the 
temperature  at  which  inversion  of  the  current  takes  place  is  450' 
instead  of  550*. 

An  actual  difference  of  material  is  not  essential  to  the  production 
of  a  thermo-electric  current,  a  difference  of  physical  condition,  such 
as  can  be  brought  about  by  mechanical  treatment,  being  sufficient 
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For  example,  if  the  central  portion  of  a  platinum  wire  is  wound 
into  a  rather  close  spiral  and  the  ends  of  the  wire  are  connected 
with  a  sensitive  galvanometer, 
when  one  end  of  the  spiral  is 
heated  (Fig.  125),  the  galvano- 
meter indicates  a  current  from 
the  twisted  to  the  untwisted  part 
of  the  wire  through  the  heated 
part. 

Mere  dissymmetry  of  distribu- 
tion of  temperature  on  opposite 
sides  of  a  part  at  which  heat  is 
applied  does  not  produce  a  cur- 
rent if  the  material  on  both  sides  be  chemically  and  physically 
identical.     If  the  central  part,  g g^  of  a  thick  copper-wire  (Fig.  126) 


Fig.  125. 


Fig.  126. 

is  turned  down  to  a  much  smaller  diameter  than  the  rest,  no 
current  is  produced  when  the  wire  is  made  part  of  a  closed  circuit, 
and  heat  is  applied  at  one  of  the  points,  g, 

138.  Law  of  Snccessiye  Temperatures.— /^J?r  a  given  couple^ 
the  electromotive  force  obtained  by  raising  the  junctions  to  the 
temperatures  ti  and  t2  is  the  sum  of  the  electromotive  forces  which 
are  obtained  by  raising  the  junctions  to  the  temperatures  ti  and  ^, 
and  then  to  the  temperatures  6  and  tg,  B  being  a  temperature  inter- 
mediate between  ti  and  t2. 

This  law  may  be  expressed  in  the  following  manner : — 

139.  Law  of  Intermediate  Metals.— /v  a  thermo-electric 
circuit  composed  of  two  metals^  A  and  B,  with  junctions  at  tem- 
peratures ti  and  tj  respectively^  the  electromotive  force  is  not  altered 
if  one  or  both  the  junctions  are  opened  and  one  or  more  other  metals 
are  interposed  between  the  metals  A  and  B,  provided  that  all  the 
junctions  by  which  the  single  junction  at  temperature  ti  may  be 
replaced  are  kept  at  ti,  and  all  those  by  which  the  junction  at  tem- 
perature ti  may  be  replaced  are  kept  at  ta. 
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If  X  is  the  intermediate  metal,  the  law  is  expressed  by  the 
equation 

£•''  {AB)  =  e]^  (AX)  +  eI'{XB). 

Several  important  consequences  result  from  this  law. 

In  a  thermo-electric  couple  it  is  immaterial  whether  the  two 
metals  are  joined  directly  or  are  soldered  together.  If  the  circuit 
is  cut  at  any  point,  and  the  two  encis  are  connected  with  the 
binding  screws  of  an  electrometer  or  of  a  galvanometer,  provided 
that  the  binding  screws  and  the  various  parts  in  contact  are  all  at 
the  same  temperature  as  the  two  ends  of  the  circuit,  no  fresh 
electromotive  force  is  introduced,  and  the  electromotive  forces 
measured  are  those  of  the  original  circuit 

140.  Thenno-Electric  Pile  or  Battery.— Thermo-electric  forces 
are  always  very  feeble,  that  of  the  bismuth-antimony  pair,  which 

is  one  of  the  strongest,  and 
between  0°  and  100°  is 
nearly  proportional  to  the 
difference  of  temperature 
of  the  two  junctions,  is 
0.000057  volt  for  each  de- 
gree. As,  however,  the  re- 
sistance of  couples  wholly 
metallic  may  be  made  ex- 
tremely small,  such  couples 
^'^•'^7.  can   give   currents   of  con- 

siderable strength.  Thus  the  bismuth-copper  couple  represented 
in  Fig.  127,  when  heated  at  the  junction  B  by  a  spirit  lamp, 
strongly  deflects  a  magnetic  needle  placed  inside  the  circuit 

Any  number  of  such  couples  may  be  associated  together  in  such 
a  way  as  to  form  a  pile  or  battery.  Melloni's  pile,  which  has  been 
of  great  service  in  the  investigation  of  radiant  heat,  is  formed  of 
small  bars  of  antimony,  aa^  arranged  alternately  with  bars  of  bis- 
muth, bb,  so  that  all  the  even-numbered  joints  are  on  one  side, 
and  the  odd  ones  on  the  other  (Fig.  128).  Several  such  piles  are 
connected  together,  the  couples  being  insulated  by  mica  or  asbestos, 
which  is  not  altered  by  heat;  they  thus  form  a  rectangular 
parallelopipedon  (Fig.  129),  the  faces  c  and  D  being  those  which 
correspond  to  the  junctions.  These  faces  are  covered  with  lamp- 
black, and  protected  by  the  screens  T  and  T'.    The  two  poles  being 


Digitized  by 


Google 


§  I4I-]      Theory  of  Thermo-Electrical  Phenomena.        195 


connected  with  a  galvanometer,  a  very  slight  difference  of  tempera- 
ture between  the  two  faces  is  sufficient  to  produce  an  appreciable 
deflection. 


JJ! 


Fig.  129. 


Y\G.  128. 

Clamond^s  battery^  which  is  occasionally  used  in  laboratories,  is 
made  up  of  an  alloy  of  zinc  and  antimony,  alternating  with  an 
alloy  of  zinc,  nickel,  and  copper. 
The  metals  are  arranged  in  series  ^ 
so  as  to  form  a  sort  of  cylinder 
(Fig.  130);  the  even-numbered  junc- 
tions are  inside  and  are  heated  by  a 
gas-flame,  while  the  odd-numbered 
junctions  are  on  the  outside,  and 
are  arranged  so  that  they  present 
a  large  cooling  surface  to  the  air. 

We  may  cite  as  an  example  a 
Clamond  battery  consisting  of  120 
couples,  having  an  electromotive  force  of  8  volts  and  a  resistance 
of  3.2  ohms,  which,  therefore,  at  the  maximum,  has  a  power  of 
5  watts.  The  couples  may  be  grouped  so  as  to  satisfy  in  each 
case  the  conditions  of  the  maximum  (§  132).  To  produce  this 
current  180  litres  of  coal-gas  are  consumed  per  hour. 

Assuming  that  a  litre  of  gas  gives  5200  granime-degrees  of 
heat,  the  heat  expended  is  260  gramme-degrees  per  second, 
which  corresponds  to  a  power  of  1084  watts.  The  efficiency 
is  about  ^. 

141.  Theory  of  Thenno-Electrical  Phenomena.— The  exist- 
ence of  thermo-electric  currents  shows  clearly  that  the  resultant 
electromotive  force  in  a  metallic  circuit  is  a  function  of  the 
temperature.    In  order  to  investigate  the  matter,  let  us  again  take 
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the  case  of  a  circuit  formed  by  joining  at  the  ends  a  piece  of  iron 
wire  and  a  piece  of  copper  wire.  It  is  known  by  experiment  (§  134) 
that  heat  disappears  when  an  electric  current  traverses  the  junction 
of  the  two  metals  in  the  direction  from  copper  to  iron,  and  that 
heat  is  produced  by  a  current  traversing  the  junction  from  iron 
to  copper.  Hence  we  infer  that,  at  ordinary  temperatures,  the 
potential  of  iron  is  higher  than  that  of  copper  to  an  extent  measured 
by  the  value  of  the  Peltier  coefficient  for  the  two  metals,  that  is  to 


Fig.  130. 

say,  by  the  energy  required  to  transfer  a  unit  of  electricity  from 
copper  to  iron.  It  is  further  known  (§  136)  that  if,  one  of  the  junc- 
tions remaining  at  the  temperature  of  the  air,  the  other  is  gradually 
heated  (Fig.  124),  the  circuit  is  traversed  by  a  current  whose 
direction  is  from  iron  to  copper  at  the  cold  junction,  and  from 
copper  to  iron  at  the  heated  one.  The  direction  of  the  current 
may  also  be  stated  as  being  from  hot  to  cold  in  the  iron  wire,  and 
from  cold  to  hot  in  the  copper. 

In  seeking  for  the  origin  of  the  electromotive  force  in  a  thenno- 
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electric  circuit,  we  must  bear  in  mind  (§  125)  that  the  electromotive 
force  is  equal  numerically  to  the  work  done  during  the  passage  of 
a  unit  quantity  of  electricity  round  the  circuit,  and  that  this  amount 
of  work  must  be  equal  to  the  energy  simultaneously  taken  in  by 
the  circuit.  A  simple  thermo-electric  circuit  consists  of  two  homo- 
geneous wires  and  two  junctions,  and  any  energy  taken  in  by  it 
must  be  taken  in  at  one  or  more  of  these  four  parts. 

In  the  case  we  have  supposed,  the  direction  of  the  current,  being 
that  of  increasing  temperature  in  the  copper  and  that  of  decreasing 
temperature  in  the  iron,  is  from  lower  to  higher  potential  in  both 
(§  I35)>  and  therefore  there  is  2Lgain  of  energy  in  both  wires  as  the 
current  passes.  Energy  is  also  gained  at  the  heated  joint,  where 
the  current  flows  from  copper  to  iron,  that  is,  from  lower  to  higher 
potential,  but  there  is  loss  of  energy  at  the  other  joint,  where  the 
direction  of  the  current  is  from  iron  to  copper.  The  net  gain  is 
therefore  the  amount  by  which  the  sum  of  the  energy  taken  in,  in 
the  continuous  wires  and  the  hot  junction  taken  together,  exceeds 
that  given  out  simultaneously  at  the  cold  junction,  and  the  electro- 
motive force  is  numerically  equal  to  this  net  gain  of  energy  per 
unit  of  electricity  traversing  the  circuit. 

In  order  to  express  this  relation  by  means  of  an  equation,  we 
may  use  the  symbol  cr  as  the  coefficient  of  the  Thomson  effect ;  that 
is  to  say,  when  a  current  of  strength  C  flows  for  /  seconds  in  a 
given  metal,  from  a  part  where  the  temperature  is  T'  to  a  part 
where  the  temperature  is  higher  by  the  very  small  amount  dT^  the 
energy  taken  in  is  equal  to  the  quantity  of  electricity  Ct  multiplied 
by  the  small  difference  of  temperature  dT  and  by  the  coefficient 
cr  depending  on  the  nature  of  the  metal,  or 

Ct  tr  dT. 

If  7\  be  the  temperature  of  the  colder,  and  T^  that  of  the  hotter 
junction,  we  may  suppose  an  infinite  number  of  points  taken  one 
after  another  along  each  wire,  so  that  the  temperature  at  each 
point  exceeds  that  at  the  preceding  point  by  dT.  Then  the  energy 
gained  by  the  flow  of  a  current  along  each  elementary  length  of 
wire  intervening  between  two  consecutive  points  will  be  represented 
by  Ct  a-  dTy  if  the  direction  of  the  current  is  the  direction  of 
increasing  temperature  (or  dT  positive),  and  by  -  C/  cr  dT^  if  the 
current  flows  in  the  direction  of  decreasing  temperature  (dT  nega- 
tive). The  total  gain  of  energy  due  to  the  whole  wire  will  be 
expressed  by  the  sum  of  all  such  terms  from  one  end  to  the  other. 
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The  factor  Ct  is  common  to  all,  but  the  value  of  cr  for  a  given 
metal  depends  in  general  on  the  temperature ;  hence  we  cannot 
calculate  the  required  sum  by  adding  together  all  the  intervals  of 
temperature  dT^  so  as  to  get  the  total  difference  7j  -  7i,  and 
multiplying  this  by  C/cr,  but  we  must,  before  adding,  multiply 
the  temperature-difference  dT  corresponding  to  each  successive 
element  of  the  wire  by  the  value  of  cr  applicable  to  it,  that  is,  we 

must  take  the  integral /cr^T',  and  multiply  this  by  Ct, 

Distinguishing  the  values  of  cr  corresponding  to  copper  and  iron 
respectively  as  cr^^  and  cr^^,  and  remembering  that  the  direction  of 
the  current  is  from  cold  to  hot  in  the  copper,  and  from  hot  to  cold 
in  the  iron,  we  have,  for  the  total  gain  of  energy  due  to  the 
continuous  wires. 


a(j^Cu^T-f^j,^dTy 


We  have  next  to  consider  the  effect  of  the  junctions.  We  have 
alrieady  (§  134)  seen  that  the  coefficient  of  the  Peltier  effect  for  the 
junction  of  two  metals  measures  their  permanent  difference  of 
potential.  Putting  Hi  for  the  value  of  this  coefficient  in  the  case 
of  iron  and  copper  at  the  temperature  7i  of  the.  cooler  junction, 
and  Ila  for  the  value  of  the  same  coefficient  at  the  temperature  T^ 
of  the  hot  junction,  the  gain  of  energy  at  the  latter  may  be  written 
C/IIj,  and  the  loss  at  the  former  C/Hi.  Hence  the  net  gain  of 
energy  at  the  two  junctions  taken  together  is 

CV(nj-ni). 

If  we  denote  the  electromotive  force  of  the  circuit  by  E,  the  work 
done  by  the  current  in  time  /,  or  the  energy  given  .out,  is  ECt. 
Writing  this  as  equal  to  the  whole  amount  of  energy  taken  in,  we 
get  the  equation, 

r.  p 

Ea  =  CtUcu^t  -  Cn<rjp/iT+  cnii  -  C/Hi. 

The  quantity  of  electricity  traversing  the  circuit,  C/  =  g,  is  a 
factor  of  every  term  of  this  equation.  If  we  divide  throughout  by 
this,  or,  what  comes  to  the  same  thing,  if  we  suppose  the  quantity 
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of  electricity  to  be  unity,  we  get,  as  the  expression  for  the  electro- 
motive force. 


^  -fi^Cu  -  ^Fe)^'^  +  ^2  -  Hi. 


142.  Application  of  Thenno-Dynainics.— The  only  form  in 
which  energy  is  supplied  to  a  thermo-electric  circuit  is  that  of  heat, 
but  the  work  done  by  it  may,  in  part  at  least,  take  any  form  we 
please.  For  example,  by  including  in  the  circuit  an  electro-magnetic 
motor,  a  greater  or  less  amount  of  mechanical  energy  may  be 
obtained.  If,  therefore,  we  leave  put  of  account  the  intermediate 
processes  and  attend  only  to  final  results,  we  may  say  that  a 
thermo-electric  circuit  employed  to  maintain  the  motion  of  an 
electro -magnetic  motor  is  equivalent  to  a  steam-engine,  or  any 
similar  contrivance,  the  function  of  which  is  to  convert  heat  into 
mechanical  energy. 

It  is  thus  natural  to  inquire  how  far  the  general  conditions 
which  have  been  shown  to  apply  to  the  transformation  of  heat  into 
mechanical  energy  in  the  steam-engine,  or  other  forms  of  heat- 
engine,  are  applicable  to  the  corresponding  transformation  by 
means  of  a  thermo-electric  circuit.  The  most  important  of  these 
principles  is  that,  in  the  case  of  a  reversible  engine, — that  is 
to  say,  an  engine  such  that  an  inversion  of  the  direction  of  the 
motion  is  accompanied  by  an  exact  reversal  of  the  dynamic  and 
thermal  processes  going  on  in  it, — the  sum  of  the  quantities  of  heat 
taken  in  by  the  engine,  each  of  them  divided  by  the  temperature, 
reckoned  from  absolute  zero,  at  which  it  is  taken  in,  is  equal  to  the 
sum  of  the  quantities  of  heat  given  out,  each  of  them  divided  by 
the  temperature  at  which  it  is  given  out.  The  application  of  this 
conclusion  to  the  case  of  a  thermo-electric  circuit  leads  to  very 
important  consequences. 

But  before  this  application  can  be  made,  certain  conditions  must 
be  discussed.  A  thermo-electric  circuit  cannot  in  general  be 
regarded  as  reversible.  Part  of  the  energy  of  the  circuit,  namely, 
the  amount  C^R  per  second,  R  being  the  resistance  of  the  circuit, 
is  converted  into  heat  in  a  non-reversible  manner,  that  is  to  say,  the 
production  of  heat  is  independent  of  the  direction  of  the  current 
and  the  application  of  heat  to  the  circuit  cannot  be  made  to  repro- 
duce the  equivalent  quantity  of  electrical  energy.  The  evolution 
and  absorption  of  heat  in  consequence  of  the  Peltier  and  Thomson 
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effects  are,  however,  reversible  ;  for,  being  each  of  them  proportional 
to  the  strength  of  the  current,  they  are  reversed  when  the  current 
is  reversed.  The  non-reversible  evolution  of  heat  being  thus  pro- 
portional to  the  square  of  the  current-strength,  and  the  reversible 
effects  being  proportional  to  the  first  power^  it  follows  that,  if  the 
strength  of  the  current  is  sufficiently  small,  the  former  will  be  very- 
small  as  compared  with  the  latter,  and  may,  without  sensible  error, 
be  neglected.  To  fulfil  this  condition,  we  have  only  to  suppose 
that  the  temperatures  7i  and  7a  are  very  nearly  the  same  :  let  them 
be  T  and  T  +  dT  respectively,  differing  from  each  other  by  the 
indefinitely  small  amount  dT,  In  this  case  the  electromotive  force, 
and  therefore  the  strength  of  the  current,  will  be  very  small. ^ 

Going  back  to  the  equation  at  the  end  of  §  141,  and  assuming 
the  differences  of  temperatures  to  be  very  small,  we  may  write  it 

Where  dYi  stands  for  the  increment  of  the  Peltier  coefficient  corre- 
sponding to  an  increment  of  temperature  dT,  Under  the  conditions 
here  supposed,  the  processes  taking  place  in  the  circuit  are  all 
reversible  ;  we  may  therefore  apply  to  them  the  thermo-dynamic 
conclusion  referred  to  above. 

The  heat  taken  in  in  the  continuous  parts  of  the  circuit  divided 

by  the  temperature  at  which  it  is  received,  gives  (cr^^  -  <r^^)^ 

per  unit  of  electricity,  if  we  put /for  the  mechanical  equivalent  of 
heat.  To  this  is  to  be  added  the  heat  absorbed  at  the  hotter  junction 
divided  by  the  temperature  of  the  junction  ;  this  may  be  written 

.    The  only  part  of  the  circuit  at  which  heat  is  given 

out  is  the  cooler  junction.    Dividing  the  heat  here  evolved  by  the 

temperature  of  the  junction,  we  get  -— .    Then,  equating  the  values 

applicable  to  the  heat  taken  in  and  that  corresponding  to  the  heat 
given  out,  we  have 

T  ^  T+  dT      7^ 

1  Without  making  the  difference  of  temperatures  infinitely  small,  the  current 
g  ight  be  made  as  small  as  we  please  by  a  sufficient  increase  of  resistance.  But 
by  writing  EC  instead  of  OR  to  express  the  non-reversible  production  of  heat, 
we  see  that,  so  long  as  i?  is  finite,  this  is  a  small  quantity  of  the  first,  not  of  the 
second,  order. 
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whence,  by  reduction, 

Putting  this  value  on  the  right-hand  side  of  the  equation  for  dE 
above,  we  get 

dE^~dT, 
T 

If  the  junctions  have  the  temperatures  7\  and  T^  respectively, 
the  electromotive  force  of  the  circuit  is  represented  by 

143.  Values  of  the  Peltier  and  Thomson  Ooeficients.— It 

has  been  pointed  out  already  (§  134)  that  the  direct  experimental 
measurement  of  the  coefficient  of  the  Peltier  effect  presents  a  good 
deal  of  difficulty,  but  the  last  equation  but  one  of  §  142  contains 
the  principle  of  another  method  of  measuring  this  quantity.  Writ- 
ing this  equation  in  the  form 

n=  r^ 

dT 

we  get  the  Peltier  coefficient  expressed  in  terms  of  the  rate  of 
change  of  the  electromotive  force  of  the  circuit  with  temperature. 

dE  in  this  formula  stands  for  the  infinitesimal  electromotive 
force  of  a  circuit  whose  junctions  are  at  the  absolute  temperatures 
T  and  T  4-  dT  respectively ;  but,  by  the  law  of  successive  tem- 
peratures (§  138),  this  is  the  same  as  the  increment  of  electro- 
motive force  in  a  circuit  with  one  junction  kept  at  a  fixed 
temperature  when  the  other  is  raised  from  temperature  T  to 
T->rdT, 

Now  it  is  found  by  experiment  that  the  connection  between 
electromotive  force  and  temperature,  for  a  circuit  formed  of  a 
given  pair  of  metals,  can  be  expressed  by  the  formula 

E^a{n-  Ti)  +  d(T2^-  ri2), 

where  a  and  d  are  constant  coefficients  whose  values  depend  on 
the  particular  metals  employed.  They  can  be  determined  experi- 
mentally in  each  case  by  measuring  the  electromotive  forces 
corresponding  to  various  values  of  the  temperatures  7\  and  Tj. 
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If,  in  this  formula,  7i  stands  for  the  temperature  of  one  junction 
which  is  kept  constant,  while  T^  varies,  we  get,  by  differentiating 
with  respect  to  T^ 

and  therefore,  for  the  value  of  n  at  temperature  /"j, 

n=  7-3^=^72 +  2^7-32. 
al 

For  copper  and  iron, 

a  =  3187,  and  b  =  -  2.91. 

With  these  numbers  the -value  of  n  can  be  calculated  for  any 
given  temperature  :  the  following  table  gives  the  results  for  a  few 
temperatures : — 

Temperature ") 
from  abso-  >  =  7'         273*"  373**         473'       547.6°         573^ 

lute  zero   .  ) 

^SSI}='      °       -     -     ^74.6     300 

II  (ergs  per) 
unit    .  o  f  >  436,000    379,000    205,000  o     -  85,000 

electricity)  ) 

The  value  of  cr^^  -  vj^g  can  also  be  expressed  by  means  of  the 
same  coefficients.     Referring  to  §  142,  we  see  that 

n     du 

Consequently, 


'^Cu"  ^Fe  =  Y~  'dT* 


_       _       <t). 

But 


I         -"VI'dT       7V  dT 


n  _dE 
T-dl' 
therefore, 


<rr 


.dE 
7,    dT  T^^^ 


Writing,  as  before,  the  electromotive  force  in  the  form 
E^a(T-  T^)  +  b{T^-  Ti^\ 
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where  7i  is  the  fixed  temperature  of  the  cooler  junction,  we  have 


and 

Therefore,  finally, 

This  gives  at  0^  C. 

(r 

=  273) 

<^c«- V.=  J589, 

and  at  300*  (7'=  573) 

V«  -  ^Fe  =  3335. 

In  the  same  way  the  difference  between  the  values  of  the 
coefficients  of  the  Thomson  effect  can  be  calculated  for  any  two 
metals  when  the  electromotive  force  of  a  thermo-electric  circuit 
formed  of  these  metals  has  been  determined  fo^  various  intervals 
of  temperature. 

It  is  found  that  the  passage  of  an  electric  current  through  lead, 
between  parts  at  different  temperatures,  is  not  accompanied  by  a 
reversible  production  or  destruction  of  heat  to  an  extent  capable  of 
being  detected  by  experiment.  Hence  the  coefficient  <r  for  lead 
must  be  either  accurately  or  nearly  =^  o. 

Suppose,  then,  that  a  thermo-electric  circuit  is  made  up  of  lead 
and  another  metal,  say  iron,  and  that  the  electromotive  force  of 
the  circuit  has  been  measured  for  various  ranges  of  temperature. 
The  results  enable  us  to  determine  the  values  of  the  coefficients  a 
and  ^,  applicable  to  this  circuit,  in  the  equation — 

E^a{T-  Ti)  +  b{T^-  7i«), 

and  therefore  to  calculate 


or,  puttmg 


In  this  way  the  value  of  cp^  has  been  found  to  be 
at  0°  C.       .        .        .     - 1330 
at  300°  C.  .        .        .     -2791 


'Pi- 

-'Fe=   -2*^'. 

'Pi  =  0. 

'jr,  =  2*7-. 
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Combining  these  values  with  those  given  above  for  <r^^  —  Vq^^  we 
get  for  <r^^, 

at  o'  C.       .        .        .     +259 

at  300"  C.  .        .  544. 

If  we  distinguish  by  suffixes  the  values  of  the  coefficients  a  and 
^,  in  the  case  of  circuits  made  up  of  three  given  metals,  i,  2,  and  3, 
when  I  and  2,  2  and  3,  or  i  and  3  are  taken  together,  the  law  of 
intermediate  metals  (§  139)  gives  the  following  relations — 

^1,8  =  ^1,2  +  ^,8 
^,8  =  b\yi  +  ^2,3, 

by  which,  when  the  values  applicable  to  two  of  the  pairs  have  been 
determined,  that  corresponding  to  the  third  pair  can  be  found. 

144.  Neutral  Point. — As  already  stated  (§  137),  when  the  mean 
temperature  of  the  junctions  of  a  copper-iron  circuit  is  about  275"  C. 
(=  548°  from  absolute  zero)  the  current  ceases.  With  circuits 
formed  of  other  metals,  the  same  thing  happens  at  other  tempera- 
tures. The  formula  of  §  143  for  the  electromotive  force  of  a 
circuit,  when  written  thus— 

shows  that  E  must  vanish  whenever  the  mean  temperature  of  the 
junction  satisfies  the  condition 

The  temperature  thus  determined  is  called  the  neutral  temperature 
for  the  given  pair  of  metals.  If  we  denote  it  by  the  symbol  Z^,  we 
get  for  the  coefficient  a  the  value 

«  =  -  2bT^. 

Putting  this  into  the  formula  for  electromotive  force,  we  may  write 
this  as  containing  the  product  of  two  differences,  namely, 

which  shows  that  it  must  vanish  when  either  difference  vanishes. 
The  first  case  is  when  both  junctions  have  the  same  temperature  ; 
the  second  is  when  the  mean  temperature  is  equal  to  the  neutral 
temperature.    The  meaning  of  the  neutral  temperature  for  a  given 
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pair  of  metals  becomes  more  apparent  when  we  consider  the  value 
of  the  corresponding  Peltier  coefficient.  As  we  have  seen,  this  is 
expressed  by  the  formula 

Expressing  a  in  terms  of  the  neutral  temperature,  this  becomes 
=  -   2bT  T  +  2bT^ -- 2bT{T  -  T^. 

It  follows  that  the  value  of  the  Peltier  coefficient  for  a  given  pair 
of  metals  which  are  at  the  neutral  temperature  is  zero,  or  that  no 
reversible  thermal  effect  accompanies  the  passage  of  a  current  from 
one  to  the  other  at  this  temperature. 

When  the  temperature  of  one  junction  is  kept  constant,  the 
electromotive  force  reaches  a  maximum  when  the  second  junction 
is  at  the  neutral  point ;  and  if  one  junction  is  kept  at  the  neutral 
point,  the  current  is  in  one  direction  or  the  other  round  the  circuit, 
according  as  the  temperature  of  the  second  junction  is  below  or 
above  the  neutral  point. 


145.  Geometrical  Representation  of  the  Phenomena.— Two 

methods  ^may  be  used  to  represent  thermo-electrical  pheno^lena 
geometrically. 

Suppose  a  couple  formed  of  two  metals,  A  and  x,  one  of  the 
junctions  being  kept  at  o',  and  the  other  at  any  temperature,  /. 
Take  the  values  of  /  as  abscissae  (Fig.  131),  and  the  corresponding 
electromotive  forces  as  ordinates ;  a  curve,  ax,  is  obtained,  which 
is,  in  fact,  a  parabola  with  a  vertical  axis. 
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If  the  cold  junction,  instead  of  being  at  o^  is  at  the  temperature 
/i,  the  same  curve  still  gives  the  electromotive  forces,  provided  we 
measure  the  ordinates  from  the  line  mm',  drawn  parallel  to  the  axis 
of  abscissae  through  the  point  M  of  the  curve,  which  corresponds 
to  the  temperature  Z^.  This  is  a  consequence  of  the  law  of  successive 
temperatures  (§  1 38). 

The  point  m',  where  the  curve  cuts  the  parallel  mm'  to  the  axis 
of  abscissae,  gives  the  temperature  at  which  the  electromotive 
force  changes  its  sign,  and  gives,  consequently,  the  temperature 
of  inversion  (§§  137, 144).  This  temperature  varies,  as  we  see,  with 
that  of  the  cold  junction. 

The  temperature  /^  of  the  maximum  electromotive  force,  on 
the  contrary,  is  fixed,  and  is  represented  on  the  diagram  by  the 
point  D.  It  will  be  seen  that  it  is  the  mean  of  the  temperatures  of 
the  cold  junction  and  of  the  temperature  of  inversion. 

In  like  manner,  let  BX  be  the  curve  corresponding  to  the  couple 
formed  by  the  metals  B  and  X ;  the  difference  MN  of  the  two 
ordinates  represents,  for  the  temperatures  0°  and  P  of  the  two 
junctions,  the  electromotive  force  of  the  couple  formed  by  the  two 
metals  A  and  B.  We  have,  in  fact,  from  the  law  of  intermediate 
metals — 

E{AX)  =  E(AB)  +  E{BX). 

146.  Thermo-Electric  Height.-~Another  method  is  to  plot 
temperatures  as  abscissae,  and  as  ordinates  the  values  of 

(iE^n 

dT    r 

which  are  known  as  thermo-electric  heights*  The  line  ab  in 
Fig.  132  represents  part  of  a  curve  so  drawn.  The  ordinate  of 
the  point  where  it  intersects  the  vertical 
axis  represents  the  value  of  a  ;  the  tan- 
gent of  the  angle  which  it  makes  with 
the  axis  of  temperature  gives  the  value 
of  2^.  The  area  of  the  vertical  strip, 
pmmV,  being  the  product  of  the  ver- 
tical height  into  the  base,  represents 
the  value  of  dE^  namely,  the  thermo- 
electric height  --  multiplied  by  the 
infinitesimal  difference  of  temperature  dT  of  the  junctions.    The 
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sum  of  all  such  areas  between  the  lines  Aa  and  /2B  is  the  area 
of  the  figure  /lAB/j,  and  is  expressed  algebraically  as  /-=^  dT^  and 

therefore  represents  the  electromotive  force  of  a  circuit,  formed 
of  the  two  metals  for  which  the  figure  is  drawn,  with  junctions  at 
the  temperatures  t\  and  t^  respectively. 

In  Fig.  133  the  area  pmm'p'  represents  in  like  manner  the 
electromotive  force  of  a  circuit  of  two  metals,  say  A  and  x,  with 
junctions  at  the  temperatures  de- 
noted by  the  points  P  and  P'. 
Similarly,  the  area  pnn'p'  repre-  V 
sents  the  electromotive  force  for 
the  same  range  of  temperature 
of  a  circuit  formed  of  the  metals 
B  and  X. 

From  the  law  of  intermediate 
metals  it  follows  that  the  differ- 
ence of  these  areas,  or  nmm'n', 
represents  the  electromotive  force 
— still   for   the    same    range    of 

temperature— of  a  circuit  formed  of  the  metals  A  and  B.  The 
abscissa  of  the  point  K,  where  the  lines  mm'  and  nn'  intersect, 
represents  the  neutral  point  for  the  metals  A  and  B,  and  the  area 
nmm'n'  increases  with  rise  of  temperature  of  the  hotter  junction 
until  this  point  is  reached.  An  area  like  n"km"  to  the  right  of 
the  point  K  is  to  be  reckoned  negative,  and  represents  an  electro- 
motive force  acting  the  opposite  way  round  the  circuit  to  one 
represented  by  an  area  to  the  left  of  K.  If  the  temperature  of 
one  junction  is  below,  and  that  of  the  other  is  above  the  neutral 
point,  the  electromotive  force  of  the  circuit  is  represented  by  the 
difference  of  the  areas  to  the  left  and  right  of  the  point  K  respec- 
tively, and  vanishes  when  the  temperatures  are  such  that  these 
areas  are  equal,  that  is,  as  the  figure  indicates,  when  the  tempera- 
tures of  the  two  junctions  are  equidistant  from  the  neutral  point. 

147.  Thermo-Electric  Diagram.— Fig.  134  gives  a  thermo- 
electric diagram,  according  to  Professor  Tait,  for  the  principal 
metals.  Lead  is  the  metal  taken  as  standard,  since  this  does  not 
show  the  Thomson  effect.  The  abscissae  represent  temperatures 
in  centigrade  degrees,  and  the  ordinates  the  thermo-electric  heights 
in  microvolts  (or  millionths  of  a  volt)  per  degree. 
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All  the  curves,  excepting  those  for  iron  and  nickel  at  high  tem- 
peratures, are  straight  lines.  In  order  to  obtain  the  electromotive 
force  of  a  couple  ab  working  between  the  temperatures  t\  and  /•», 
the  area  to  be  calculated  is  that  of  a  trapezium,  such  as  mnm'n' 
(Fig.  133) ;  it  is  sufficient  to  multiply  half  the  sum  of  the  two 
parallel  sides  by  their  distance  apart.  This  distance  is  the  differ- 
ence /a  - 1\  of  the  two  temperatures  ;  half  the  sum  of  the  parallel 
sides  is  equal  to  the  portion  intercepted  by  the  lines  A  and  B  on 
the  ordinate  which  corresponds  to  the  mean  ^(/2+/i)  of  the  tem- 
peratures of  the  two  junctions. 

For  instance,  let  one  of  the  junctions  of  an  iron-copper  couple 
be  at  50°,  and  the  other  at  250° ;   the  diagram  gives  about   10 


Fig.  134. 

microvolts  for  the  difference  of  the  ordinates  corresponding  to  the 
mean  temperature,  150':  the  electromotive  force  will  then  be  10  x 
200  =  2000  microvolts  or  2  x  io~*  volts. 

148.  As  the  area  n'm'mn  (Fig.  135)  represents  the  electromotive 
force  in  volts,  it  also  represents  in  joules  the  work  done  by  a  coulomb 
traversing  the  circuit.  In  the  case  of  the  figure  the  current  flows 
in  the  direction  n'm'mn  ;  in  other  words,  the  metal  B  is  positive 
in  reference  to  A. 

The  outline  of  the  area  n'm'mn  may  be  considered  as  represent- 
ing the  cycle  traversed  by  the  electricity,  and  if  we  assume 
that  the  temperatures  are  measured  from  absolute  zero,  the  area 
comprised  between   one   of  the   bounding  lines   of  the   figure, 
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Fig.  135. 


the  axis  cx^,  and  two  lines  parallel  to  the  axis  of  temperature, 
represents  the  work  depending  on  the  corresponding  element 
of  the  cycle. 

Thus    nn'    represents    the   ^ 
passage  of  a  unit  of  electricity 
from  the  lower  temperature  T  p 
to  the  higher  temperature  t',  p' 
along   the  conductor  B,  and 
the  area  nn'q'q  the   energy  a' 
taken  in  in  this  part  of  the 
circuit  in  consequence  of  the   ft 
Thomson  effect 

The  line  n'm'  denotes  the 
passage  of  electricity  from  the      < 
conductor  B  to  the  conductor 
A  at  the  temperature  t',  and 
the  area  n'm'p'q'  the  energy  corresponding  to  the  Peltier  effect. 

The  line  m'm  denotes  the  passage  of  electricity  along  the  con- 
ductor A  from  the  temperature  t'  to  the  temperature  T,  and  the 
area  m'mpp'  represents  the  energy  corresponding  to  the  Thomson 
effect  in  the  conductor  A. 

Finally,  the  line  mn  expresses  the  passage  of  electricity  from  the 
metal  A  to  the  metal  B  through  the  cold  junction  at  the  temperature 
T,  and  the  area  mnqp  the  energy  corresponding  to  the  Peltier  effect. 

The  diagram  is  so  drawn  that  gain  of  energy  corresponds  to  the 
passage  of  a  current  from  a  lower  to  a  higher  point,  and  loss  ot 
energy  to  the  passage  from  higher  to  lower.  Consequently  the 
areas  qnn'q',  q'n'm'p',  and  p'm'mp  represent  energy  gained  during 
the  passage  of  a  coulomb  of  electricity  round  the  circuit,  and  the  area 
PMNQ  represents  energy  given  out.  The  net  gaih  of  energy  per 
coulomb,  or  the  electromotive  force  in  volts,  is  represented  by  the 
difference  of  these  areas,  namely,  nn'm'm. 

149.  Measorement  of  Temperatures  by  Thermo-Electric 
Oouples. — ^As  the  electromotive  force  of  a  thermo-electric  couple 
is,  for  a  fixed  temperature  of  the  cold  junction,  a  function  of  the 
temperature  of  the  hot  junction,  it  can  be  used  to  determine  this 
latter  temperature. 

A  simple  arrangement  for  this  purpose  consists  in  twisting 
together,  as  at  O  (Fig.  136),  the  ends  of  two  wires,  ab,  forming  a 
couple,  and  attaching  the  other  two  ends  to  a  galvanometer,  G, 
all  the  junctions  from  A  and  from  B  being  at  the  same  temperature. 

O 
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It  is  necessary  to  know  once  for  all  the  curve  of  the  electro- 
motive forces  as  a  function  of  the  temperature,  and  to  be  certain 
that  the  couple  is  comparable  with  itself,  and  is  not  altered 
by  being  reheated.  Care  must  also 
be  taken  to  work  below  the  point  of 
inversion. 

A  couple  of  pure  platinum  and  an 
alloy  of  rhodium  with  platinum  is 
well  adapted  for  measuring  tempera- 
tures up  to  1200°,  and  towards  this 
limit  indicates  temperatures  to  within 
10  or  20  degrees,  which  in  most  cases  is  sufficient. 

For  temperatures  below  100%  by  the  arrangement  known  as 
BecquerePs  thermo-electric  needle  (Fig.  137),  the  curve  can  be 
dispensed  with.  Two  identical  couples  are 
joined  in  series  in  opposition  to  each  other. 
The  junction  A  being  placed  at  the  point 
whose  temperature  is  to  be  determined,  the 
junction  B  is  placed  in  a  bath,  the  temperature 
of  which  can  be  varied  until  there  is  no  de- 
flection of  the  galvanometer.  The  temperature 
of  the  two  junctions  is  then  the  same. 

For  very  small  differences  of  temperature,  it 
is  advantageous  to  use  a  bismuth-antimony 
couple  (Fig.  138).  So  long  as  the  temperature 
of  100"  is  not  exceeded,  the  current  is  proportional  to  the  dif- 
ference of  temperature  of  the  two  junctions.     By  arranging  two 

couples  in  series,  as  shown  in  Fig.  138, 
we  have  Peltier's  thermo-electric  clip, 
by  which  the  temperature  of  any 
given  body  may  be  taken,  such,  for 
instance,  as  that  at  any  part  of  a  bar, 
3K  MN.  This  apparatus  was  used  by 
Peltier  in  investigating  the  so-called 
"  Peltier  effect "  at  the  junction  of 
two  metals. 

Melloni's  pile,  described  above 
(Fig.  129),  constitutes  a  differential 
thermometer  of  extreme  sensitiveness.  When  the  two  faces  are 
at  the  temperature  of  the  surrounding  air,  and  heat  is  allowed  to 
radiate  against  one  end,  for  instance,  if  the  hand  is  held  in  front 


Fig.  137. 


Fig.  138. 
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of  it,  a  difference  of  temperature  is  established  between  them,  which 
is  proportional  to  the  radiation,  and  therefore  a  current  is  produced 
whose  intensity  is  proportional  to  this  radiation. 


As  a  further  example,  may  be  cited  the  application  of  the  pile 
by  M.  Leroux  to  measuring  the  Thomson  effect  (§  135).  If  we 
suppose  two  similar  bars,  ab,  a'b'  (Fig.  139),  placed  parallel  to 
each  other  and  joined  by  a  cross-piece,  bb',  at  the  heated  end,  a 
thermo-electric  pile,  placed  with  its  faces  in  contact  with  two 
symmetrical  points,  c  and  c',  will  indicate  a  difference  of  tempera- 
ture between  these  points  when  a  strong  current  is  passed  through 
the  bars  from  A  to  a'  or  in  the  opposite  direction. 
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CHEMICAL  ACTION  OF  THE  CURRENT. 

150.  Electrolysis. — If  the  interpolar  wire  of  a  battery  is  cut,  and 
the  two  ends  are  then  placed  in  a  liquid  (Fig.  140),  so  that  the 
circuit  is  completed  by  a  column  of  liquid, 
two  cases  may  present  themselves.  The 
liquid  may  act  like  air,  as  a  perfect  insu- 
lator, and  then  no  current  passes ;  or  the 
current  passes,  and  then,  except  in  the  case 
of  mercury  or  any  melted  metal,  the  liquid 
is  decomposed.  A  non-metallic  liquid 
never  acts  like  a  simple  conductor ;  it  never 
allows  any  quantity  of  electricity  to  pass 
without  a  correlated  decomposition. 
I  This  phenomenon  is  called  electrolysis; 
\  the  term  electrolyte  is  applied  to  the  liquid 
;  which  undergoes  decomposition;  and  the 
conductors  by  which  the  current  enters 
and  leaves  the  liquid  are  called  electrodes; 
that  in  connection  with  the  positive  ter- 
minal is  called  the  positive  electrode^  or  sometimes  the  anode^  and 
that  connected  with  the  negative  terminal  is  the  negative  electrode 
or  kathode. 

The  only  bodies  which  are  susceptible  of  electrolysis  are  appa- 
rently salts  liquefied  either  by  solution  or  by  fusion.  Perfectly 
pure  liquids,  such  as  water,  alcohol,  ether,  bisulphide  of  carbon, 
&c.,  are  not  electrolytes.  We  understand  by  the  term  salt  a  com- 
pound formed  of  a  metal  united  either  to  an  element  such  as 
CI,  Br,  S,  or  to  a  compound  radical  such  as  SO4,  NOj,  .  .  .  &c. 
The  primary  decomposition  which  takes  place  under  the  action  of 
the  current  appears  always  to  consist  in  the  separation  of  the 
metal  from  the  simple  or  compound  radical  with  which  it  was 
combined. 


Fig.  140. 
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The  constituents  into  which  a  body  is  decomposed  never  appear 
in  the  mass  of  the  liquid  itself,  but  only  at  the  electrodes :  the 
metal  at  the  negative  and  the  radical  at  the  positive  electrode. 

Thus  if  we  use  as  electrodes  two  platinum  plates,  and  immerse 
them  in  solution  of  sulphate  of  copper,  copper  is  deposited  on  the 
negative  electrode,  with  its  characteristic  colour,  while  at  the 
positive  electrode  oxygen  is  given  off  in  the  form  of  gas,  and 
sulphuric  acid,  SO4H2,  remains  in  solution.  This  may  be  supposed 
to  result  from  the  action  of  the  liberated  SO4  on  water,  thus  : — 

SO4  +  H2O  =  SO4H2  +  O. 

151.  Secondary  Actions. — When  the  electrode  is  not  unalter- 
able, the  body  which  is  given  off  may  give  rise  to  chemical  actions, 
which  are  called  secondary  actions.  Thus,  in  the  decomposition  of 
sulphate  of  copper,  if  a  plate  of  copper  is  taken  as  positive  elec- 
trode instead  of  a  platinum  plate,  no  oxygen  is  liberated,  but  the 
radical  SO4  unites  with  copper  and  forms  a  quantity  of  sulphate  of 
copper  exactly  equal  to  that  which  has  been  decomposed ;  the 
quantity  of  copper  sulphate  in  solution  remains  constant,  and  in 
each  unit  of  time  the  positive  electrode  loses  just  as  much  copper 
as  is  deposited  on  the  negative  electrode. 

With  an  alkaline  salt  such  as  potassium  sulphate,  K2SO4,  the 
decomposition  may  be  supposed  to  take  place  in  the  same  way  as 
with  copper  sulphate ;  but  the  potassium  set  free  at  the  negative 
electrode,  being  in  contact  with  water,  at  once  decomposes  water, 
with  the  formation  of  potassium  hydrate  and  liberation  of  hydrogen 
in  the  form  of  gas  ;  thus  : — 

2H2O  +  K2  =  2KHO  +  H2. 

The  result  is  that  hydrogen  is  liberated  at  the  negative  electrode, 
and  an  equivalent  quantity  of  oxygen  at  the  positive  ;  at  the  same 
time,  sulphuric  acid  is  found  in  solution  at  the  positive  electrode, 
and  potassic  hydrate  at  the  other.  This  can  be  shown  by  means 
of  a  U  tube  (Fig.  141)  containing  a  solution  of  potassic  sulphate, 
coloured  with  infusion  of  red  cabbage,  and  provided  with  plati- 
num electrodes,  A  and  B.  The  liquid,  which  is  at  first  violet- 
coloured,  becomes  red  at  A  where  the  oxygen  is  given  off,  while 
at  B,  where  hydrogen  is  liberated,  it  becomes  green  ;  these  changes 
of  colour  indicating  the  presence  of  free  acid  and  base  respectively. 
When  solution  of  common  salt  is  electrolysed,  the  direct  action 
is  similar,  but  the  final  result  is  more  complicated.    The  sodium 
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liberated  at  the  negative  electrode  decomposes  water,  with  the 
formation  of  sodic  hydrate,  NaHO,  and  liberation  of  hydrogen  ; 
at  the  positive  electrode,  chlorine  is  liberated,  partly  in  the  form 
of  gas,  while  another  portion  decomposes  water  with  formation  of 
hydrochloric  acid  and  liberation  of  oxygen,  and  another  portion 
still  is  converted  into  hypochlorous  acid  and  other  oxygen  com- 
pounds of  chlorine. 

152.  Decomposition  of  Water,  of  Potass,  &c.— Water  fur- 
nished the  first  instance  of  decomposition  by  the  electric  current- 


Fig.  141. 

The  experiment  may  be  made  with  the  apparatus  represented 
in  Fig.  142.  This  is  a  glass  vessel,  v,  in  the  base  of  which  are 
two  holes,  in  which  are  cemented  two  wires  or  strips  of  platinum, 
A  and  B,  which  act  as  electrodes.  The  vessel  v  contains  acidulated 
water,  and  two  graduated  glass  tubes,  c  and  D,  also  filled  with 
water,  are  inverted  over  the  electrodes.  When  a  battery  of  three 
or  four  cells  is  connected  with  the  binding  screws,  P  and  p',  the 
decomposition  commences ;  the  gases  are  liberated  at  the  elec- 
trodes, oxygen  at  the  positive,  and  hydrogen  at  the  negative,  and 
it  is  found  that  the  volume  of  the  latter  is  twice  that  of  the  former. 
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lition  of  acid  to  the  water  is  essential,  as  perfectly  pure 
oes  not  conduct  the  current,  and,  therefore,  is  not  de- 
5d.  It  is  probable  that  the  acid  is  decomposed  into 
n  and  the  radical  SO4,  and  that  this  acts  on  water, 
ig  sulphuric  acid  and  liberating  oxygen. 


Fig.  142. 


The  celebrated  experiment  of  Davy,  by  which  he  first  discovered 
potassium,  sodium,  &c.,  may  be  made  in  the  following  manner. 
A  small  piece  of  moist  caustic  potash,  M  (Fig.  143),  is  placed  on  a 
platinum  plate  which  forms  the  positive  electrode,  the  negative 
electrode  is  formed  by  a  small  quantity  of  mercury  placed  in  a 
hollow  made  in  the  upper  side  of  the 
potash.  When  a  pretty  strong  cur- 
rent is  passed,  oxygen  is  liberated  on 
the  positive  plate,  and  the  mercury 
swells  up  and  becomes  pasty,  owing 
to  its  dissolving  the  potassium  as  it  is 
liberated.  If  the  resulting  amalgam 
of  mercury  and  potassium  is  heated  out  of  contact  with  air,  the 
mercury  may  be  distilled  off  and  potassium  left  behind.  This 
decomposition  may  be  regarded  as  a  decomposition  of  2KHO 
into  Ka  and  2 HO,  which  latter  further  breaks  up  into  water 
and  oxygen  :  2HO  =  H2O  +  O. 

153.  El^ctrQ-Cbeimcal  Equivalents,— The  quantity  of  an  ^l^c- 


Fig.  143. 
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trolyte  decomposed  by  a  current  depends  on  the  nature  of  the 
electrolyte  and  on  the  quantity  of  electricity  which  passes.  Thus, 
if  the  electrolyte  is  water,  i  gramme  is  decomposed  by  every 
10,704  coulombs  of  electricity  that  are  passed  through  it.  In 
this  case  the  products  of  decomposition  are  \  gramme  of  hydro- 
gen and  f  gramme  of  oxygen.  To  liberate  i  gramme  of  hydrogen 
requires  nine  times  as  much  electricity,  or  96,340  coulombs,  and 
it  was  shown  by  Faraday  that,  in  order  to  liberate  the  same 
quantity  of  hydrogen  by  the  decomposition  of  any  other  substance, 
say  hydrochloric  acid,  or  a  solution  of  caustic  potash,  the  same 
quantity  of  electricity  is  required.  He  further  showed  that  if, 
instead  of  comparing  equal  quantities  of  different  substances,  we 
compare  quantities  which  are  chemically  equivalent  to  each  other, 
the  same  quantity  of  electricity  is  required  in  every  case.  This 
result  is  known  as  Faraday s  law. 

The  quantity  of  any  substance  which  is  liberated  or  decomposed, 
or,  in  general,  which  undergoes  chemical  change,  during  the  pas- 
sage of  I  coulomb  of  electricity,  is  called  the  electro-chemtcal 
equivalent  of  that  substance.    Thus  the  electro-chemical  equiva- 


lent of  hydrogen  is 


96340 


=  0.00001038  gramme,  that  of  oxygen  is 


7.98  X  0.00001038  =  0.00008283  gramme,  and  that  of  water  is 
8.98  X  0.00001038  =  0.00009321  gramme.  Using  this  term,  we 
may  enunciate  Faraday's  law  by  saying  that  the  electro-chemical 
equivalents  of  all  substances  are  in  the  same  proportion  as  their 
ordinary  chemical  equivalents.  In  fact,  to  get  the  electro-chemical 
equivalent  of  any  substance,  we  have  only  to  multiply  the  chemical 
equivalent  of  that  substance  by  the  constant  factor  0.00001038. 
The  following  table  gives  the  electro-chemical  equivalents  of  a 
few  important  substances  in  addition  to  those  named  above : — 


Silver 

Chemical 
Equivalents. 
.      107.7 

Electro-chemical 

Equivalents. 

0.001 1 18  gramme. 

Copper 

63.2 
2 

.000328      „ 

Zinc  . 

64.9 
2 

.000337      „ 

Potassium 
Sodium 
Chlorine    . 

.      39 
•      23 
.        .      35.4 

.000405      „ 
.000239      „ 
.000367      „ 

Thus^  whatever  b^  th?  electro-negative  or  ^cj4  r^4ic?i}  in  a  salt^ 
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or  the  time  taken  in  the  operation,  a  coulomb  liberates  always 
0.000328  gr.  of  copper,  or  0.001 118  gr.  of  silver;  it  decomposes 
0.00009321  gr.  of  water,  and  liberates  0.00001038  gr.  of  hydrogen, 
which  at  0°  and  76  cm.  occupies  a  volume  of  o.  1 1 53  cubic  centi- 
metre. And  as  the  same  quantity  of  electricity,  that  is,  the  same 
number  of  coulombs,  traverses  simultaneously  all  parts  of  the 
circuit,  all  chemical  actions  which  take  place  simultaneously  in 
the  circuit  take  place  in  equivalent  proportions.  Hence,  in  order 
to  ascertain  the  amount  of  chemical  action  which  takes  place  in  a 
given  time  in  the  battery,  it  is  only  necessary  to  insert  a  voltameter 
at  any  part  of  the  circuit  (that  is  to  say,  an  apparatus  in  which 
electrolysis  is  caused  by  the  current,  and  which  is  so  arranged  that 
the  products  can  be  collected  and  their  quantity  determined),  and 
to  measure,  as  the  case  may  be,  the  quantity  of  hydrogen  liberated, 
or  of  copper  or  silver  deposited,  during  the  time  in  question. 
The  action  taking  place  simultaneously  in  each  cell  of  the  battery 
is  then  chemically  comparable  with  that  observed  in  the  voltameter. 
This  is  on  the  understanding  that  the  cells  of  the  battery  are  con- 
nected in  a  single  series :  if  they  are  arranged  in  two  or  more 
parallel  series,  only  one  half,  or  some  smaller  fraction,  of  the  total 
current  traverses  each  cell,  and  the  resulting  amount  of  chemical 
action  is  proportionately  smaller. 

154.  Grotthns's  Hsrpothesis.— In  order  to  explain  how  it  is 
that  the  products  of  decomposition  always  appear  at  the  elec- 
trodes, Grotthus  assumed  that  the  elements  of  any  electrolyte — 
water,  for  instance— are  arranged  in  a  line  between  the  two  elec- 
trodes, and  that  while  an  equivalent  of  oxygen  and  one  of  hydrogen 
are  liberated  at  the  same  instant  at  the  ends,  water  is  being  re- 
formed all  along  the  line,  the  oxygen  of  each  molecule  combining 


H     H     H     H     H     H  .H    H 


0     0     0     0     0     0     0    0 


■^N 


Fig.  144. 


simultaneously  with  the  hydrogen  of  the  following  one.  This 
conception  may  be  represented  materially  by  two  strips  of  paper 
marked  o  and  H  respectively  at  equidistant  intervals ;  if  the  two 
bands  are  placed  side  by  side  and  drawn  in  opposite  directions, 
the  symbols  O  will  be  seen  separately  on  one  side,  and  the 
symbols  H  on  the  other,  while  H  and  o  are  in  juxtaposition^ 
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representing  combination  in  the  state  of  water,  in  the  intermediate 
space. 

In  order  to  understand  why  an  electrolyte  never  acts  like  a 
simple  metallic-conductor,  and  at  the  same  time  to  explain  Fara- 
day's law,  it  is  sufficient  to  suppose  that  the  atoms  of  the  electrolyte 
are  the  sole  carriers  of  electricity ;  for  instance,  in  the  case  of 
water,  that  oxygen  carries  negative,  and  hydrogen  positive  elec- 
tricity ;  and,  lastly,  that  all  the  elementary  atoms— atoms  whose 
masses  are  proportional  to  the  electro-chemical  equivalents — always 
carry  with  them  the  same  absolute  charge  of  electricity,  whatever 
be  their  nature. 

155.  Work  of  Electrolysis. — A  coulomb  always  decomposes 
equivalent  quantities  of  different  electrolytes.  On  the  other  hand, 
this  decomposition  requires  very  different  quantities  of  heat.  It 
follows  from  this  that  the  work  done  by  a  coulomb  must  differ 
greatly  according  to  the  electrolyte  through  which  it  passes.  If 
it  be  assumed  that  the  work  of  electricity,  like  that  of  water,  is 
represented  by  the  product  of  a  quantity  into  a  fall  of  potential 
(§§  34>  35>  124),  the  conclusion  follows  that  there  must  be  a 
difference  of  potential  between  the  two  electrodes  of  a  voltameter, 
and  that  this  difference  is  such  that,  for  each  coulomb,  it  gives 
the  number  of  joules  of  work  required  to  effect  the  decomposi- 
tion of  one  electro-chemical  equivalent  of  the  electrolyte. 

If  i/a  is  the  quantity  of  electricity  in  coulombs  needed  to  decom- 
pose one  gramme-equivalent  of  any  substance  (§  153),  and  q  the 
quantity  of  heat  resulting  from  the  recombination  of  the  products 
of  decomposition,  the  electrical  work  per  coulomb  is  Jojq  (§  69) ; 
if  H  denotes  the  difference  of  potential  in  volts  of  the  two 
electrodes,  we  have 

H  =Jaq  =  4.17  X  0.00001038^  =  0.0000433^. 

For  water,  q  =  34500,  so  that  H=  1.49  volts  for  the  difference 
of  potential  between  the  electrodes  of  a  water  voltameter. 

156.  Polarisation  of  the  Electrodes.— How  does  this  differ- 
ence of  potential  arise?  Let  us  take  as  an  example  a  water 
voltameter ;  at  the  beginning  of  the  experiment,  before  the  passage 
of  the  current,  the  two  platinum  plates  are  at  the  same  potential 
When,  however,  the  current  passes,  the  substances  liberated  at 
the  electrodes  change  the  nature  of  the  surface  and  set  up  a 
difference  of  potential  between  them,  which  goes  on  increasing 
until  it  attains  a  constant  value,  from  which  point  onwards  t;hQ 
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decomposition  is  a  normal  one.  This  phenomenon  is  known 
as  iht  polarisation  of  the  electrodes ^  and  the  difference  of  potential 
between  the  electrodes,  which  determines  the  fall  in  the  direction 
of  the  current,  is  called  the  electromotive  force  of  polarisation. 

It  is  evident  that  the  quantity  of  electricity  necessary  to  bring 
about  a  given  state  of  polarisation  will  only  depend  on  the  nature 
and  the  dimensions  of  the  plates.  This  quantity  represents -their 
capacity  of  polarisation.  By  taking  two  electrodes  of  very  unequal 
surface,  it  may  happen  that  a  quantity  of  electricity  which  is 
sufficient  to  completely  polarise  the  smaller,  only  produces  a 
very  slight  modification  in  the  larger  one ;  the  final  difference 
of  potential  is,  however,  always  the  same.  Experiment  shows, 
moreover,  that  the  capacity  of  polarisation,  in  the  case  of  unequal 
electrodes,  is  the  same,  whatever  be  the  direction  of  the  current, 
and  therefore  the  sign  of  the  electrode. 

157.  Polarisation  Gurrents. — The  difference  of  potential  be- 
tween the  polarised  electrodes  may  be  measured  by  the  electro- 
meter. If  the  battery  is  disconnected  from  the  electrodes  and 
a  galvanometer  (an  instrument  which  indicates  the  passage  of  a 
current  by  the  deflection  of  a  magnetic  needle,  the  construction  of 
which  is  described  in  Chapter  XXVIII.)  is  connected  with  them 
in  its  place,  it  is  found  that  a  current  traverses  the  galvanometer 
from  the  positive  electrode  to  the  negative,  and  consequently  passes 
through  the  liquid  from  the  negative  electrode  to  the  positive,  or 
in  the  opposite  direction  to  the  battery  current.  This  result  occurs 
whether  the  electrodes  are  left  in  the  original  liquid,  or  whether 
they  are  transferred  to  acidulated  water  contained  in  another  vessel. 

This  current,  which  is  due  to  the  electromotive  force  of  polari- 
sation, is  called  a  polarisation  current;  it  rapidly  diminishes,  and 
ceases  when  the  substances  formed  on  the  electrodes  have  com- 
pletely combined  again.  The  quantity  of  electricity  which  corre- 
sponds to  their  recombination  is  manifestly  equal  to  that  which 
had  caused  their  separation.  We  shall  afterwards  see  that  impor- 
tant applications  of  the  polarisation  current  have  been  made. 
It  may  be  added  that  the  production  of  a  polarisation  current  in 
the  manner  described  above  is  a  very  delicate  means  of  investigat- 
ing whether  a  liquid  has  been  decomposed  by  a  current,  and 
therefore  whether  or  not  it  is  an  electrolyte. 

15a  Ohemical  Work  in  Batteries.— In  a  properly  arranged 
battery  there  is  no  chemical  action  so  long  as  the  circuit  is  open  ; 
when  it  is  closed  the  chemical  action  produced  is  solely  that  which 
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results  from  the  passage  of  the  current  in  conformity  with  Faraday's 
law.  As  the  quantity  of  electricity  which  traverses  any  section  of 
a  circuit  is  everywhere  the  same,  the  chemical  action  in  each 
element  of  the  battery  is  equal,  equivalent  for  equivalent,  to  that 
which  would  be  produced  in  an  external  voltameter. 

In  Volta's  couple  the  current  traverses  acidulated  water  from  the 
zinc  to  the  copper  plate  ;  the  hydrogen  which  goes  along  with  the 
current  is  disengaged  in  the  form  of  gas  at  the  negative  plate, 
while  the  acid  group,  SO4,  attacks  the  zinc  plate  and  forms  zinc 
sulphate.  For  each  coulomb  that  traverses  the  circuit,  0.00034 
gramme  of  zinc  (§  153)  is  dissolved  and  converted  into  zinc  sulphate. 

In  Danieirs  cell  the  zinc  plate  dissolves  and  gives  zinc  sulphate 
in  consequence  of  the  electrolysis  of  dilute  sulphuric  acid ;  the 
copper  plate  is  covered  with  copper  owing  to  the  electrolysis  of 
copper  sulphate.  Hydrogen  and  the  group  SO4  pass  through  the 
porous  diaphragm  in  opposite  directions,  and  reform  sulphuric 
acid.  The  formation  of  zinc  sulphate  and  decomposition  of  copper 
sulphate  take  place  in  equivalent  proportions,  in  accordance  with 
the  equation 

Zn  +  CUSO4  =  Cu  +  SO4. 

In  Grove's  element  the  action  is  the  same  as  regards  the  dilute 
acid  and  the  zinc ;  in  consequence  of  secondary  actions  it  is  a 
little  more  complicated  for  the  nitric  acid  and  the  platinum.  At 
first  there  is  reduction  of  nitric  acid  to  nitrous  acid,  probably  as 
expressed  by  the  chemical  equation 

Zn  +  H2SO4  +  HNO3  =  ZnS04  +  HgO  +  HNOg. 

Afterwards,  the  nitrous  acid  is  still  further  reduced,  red  fumes  are 
given  oflf,  and,  from  this  stage,  the  electromotive  force  decreases. 

In  like  manner  we  may  explain  the  reactions  which  take  place 
in  other  couples.  In  all  couples  in  which  zinc  is  used  as  the  posi- 
tive metal,  the  passage  of  one  coulomb  corresponds  to  the  same 
expenditure  of  zinc — that  is,  0.00034  gramme. 

159.  Energy  of  Batteries.— The  only  difference  which  exists 
between  the  chemical  work  of  a  voltaic  couple  and  that  of  a  volta- 
meter is,  that  the  first  necessarily  corresponds  to  actions  which, 
considered  as  a  whole,  are  exoiherpiic — that  is  to  say,  produce 
heat.  The  energy  of  the  current  is  derived  from  these  reactions. 
A  voltaic  battery  is,  in  short,  an  agent  by  which  chemical  energy  is 
transformed  into  electrical  energy. 
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This  is  very  clearly  shown  by  the  following  experiments,  due 
to  Favre  and  Silbermann.  The  heat  which  was  produced  by  the 
solution  of  a  given  weight  of  zinc  in  dilute  acid  was  measured  in  a 
calorimeter.  A  small  voltaic  couple  of  zinc  and  platinum  was  then 
introduced  into  the  calorimeter,  and  the  circuit  closed  by  a  wire, 
when  it  was  found  that  the  same  quantity  of  heat  was  produced 
for  the  same  quantity  of  zinc  dissolved.  The  couple  was  next 
placed  in  the  calorimeter  while  the  interpolar  wire  was  outside, 
and  it  was  then  found  that  for  the  same  quantity  of  zinc  dissolved  a 
smaller  quantity  of  heat  was  developed  in  the  calorimeter,  and  the 
quantity  was  smaller  in  proportion  as  the  resistance  of  the  wire 
increased.  If  the  couple  was  made  to  do  chemical  work,  such  as 
the  decomposition  of  water  in  a  voltameter,  the  heat  produced  fell 
short  of  that  corresponding  to  the  quantity  of  zinc  consumed  by  an 
amount  equivalent  to  the  chemical  work  done. 

If  the  whole  of  the  chemical  energy  is  converted  into  electrical 
energy,  it  follows  from  a  calculation  analogous  to  that  of  §  155, 
that  if  q  is  the  quantity  of  heat  resulting  from  the  whole  of  the 
reactions  which  correspond  to  a  coulomb^  the  expression  for  the 
electromotive  force  E  of  the  couple  will  be 

E  =  0.0000433^. 

Thus  in  DanielPs  cell  the  chemical  work  consists  in  the  con- 
version of  metallic  zinc  into  zinc  sulphate,  and  the  formation  of 
copper  from  copper  sulphate.  This  process  causes  a  production 
of  25,300  gramme-degrees  per  gramme-equivalent  of  the  metals 
taking  part  in  the  action.     We  find,  therefore,  that 

E  =  25,300  X  0.0000433  =  1.09  volts, 

which  agrees  very  closely  with  the  results  of  direct  measure- 
ment 

The  agreement,  however,  is  not  equally  good  in  all  cases. 
Generally  the  chemical  energy  exceeds  the  electric  energy,  but  in 
some  instances  it  falls  short.  In  the  first  case,  more  heat  is 
developed  in  the  cell  during  the  passage  of  the  current  than  is 
due,  according  to  Joule's  law,  to  the  strength  of  the  current  and 
the  resistance  ;  in  the  second  case,  the  production  of  heat  in  the 
cell  is  less  than  that  calculated  from  Joule's  law. 

In  any  case,  the  work  measured  in  joules  which  a  couple  can  do 
for  each  coulomb  of  electricity  is  numerically  equal  to  its  electro- 
motive force  expressed  in  volts.    This  work  is  expended  in  heat  in 


Digitized  by 


Google 


222 


Chemical  Action  of  the  Current, 


[§  159. 


the  circuit,  and  in  other  actions  produced  by  the  current,  such  as 
electrolysis.  Hence  it  is  not  difficult  to  understand  why  a  Daniell, 
which  can  only  give  1.09  joules  per  coulomb,  cannot  effect  the 
decomposition  of  water  in  a  voltameter,  which  requires  1.49  (§  155), 
while  this  decomposition  can  be  effected  with  a  single  Grove, 
which  gives  1.8.  It  will  thus  be  still  more  readily  effected  by  two 
Daniells,  which  give  2.18  joules  per  coulomb. 

160.  Secondary  Batteries— Accunmlators.— We  have  seen 
that  two  polarised  electrodes  joined  by  a  conducting  wire  produce 
a  current  opposite  to  that  which  had  brought  about  the  polarisa- 


FiG.  145. 

tion.  The  secondary  current  thus  obtained  gradually  becomes 
weaker,  and  soon  disappears,  unless  the  polarisation  is  kept  up  by 
an  extraneous  cause. 

This  is  done  in  what  is  known  as  Groves  gas  battery^  a  single 
cell  of  which  is  represented  in  Fig.  145.  It  consists  of  a  kind  of 
voltameter  in  which  platinum  plates  acting  as  electrodes  occupy 
the  whole  length  of  the  tubes  which  are  to  be  filled  with  gas.  The 
tubes  contain  dilute  sulphuric  acid,  and  the  current  of  a  battery 
is  passed  until  the  tubes  are  filled  with  oxygen  and  hydrogen 
respectively.  Contact  with  the  battery  is  then  broken,  and  the 
electrodes  are  connected  either  directly  or  through  a  galvanometer  ; 
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the  polarisation  current  is  then  formed  ;  the  water  gradually  rises 
in  the  tubes,  and  the  current  only  ceases  when  all  the  gas  has 
disappeared. 

Plants  has  shown  that  by  using  lead  plates  secondary  couples 
of  great  capacity  can  be  obtained.  Such  couples  are  called 
accumulators.  They  are  formed  of  two  lead  plates  placed  parallel 
and  near  to  each  other,  and  immersed  in  dilute  acid.  While  being 
charged,  the  plate  which  serves  as  positive  electrode  is  transformed 
to  a  greater  or  less  depth  into  an  oxide  of  lead,  while  the  negative 
plate  is  reduced  if  it  had  been  previously  oxidised.  The  dis- 
engagement of  free  hydrogen  on  the  negative  plate  is  an  indi- 
cation that  the  charge  is  complete.  The  plate  which  formed  the 
positive  electrode  during  the  charge  becomes  the  positive  electrode 
during  the  discharge.  This  is  called  the  positive  plate  of  the 
accumulator.  The  discharge  takes  place  in  two  periods  :  at  first 
the  electromotive  force  is  pretty  constant  at  about  two  volts  ;  it 
then  begins  to  fall  off,  and  continues  to  do  so  very  rapidly.  It  is 
best  only  to  utilise  the  first  portion  of  the  charge,  and  to  recharge 
before  the  potential  begins  to  sink  materially. 

Plants  showed  that  accumulators  form  by  usage — that  is  to  say, 
that  up  to  a  certain  point  their  capacity  is  greater,  the  more  fre- 
quently they  have  been  charged  and  discharged.  By  repeated 
oxidation  and  deoxidation  the  lead  acquires  a  spongy  structure, 
and  gradually  a  larger  mass  of  metal  takes  part  iti  the  reaction. 
The  formation  is  accelerated  by  immersing  the  fresh  plate 
for  a  day  or  two  in  nitric  acid  diluted  with  its  own  volume  of 
water. 

With  well-formed  accumulators  from  10,000  to  20,000  coulombs 
can  in  practice  be  stored  for  each  kilogramme  of  lead.  Plants 
obtained  still  higher  numbers,  40,000,  or  even  60,000.  As  the  dis- 
charge usually  takes  place  under  an  electromotive  force  of  about 
two  volts,  the  available  energy  in  the  ordinary  case  is  20,000  to 
40,000  joules  per  kilogramme  of  lead.  Of  course  this  energy  is 
expended  in  a  longer  or  shorter  time,  according  to  the  strength  of 
the  current  , 

In  practice  the  capacity  of  an  accumulator  is  frequently  ex- 
pressed in  ampere-hours^  an  ampere-hour  being  the  quantity 
of  electricity  which  passes  through  the  circuit  in  an  hour,  when 
the  strength  of  the  current  is  i  ampere. 

I  ampere-hour  =  3600  coulombs. 
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Thus,  in  practice,  from  3  to  6  ampere-hours  may  be  stored  for  each 
kilogramme  of  lead. 

Experience  shows  that,  except  for  very  slight  losses,  which, 
of  course,  increase  with  the  time  which  elapses  between  the 
charge  and  the  discharge,  accumulators  in  being  discharged  re- 
store almost  all  the  electricity  which  had  been  given  to  them 
during  the  charge.  It  must,  however,  be  remarked  that  the 
quantity  of  energy  restored  is  always  necessarily  less,  since  the 
charge  is  effected  at  a  higher  potential  than  the  discharge.  If 
E  is  the  electromotive  force,  R  the  resistance  of  the  battery, 
and  C  the  strength  of  the  current  during  the  charge,  E\  R^  and 
C  the  corresponding  values  in  the  discharge, 
and  if  Q  and  Q  are  the  quantities  of  elec- 
tricity which  come  into  play  in  the  two  cases, 
the  efficiency  will  be  given  by  the  fraction 

=  a{E*  -  CR) 
Q{E  -h  CR) 

which  is  always  less  than  unity,  even  if  we 
suppose  Q  =  Q  and  E  =  E', 

161.  Electro -Capillary  Phenomena.— 
The  polarisation  of  a  surface  by  changing 
the  condition  of  the  surface  modifies  those 
properties  which,  like  the  surface-tension, 
are  a  function  of  this  condition. 
Suppose  two  masses  of  mercury  separated 
by  acidulated  water  (Fig.  146),  one,  A,  contained  in  a  funnel  with  so 
fine  a  point  that  the  mercury  is  in  equilibrium  owing  to  the  action 
of  the  meniscus,  while  the  other,  B,  forms  a  large  surface  at  the 
bottom  of  the  vessel  C.  If  a  platinum  wire,  a,  dipping  in  the  top 
vessel,  is  connected  with  the  negative  tenninal  of  a  battery,  and 
an  insulated  platinum  wire,  )8,  dipping  with  its  bared  end  in  the 
mercury  in  the  lower  vessel,  is  connected  with  a  point  on  a  wire 
joining  the  terminals,  the  potential  of  the  mercury  A,  becomes  less 
than  that  of  the  mercury  B,  and  the  difference  of  potentials  be- 
comes greater  and  greater  as  the  resistance  of  the  part  of  the 
battery-circuit,  between  the  points  to  which  the  wires  a  and  ^  are 
attached,  is  increased.  As  this  takes  place,  the  surface-tension  of 
the  mercury  in  the  drawn-out  point  increases,  and  the  mercury 
recedes  farther  and  farther  from  the  point,  until  the  difference  of 
potentials  has  reached  a  value  of  about  0.9  volt 


Fig.  146. 
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If  we  mark  the  position  of  the  mercury  when  the  two  masses 
are  directly  connected  by  joining  the  conducting  wires  a)8,  and 
are  therefore  at  the  same  potential,  the  pressure  which  must 
be  exerted  on  the  surface  of  the  mercury,  to  bring  the  meniscus 
to  the  mark,  might  serve  as  a  measure  of  the  surface-tension,  and 
at  the  same  time  of  the  difference  of  potential. 

LippmanrHs  capillary  electrometer  (Fig.  147)  is  based  on  this 
principle.    The  mercury  A  is  contained  in  a  long  tube,  terminated 


Fig.  147. 

by  a  finely  drawn  out  point.  By  means  of  a  caoutchouc  bag 
the  desired  pressure  can  be  exerted  at  the  top  of  the  tube.  The 
pressure  can  be  measured  by  means  of  the  manometer  H,  and 
the  position  of  the  index  can  be  read  off  by  the  microscope  M. 
From  the  pressure  the  difference  of  potential  is  deduced  by  means 
of  a  table  constructed  once  for  all. 

This  apparatus  is  very  sensitive,  and  serves  to  measure  differ- 
ences of  potential  from  o  to  0.9  volts.  But  it  is  of  special  use 
in  what  are  called  zero  methods.  The  difference  of  potential  to 
be  measured  is  introduced  into  the  circuit  with  the  electrometer, 
and  along  with  it  a  known  difference  of  potential  which  can  be 
varied  at  will,  like  that  obtained  between  two  points  of  a  wire,  ab 
(Fig.  148),  traversed  by  a  constant  current  (§§  109,  115);  the  posi- 
tion of  one  of  these  points  is  varied  until  the  mercury  comes  back 
to  its  mark  ;  the  two  mercuries  are  then  at  the  same  potential,  and 
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the  electromotive  force  is  equal  to  the  fall  of  potential  between  the 
two  points,  A  and  B. 

The  apparatus  in  Fig.  146  can  be  used  to  make  a  curious 
experiment  on  reversibility.  If  the  height  of  the  mercury  in  the 
funnel  is  just  so  small  that  there  is  no  spontaneous  flow  by  the 
point  this  commences  as  soon  as  the  two  wires,  a)8,  are  connected, 


Fig.  148. 

and  at  the  same  time  the  circuit  is  traversed  by  a  current  pro- 
ceeding through  the  wire  from  the  mercury  B  to  the  mercury  A. 
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CHAPTER  XVI. 
MAGNETISM-GENERAL  PHENOMENA. 

162.  Natural  and  Artificial  Magnets.— The  name  magnet 
or  loadstone  is  applied  to  certain  specimens  of  natural  oxide  of 
iron  (Fes04)  which  possess  the  property  of  attracting  iron  filings. 
All  points  of  the  loadstone  do  not  possess  this  property  to  the 
same  degree ;  when  such  a  stone  is  rolled  in  the  filings,  they 
adhere  chiefly  to  certain  parts. 

By  simple  friction,  and  without  itself  losing  any  of  its  properties, 
the  stone  can  impart  to  steel  the  property  of  attracting  iron.  Steel 
magnets  are  also  called  artificial  magnets^  in  opposition  to  the 
former,  which  are  called  natural  magnets.  Experiment  shows, 
further,  that  the  properties  of  the  two  kinds  of  magnets  are 
identical,  and  accordingly,  from  their  simpler  and  more  regular 
form  artificial  magnets  are  the  only  ones  used.  They  are  ordi- 
narily employed  in  the  form  of  needles  (Fig.  1 51)  or  bars  (Fig.  149). 

163.  Poles  of  a  Magnet. — When  a  bar  is  placed  in  iron  filings, 
these  adhere  chiefly  to  the  ends,  as  if  the  property  of  attracting 
iron  were  specially  concentrated  there  (Fig.  149).    These  ends  are 


Fig.  149. 

called  the  poles  of  the  magnet.    The  idea  was  long  ago  conceived 
that  the  bar  consists  of  inert  matter  possessing  two  centres  of 
action  near  its  ends.     Such  centres  of  action  would  be  poles, 
and  owe  their  properties  to  acting  masses  called  magnetic  masses 
concentrated  at  them. 

The  centres  of  action  are  really  disseminated  over  the  two  ends 
of  the  bar  ;  this  is  seen  very  clearly  from  the  manner  in  which  the 
filings  attach  themselves  to  the  bar,  and  in  a  still  more  striking 
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manner  from  the  way  in  which  they  arrange  themselves  in  the 
following  experiment. 

A  thin  sheet  of  glass  or  cardboard  is  placed  above  a  bar  magnet, 
and  iron  filings  are  sifted  uniformly  over  it.  On  giving  the  plate 
slight  taps,  the  filings  group  themselves  in  regular  curves  (Fig.  1 50), 
which  start  from  one  point  of  the  surface,  and  tenninate  at  the 
symmetrically  situated  point  on  the  other  side  of  the  centre.  This 
experiment,  the  bearing  of  which  we  shall  afterwards  explain,  shows, 
first  of  all,  the  existence  of  a  field  of  force  about  the  magnet.  It 
demonstrates,  moreover,  this  important  fact,  that  magnetic  action 
is  transmitted  without  alteration  through  any  substance  which  is 


Fig.  150. 

not  itself  magnetic.  This  property  is  common  to  magnetism  and 
gravity.  Exception  must  be  made  for  iron  and  a  few  other  sub- 
stances, which  when  they  are  sufficiently  thick  can  screen  the  action 
of  a  magnet. 

164.  Distinction  between  the  Poles— Action  of  the  Earth.— 
As  regards  the  action  of  a  magnet  on  iron  filings,  there  is  no 
distinction  between  one  pole  and  the  other;  the  two  poles  are 
nevertheless  not  identical. 

A  second  property  which  every  magnetised  bar  possesses  is 
that,  when  suspended  horizontally,  it  takes  up  a  fixed  direction  in 
space,  which  in  this  part  of  the  world  is  not  very  far  from  that  of 
north  and  south.    The  same  end  always  turns  to  the  north ;  this 
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is  called  the  north  pole^  and  the  end  which  turns  to  the  south  is 
called  the  south  pole.  The  north  and  the  south  poles  are  accord- 
ingly different,  and  for  distinction,  they  may  be  marked,  once  for 
all,  with  the  letters  N  and  S  respectively. 

Magnetic  needtes  are  generally  in  the  form  of  an  elongated 
lozenge  (Fig.  151),  and  are  provided  with  a  metal  or  agate  cap,  so 
that  when  balanced  on  a  point  they  can  oscillate  freely  in  a  horizontal 
plane  ;  the  poles  are  distinguished  by  a  mark  near  the  north  pole, 
whence  this  is  sometimes  spoken  of  as  the  marked  end  of  the 
needle  ;  this  half  is  also  left  with  the  blue  tint  on  it  which  the  steel 
has  acquired  by  tempering. 

Artificial  magnets  are  not  necessarily  in  the  shape  of  bars  ;  they 
may  have  any  shape— that  of  a  sphere,  for  instance.  In  all 
cases  the  filings  adhere  to  two  regions  which  represent  the  poles. 


Fig.  151. 

and  a  certain  line  joining  these  two  regions,  tends  to  take  the 
same  direction  in  space  as  the  magnetic  needle.  This  line  is  called 
the  magnetic  axis  of  the  magnet.  The  axis  is  counted  positively 
from  the  south  pole  to  the  north. 

165.  Reciprocal  Action  of  Magnets.— Magnets  act  on  each 
other.  If  a  bar  magnet  is  brought  near  another  one  suspended 
horizontally,  it  is  observed  that  the  north  pole  of  the  first  repels  the 
north  pole  of  the  second,  but,  on  the  contrary,  attracts  the  south 
pole  (Fig.  151).  Conversely  the  south  pole  attracts  the  north  pole 
and  repels  the  south  pole  of  the  movable  magnet.  Hence  we  have 
this  fundamental  rule,  which  is  like  the  corresponding  one  for  elec- 
tricity— two  poles  of  the  same  kind  repel  each  other,  and  two 
contrary  poles  attract. 

166.  Gonlomb's  Law. — Even  when  we  conceive  the  magnet  as 
reduced  to  two  centres  of  force  situated  near  the  ends,  there  are 
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four  forces  which  are  exerted  between  two  adjacent  magnets,  and 
in  strictness  it  is  impossible  to  reduce  them  to  a  smaller  number. 
But  by  taking  very  long  magnets,  formed,  for  instance,  of  steel 
wire,  the  diameter  of  which  is  very  small  compared  with  the 
length,  -^  for  instance,  they  can  be  arranged  so  that  the  action  of 
the  distant  poles  may  be  neglected  in  comparison  with  that  of  the 
near  ones,  and  thus  we  may  in  reality  observe  the  action  of  two 
poles  on  each  other.  In  this  way  Coulomb  determined  the  law  of 
magnetic  attraction  and  repulsion  by  means  of  the  torsion  balance, 
and  he  thus  discovered  the  following  fundamental  law  : — 

The  attraction  and  repulsion  exerted  between  two  poles  vary  as 
the  inverse  square  of  the  distance  between  them, 

167.  Streiigth  of  Magnetic  Poles.— The  force  between  two  poles 
at  a  given  distance  varies  with  the  magnets  to  which  they  belong. 
If  one  pole  remains  fixed,  a  second  pole  at  a  given  distance  will 
exert  a  definite  force  :  if,  now,  another  pole  placed  at  the  same 
distance  exerts  twice  or  three  times  the  force  previously  observed, 
we  say  that  its  quantity  of  magnetism,  or  the  strength  of  the 
pole,  is  twice  or  three  times  as  great.  We  are  thus  led  to  take  as 
unit  quantity  of  magnetism,  or  unit  magnetic  pole,  that  which, 
acting  on  an  equal  pole  placed  at  unit  distance,  repels  it  with  unit 
force.  The  force,  f  between  two  poles  having  strengths  m  and 
m\  and  placed  at  the  distance  r,  is 

tnnt 

In  the  C.G.S.  system,  the  unit  magnetic  pole  is  that  which, 
acting  on  an  equal  pole  placed  at  a  distance  of  a  centimetre, 
repels  it  with  the  force  of  a  dyne  (§  10). 

If  two  poles,  m'  and  m'\  are  united  at  the  same  point,  experiment 
shows  that  the  force  on  a  given  pole, ;//,  is  proportional  to  m'  + 
m'\  if  the  two  poles  are  of  the  same  kind,  and  to  m'  -  m"  if  they  are 
opposite.  Hence  quantities  of  magnetism  may  be  added,  like 
algebraical  quantities,  and,  like  them,  may  be  distinguished  by 
the  signs  +  and  -.  The  sign  +  will  be  given  to  the  magnetic 
mass  of  a  north  pole,  and  the  sign  -  to  that  of  a  south  pole.  It 
follows  from  this  convention  that  in  the  above  formula  the  sign 
+  corresponds  to  repulsion,  and  the  sign  -  to  attraction. 

168.  Magnetic  Field. — The  elementary  law  is  thus  the  same  for 
quantities  of  magnetism  as  for  quantities  of  electricity.  Confining 
ourselves  to  the  case  of  magnetic  masses  which  remain  in  definite 
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fixed  positions,  the  conclusions  which  we  have  deduced  for  quanti- 
ties of  electricity  apply  word  for  word  to  quantities  of  magnetism. 
Thus  there  is  a  magnetic  potential  defined  and  calculated  like 
electric  potential  (§§  36,  37).  Moreover,  it  results  from  the  choice 
of  unit  quantity  in  both  cases,  that  quantities  of  magnetism  and 
of  electricity  of  the  same  numerical  value^  distributed  in  the  same 
manner,  give  the  same  fields  in  this  sense,  that  the  force  at  each 
point  has  the  same  direction  and  the  same  intensity.  Accordingly 
the  lines  of  force  and  the  equipotential  surfaces  are  the  same  ;  the 
potential  has  everywhere  the  same  numerical  value,  and  represents 
in  C.G.S.  units  the  number  of  ergs  necessary  to  bring  a  positive 
quantity  equal  to  unity  from  infinity  to  the  point  in  question.     But 


W^ 


Fig.  152. 

this  identity  of  the  two  fields  only  applies  to  the  numerical  values, 
and  does  not  imply  identity  of  properties.  Electric  force  has  no 
action  on  magnetic  poles,  and  conversely ;  and  although  the  pro- 
perties of  the  two  fields  undoubtedly  result  from  modifications  of 
the  same  medium,  the  two  modifications  are  essentially  distinct, 
and  may  coexist  without  reacting  on  each  other,  and  cannot  be 
compounded  together. 

The  figures  formed  by  iron  filings,  as  we  shall  afterwards  see, 
give  exact  representations  of  magnetic  fields,  and  the  curves  formed 
by  the  filings  are  lines  of  magnetic  force. 

The  lines  of  force,  as  with  electricity,  always  start  from  a  positive 
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region,  and  terminate  at  a  negative  one  ;  but  since  the  distribu- 
tion is  not  exclusively  on  the  surface,  as  in  the  case  of  electrified 
conductors  in  equilibrium,  the  lines  of  force  are  not  in  general 
perpendicular  to  the  surface ;  two  corresponding  elements  of  sur- 
face do  not  necessarily  possess  equal  and  opposite  quantities  of 
magnetism ;  and,  in  conclusion,  the  relation  between  the  normal 
component  and  the  surface  density  which  results  from  Coulomb's 
theorem  (§  43)  is  no  longer  generally  applicable.  Fig.  1 52  repre- 
sents the  field  given  by  two  equal  poles  of  opposite  signs  ;  Fig.  1 53 
that  produced  by  two  equal  poles  of  the  same  kind.     Both  these 


Fig.  153. 

figures,  as  well  as  that  in  Fig.  1 50,  are  from  photographs  of  actual 
figures  made  with  filings. 

Lines  of  force  may  be  used  (§  46)  to  represent  the  direction  and 
intensity  of  the  field.  By  drawing  from  each  mass,  w,  a  number 
of  lines  of  force  equal  to  47r/«,  the  number  of  lines  of  force  con- 
tained in  a  tube  will  be  the  value  of  the  corresponding  flux  of 
force,  and  at  each  point  of  the  field  the  intensity  of  the  magnetic 
force  will  be  given  by  the  number  of  lines  of  force  cut  by  unit 
surface  drawn  through  this  point  normally  to  the  lines. 

169.  Terrestrial  Field.— The  region  about  the  earth  is  a  mag- 
netic field,  for  every  magnet  is  there  subject  to  force  tending  to  make 
it  set  in  a  definite  direction.  In  any  given  locality  this  direction 
remains  the  same  throughout  a  region,  of  considerable  extent  as 
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compared  with  the  dimensions  of  artificial  magnets,  though  small 
as  compared  with  the  earth, — in  a  room,  for  instance,  provided  there 
is  no  iron  or  other  magnetic  matter  in  the  neighbourhood.  The 
lines  of  magnetic  force  are  consequently,  throughout  such  a  region, 
parallel  to  each  other,  expressing  that  the  field  is  uniform  (§  42). 

170.  Precise  Definition  of  Poles. — When  the  magnet  is  placed 
in  a  uniform  field,  all  the  forces  exerted  on  the  magnetic  masses 
which  it  contains  are  parallel  to  each  other,  but  in  opposite  direc- 
tions according  as  these  are  positive  or  negative ;  all  the  forces 
which  act  on  positive  masses  have  a  resultant  equal  to  their  sum, 
parallel  to  their  direction,  and  applied  at  a  point  which  may  be 
called  the  centre  of  mass  of  the  positive  magnetism  ;  and  similarly 
for  the  negative  magnetism.  The  magnet  placed  in  a  uniform  field 
may  then  be  considered  as  under  the  action  of  two  forces,  which 
are  parallel  and  in  opposite  directions,  applied  at  two  fixed  points 
in  the  bar.  These  are  the  points  which  for  the  future  we  shall 
call  the  poles  of  the  magnet,  giving  thus  a  precise  meaning  to  this 
term  ;  the  line  which  joins  them  is  the  magnetic  axis  of  the  magnet. 

This  comes  to  the  same  thing  as  if  all  the  positive  magnetism  of 
the  magnet  were  concentrated  at  the  north  pole,  and  the  negative 
magnetism  at  the  south  pole,  the  numerical  value  of  the  quantity 
of  magnetism  concentrated  at  each  pole  being  equal  to  that  of  the 
force  applied  there  when  the  field  is  of  unit  intensity.  But  this 
applies  only  in  the  case  of  a  uniform  field ;  a  magnet  cannot  in 
general  be  treated  as  reduced  to  two  poles  when  we  are  dealing 
with  its  action  on  another  magnet.  . 

171.  The  Total  Magnetism  of  a  Magnet  is  Zero.— The  action 
which  a  magnet  undergoes  in  a  uniform  field  like  that  of  the  earth 
is  purely  directive  ;  it  has  neither  vertical  nor  horizontal  component. 
It  has  no  vertical  component,  for  the  weight  of  a  steel  bar  is  exactly 
the  same  after  being  magnetised  as  it  was  before.  Nor  has  it  a 
horizontal  component,  for  a  bar  free  to  move  in  a  horizontal  plane, 
if  placed,  for  instance,  on  a  cork  on  the  surface  of  still  water,  has 
no  tendency  to  motion  of  translation. 

The  action  is  thus  reduced  to  a  couple :  accordingly,  the  two 
parallel  and  opposite  forces,  which  in  a  uniform  field  act  on  the 
poles,  are  equal  to  each  other.  It  follows,  therefore,  that  the  sum 
of  the  quantities  of  positive  magnetism  is  equal  to  the  sum  of  the 
quantities  of  negative  magnetism — in  other  words,  that  the  total 
sum  of  the  magnetic  masses  of  any  magnet  is  zero, 

172.  Moment  of  a  Magnet.— Let  m  be  the  absolute  mass  of 
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Fig.  154. 


each  of  the  poles,  and  2a  their  distance,  the  product  7.am  —  M 
is  what  will  be  called  the  magnetic  moment  of  the  magnet 

jyj^l  The  quantity  M  is  given  directly  by 
experiment.  It  is  the  moment  of  the 
couple,  which  acts  on  the  bar  when  it 
is  placed  in  a  uniform  field  of  unit  in- 
tensity, and  when  its  axis  is  perpendicular 
to  the  lines  of  force.  In  a  field  of  in- 
tensity, H^  the  moment  of  the  couple 
in  the  same  conditions  is  MH,  If  the 
magnetic  axis  makes  an  angle,  a,  with 
the  direction  of  the  field  (Fig.  154),  the 
moment  of  the  couple  is  MH  sin  a. 

The  positions  of  equilibrium  are  those 
in  which  the  axis  of  the  bar  is  parallel  • 
with  the  force  of  the  field.  The  equili- 
brium is  stable  if  the  direction  of  the 
axis  and  that  of  the  field  are  the  same, 
and  unstable  if  the  directions  are  opposite. 

When  the  bar  passes  from  a  position  in  which  its  axis  makes 
an  angle,  a,  with  the  direction  of  the  field  to  the  position  of 
stable  equilibrium,  the  work  done  by  magnetic  forces  is 

2mHYi^  =  MH{i  -  cos  a). 

This  is  equal  to  2MH  when  the  magnet  passes  from  the  position 
of  unstable  equilibrium  to  that  of  stable  equilibrium. 

173.  Moment  of  a  System  of  Magnets.— Consider  a  system 
of  magnets  fixed  rigidly  to  each  other  and  placed  in  a  uniform 
field.  Each  of  them  is  subject  to  the  action  of  a  couple  ;  all  these 
couples,  as  demonstrated  in  mechanics,  can  be  reduced  to  a  single 
one,  and  therefore  the  system  acts  as  if  composed  of  a  single 
magnet,  having  a  definite  axis  and  a  definite  moment,  which  may 
be  called  the  resultant  magnet 

The  effect  of  each  magnet  may  be  represented  by  a  line  drawn 
in  the  direction  of  its  axis  and  of  length  proportional  to  its  moment ; 
and  in  order  to  obtain  the  axis  and  the  moment  of  the  resultant 
magnet,  it  is  sufficient  to  draw  through  any  point  lines  equal  and 
parallel  to  the  straight  lines  which  represent  the  component  mag- 
nets of  the  system,  and  to  compound  them  like  lines  represent- 
ing forces.  The  resultant,  or  the  line  which  closes  the  polygon, 
obtained  by  drawing  in  succession  lines  equal  and  parallel  to  the 
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various  components,  represents,  both  in  magnitude  and  direction, 
the  axis  and  moment  of  the  resultant  magnet.  If  the  polygon  is 
closed  of  itself,  the  system  is  in  neutral  equilibrium  in  the  field ; 
it  is  then  said  to  be  astatic. 

As  a  particular  case  we  will  consider  that  of  two  magnets  of 
moments,  tn  and  /«',  whose  axes,  represented  by  the  lines  OA  and 
OB  (Fig.  155),  make  with  each  other  the  angle  S. 
The  ajtis  of  the  resultant  magnet  will  be  repre- 
sented by  the  diagonal  OM,  and  the  position  of 
equilibrium  is  that  in  which  this  diagonal  coin- 
cides with  the  direction  of  the  field.  If  a  be 
the  angle  which  the  diagonal  OM  makes  with 
OA,  we  have  from  the  fundamental  property  of 
triangles 


OA 


OB 
sin  a 


OM 

sin  b 


sin  (5  —  a) 

The  first  equation  expanded  gives 

m!  sin  S 
tan  a  • 


\. 


Fig.  155. 


;//  -H  m'  cos  h 

An  interesting  case  is  that  in  which  the  two  axes  are  nearly 
parallel  and  in  opposite  directions — in  other  words,  when  the 
angle  S  is  near  iz  (Fig.  156).     If  6>  is  the  very  small  angle  sup- 

/h 


Fig.  156. 

plementary  to  S,  we  have  sensibly  sin  5  =  w,  and  cos  S  =  -  i  ; 
and  the  above  formula  becomes 


tan  a  - 


and  it  will  be  seen  that  the  value  of  a  is  the  nearer  -  the  more 

2 

nearly  equal  are  m  and  wi  ;  the  system  formed  by  the  two  magnets 

tends  to  set  at  right  angles  to  the  field,  and  the  more  nearly  so  the 

smaller  the  difference  of  the  moments  of  the  component  magnets. 

It  is  in  neutral  equilibrium  '\im  =  m'  and  simultaneously  w  =  o. 

174.  Field  of  a  Magnet. — If  we  suppose  the  magnet  reduced  to 
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that  of  two  equal 
3 


its  two  poles,  N  and  S  (Fig.  157),  the  field  which  it  produces  is 

of  opposite  signs  placed  at  these 
points.  The  action  pa  of  the  pole  N 
on  a  unit  positive  pole  at  P,  at  dis- 
tances r  and  t*  from  the  two  poles 
respectively,  is  repulsive  and  equal 

to  —',  that  of  the  pole  S,  pb,  is  attrac- 


tive  and  equal  to 


m 


These  two 


forces  give  a  resultant  represented 
by  the  diagonal  PM  of  their  paral- 
lelogram.* 

This  resultant  is  evidently  a  tangent  at  the  point  P  to  the  line 
of  force  which  passes  through  this  point. 

C 


D 
Fig.  158. 

The  lines  of  force  (Fig.   158)  are  lines  proceeding  from  the 


1  The  diagram  is  not  drawn  to  scale :  pb  should  be  of  less  than  half  the 
length  of  PA,  and  PM  consequently  more  nearly  at  right  angles  to  NS. 
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point  N  to  the  point  S  ;  it  is  easy  to  recognise  their  resemblance 
to  the  lines  formed  by  iron  filings  (Fig.  152). 

The  value  of  the  potential  at  the  point  P  at  distances  r  and  r^ 
from  the  two  poles  is 

This  equation,  when  V  is  constant,  represents  an  equipotential 
surface.  By  giving  successively  to  V  the  values  i,  2,  3,  ...  we 
obtain  the  series  of  equipotential  surfaces  corresponding  to  the 
potentials  i,  2,  3. . .  .  These  surfaces  are  closed  ovoids,  surrounding 
each  pole ;  they  become  more  and  more  nearly  spherical  as  we 
get  nearer  the  poles.  All  those  which  correspond  to  positive  values 
of  the  potential  surround  the  point  N ;  those  which  correspond 
to  negative  values,  the  point  S.  They  are  separated  by  a  plane  of 
symmetry,  CD,  at  potential  zero.  The  lines  produced  by  the  in- 
tersection of  these  surfaces  by  a  plane  passing  through  the  axis  are 
everywhere  perpendicular  to  the  lines  of  force  traced  in  this  plane. 

175.  Properties  of  an  Infinitely  Small  Magnet— Value  of 
the  Potential. — An  interesting  case,  and  one  which  will  be  useful 
in  the  sequel,  is  that  of  a  magnet  in 
which  the  distance  of  the  two  poles 
2a  is  very  small  compared  with  the 
distance  of  the  point  P  (Fig.  1 59). 

If  r  is  the  distance  OP,  and  a  the 
angle  which  it  makes  with  the  axis  of 
the  magnet,  we  may,  in  the  expres- 
sion for  the  potential 


^=-(p-p)  =  - 


Fig.  159. 
replace  the  difference  r"  -  r'  by  SC, 

or  by  its  approximate  value  ia  cos  a,  and  the  product  r'r"  by  r^, 

which  gives 


—  2am 


,  cos  a 


d  representing  the  moment  2am  of  the  infinitely  small  magnet. 

Through  the  point  O,  and  perpendicular  to  the  axis,  draw  a 
small  plane  figure — a  circle,  for  instance — the  surface  of  which- 
has  the  same  value  as  the  moment  a5  =  2am  of  the  magnet, 
and  let  3  be  the  solid  angle  under  which  we  see  this  surface 
from  the  point  P ;  this  solid  angle  is  measured  by  the  portion 
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of  the  surface  of  a  sphere  of  unit  radius,  described  about  the 
point  P  as  centre,  which  is  intercepted  by  the  cone,  whose  base 
is  the  surface  in  question,  and  whose  vertex  is  P.  This  cone  in- 
tercepts on  the  sphere  of  radius  r,  a  surface  e^ual  to  t&  cos  a, 


and  on  the  sphere  of  unit  radius  a  surface 


&  cos  a 


We  have  thus 


and,  therefore, 


K=< 


Thus,  the  potential  at  a  given  point  due  to  an  infinitely  small 
magnet  is  numerically  equal  to  the  solid  angle  under  which  a 
surface,  equal  to  the  moment  of  the  magnet  and  perpendicular  to 
the  axis  of  the  magnet  at  its  centre^  is  seen  from  this  point 

For  instance,  if  the  soKd  angle  «  is  the  ^^  of  the  sphere,  the 

potential  at  P  is  equal  to  4!L  or  to  0.0628  C.G.S.  units  of  potential — 
200 

in  other  words,  it  would  be  necessary  to  expend  0.0628  erg  to 

bring  unit  positive  pole  from  infinity  to  the  point  P  in  the  presence 

of  the  very  small  magnet  Nsi 

The  sign  of  the  solid  angle  evidently  follows  that  of  the  poten- 
tial ;  it  is  positive  when,  looking  from  the  point  in  question, 
we  see  the  north  face,  which  will  be  called  the  positive  face,  and 
negative  in  the  contrary  case. 

176.  Magnitude  and  Direction  of  the  Force.— To  determine 
the  magnetic  force  at  the  point  P.  From  the  point  O  as  centre 
(Fig.  160)  describe  the  circumference  of  radius  r  which  passes 


P«B 


s     0        «Wa 

Fig.  160. 


through  the  point  P :  it  is  required  to  find  the  components  along 
the  tangent  and  along  the  radius. 

In  passing  from  the  point  P  to  the  point  P'  along  the  circumfer- 
ence, the  work  of  the  magnetic  force  is  if  ^  ^^j  where  F  is  the 
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tangential  component;  on  the  other  hand,  this  work  is  equal  to 
the  change  of  potential  V  -  V  from  the  first  point  to  the  second, 
so  that 

^XPP'=F-  F'=ft)-«'=^  (cos  a  -  cos  a'), 

or,  seeing  that  cos  a  =  — ^. 

/?XPP'=^(OQ-OQ')  =  ^QQ', 

since  QQ'=  PP'  sin  a,  we  get 

(i)  •  ^=^sina. 

In  like  manner,  in  passing  along  the  radius  from  the  point  P  at 
the  distance  r  to  the  point  v"  at  the  distance  r',  calling  the  radial 
component  /^,  we  have 

F^  X  PP"=  K-  V=  «  -  »"=  d  coso(^--L) ; 

as  r  differs  very  little  from  V,  the  factor 

J_- J_  =  ^!lzJ^:=,  (^  +  r')  (r  -  rQ 

2PP" 

may  be  replaced  by  —3-,  and  we  have  therefore 

(2)  ^  =  ^cosa. 

The  value  of  the  resultant,  which  is  the  diagonal  of  the  rectangle 
formed  on  the  two  forces  ^  and  ^,  is 

(3)  F=  n//j8  +  ^=^V3cos2o+  i=;jV3sin2X+  i 

X  being  the  angle  which  OP  makes  with  the  perpendicular  bisector 
OB  of  the  magnet.  The  direction  of  the  resultant  makes  with  the 
tangent  an  angle  /,  such  that 

(4)  tan  /  =  -^  =  2  cot  a  =  2  tan  X. 

It  will  be  seen  that  the  force  in  any  given  direction  varies  as 
the  inverse  cube  of  the  distance. 


Digitized  by 


Google 


240  Magnetism — General  PJunomena,  [§176. 

For  a  point  A  on  the  axis,  a  =  o ;  the  tangential  component  is 
zero,  and  we  have  for  the  total  force  along  the  axis 

(5)  ^.=  y- 

At  a  point  B  in  the  perpendicular  bisector,  a  =— ;   the  force 

reduces  to  the  tangential  component  always  parallel  to  the  axis, 
and  we  have 

(6)  /i=5- 
and,  therefore, 

Two  positions  such  as  A  and  B,  one  in  the  prolongation  of  the 
axis  of  the  magnet  and  the  other  on  the  perpendicular  to  it,  are 
called  principal  positions. 

Fig.  158  enables  us  to  form  an  idea  of  the  field  due  to  an 
infinitely  small  magnet.  In  this  case  the  two  points  N  and  S 
would  coincide  at  the  centre  of  the  figure,  and  the  lines  of  force 
would  be  closed  curves  tangential  at  this  point  to  the  axis  ab. 
The  equipotential  surfaces  are  also  all  tangential  at  the  same 
point  to  the  plane  of  symmetry  CD. 

177.  Relative  Energy  of  an  Infinitely  Small  Magnet  in  a 
Field. — The  potential  K=  w  of  the  infinitely  small  magnet  re- 
presents the  work  done  against  magnetic  force  in  bringing  a 
unit  of  positive  magnetism  from  an  infinite  distance  to  the  point  P 
in  the  presence  of  the  infinitely  small  magnet ;  or,  reciprocally,  in 
moving  the  infinitely  small  magnet  from  an  infinite  distance  to  its 
actual  position  in  the  presence  of  a  unit  magnetic  pole  at  P.  It  is, 
therefore,  the  energy  in  the  given  condition  of  the  system  formed 
by  this  pole  and  the  infinitely  small  magnet. 

If  the  pole  at  the  point  P  were  equal  to  /«,  the  energy  of  the 
system  would  be  ww.  Now  this  product  is  the  flux  of  force  from 
the  mass  m  at  the  point  P,  which  traverses  the  surface  aJ  by  its 
positive  face.  We  shall  represent  by  q  the  flux  which  traverses  a 
surface,  and  for  convenience  of  subsequent  calculations  we  shall 
take  q  as  positive  when  it  enters  by  the  negative  face,  and  negative 
when  it  enters  by  \h^  positive  face.    We  shall  accordingly  write 

m<a  —  —  q. 

If  there  are  other  masses,  ni  wl\  in  the  field,  we  shall  have 
analogous  expressions  for  each  of  thenL    The  value  of  the  energy 
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of  the  infinitely  small  magnet  in  the  presence  of  these  masses 
is  then 

JV=m<a  +  mW  +....=-  (^  +  /+...)=-  2- 

Q  being  the  total  flux  which  passes  through  the  surface  d  by  its 
negative  face.  If  ^  is  the  normal  component  at  the  point  O  of 
the  field,  due  to  the  masses  m,  m'y  m",  we  have  Q  =  aJ/J. 

Any  variation  which  changes  Q  into  Q  will  correspond  to  an 
amount  of  positive  work  equal  to  g'  "  2  done  by  the  magnetic 
forces. 


Q 
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CHAPTER  XVII. 

CONSTITUTION  OF  MAGNETS, 

178.  Result  of  Breaking  a  Magnetised  Bar.— When  a  mag- 
netised bar— a  steel  needle,  for  instance — is  broken,  each  part 
forms  a  complete  magnet,  the  two  new  poles  being  of  the  same 
strength  as  those  of  the  original  magnet,  and  the  axis  in  the 
same  direction  (Fig.  i6i).  The  phenomenon  can  be  repeated 
.s. 


Fig.  161. 

as  long  as  the  fragments  obtained  are  large  enough  to  admit  of 
examination. 

Two  important  consequences  follow  from  this.  The  first, 
that  it  is  impossible  to  get  a  detached  positive  or  negative 
magnetic  pole  not  connected  with  an  equal  pole  of  the  opposite 
kind.  The  second  is  that  magnetism  is  a  phenomenon  the  cause 
of  which  resides  in  the  molecules  of  the  magnet.  If  we  suppose 
a  magnet  split  up  into  elementary  particles,  each  element  in  its 
actual  condition  must  be  considered  as  having  its  two  poles  and 
a  definite  moment.  The  entire  magnet  is  only  the  resultant  of  all 
these  elementary  magnets,  and  the  axis,  as  well  as  the  moment 
of  the  resultant  magnet,  may  be  obtained  by  the  rule  in  §  173. 

179.  Distribution  of  Magnetism.— It  is  not  possible  to  deter- 

jnine  by  experiment  the  distribution  of  magnetism  in  the  interior 

of  a  magnet,  any  more  than  we  can  determine  the  distribution  of 

electricity  in  the  interior  of  a  bad  conductor.     From  Gauss's 

theorem  (§  41),  which  applies  equally  to  the  two  cases,  the  total 

flux  of  force  which  traverses  a  surface  surrounding  the  magnet  would 

343 
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give  the  total  value  of  the  acting  mass  which  it  comprises  ;  but  we 
know  already  that,  in  the  case  of  a  magnet,  this  masrs  is  zero 
(§171). 

Whatever  be  the  distribution  of  magnetic  masses  in  the  interior 
of  a  magnet,  it  is  easy  to  prove  that  their  action  is  equivalent  to 
that  of  two  equal  magnetic  masses  of  opposite  signs  distributed 
on  the  surface  according  to  a  certain  law.  For,  suppose  all  the 
magnetic  masses  to  be  replaced  \yy  fixed  electrical  masses  of  the 
same  numerical  value  (§  167),  and  imagine  the  magnet  enclosed 
within  a  conducting  surface  (§  23^).  We  know  that  this  surface . 
will  be  covered  on  the  interior  with  an  electrical  layer,  of  equal 
total  mass,  but  of  opposite  sign  to  the  sum  of  the  interior  masses, 
which  will  exert  at  all  external  points  a  force  equal  and  opposite 
to  that  of  the  enclosed  masses.  Consequently,  an  equal  and 
similarly  distributed  layer,  of  the  same  sign  as  the  sum  of  the 
enclosed  masses,  would  exert  externally  the  same  force  as  they 
do,  and  might  therefore  be  substituted  for  them.  Similarly  in 
the  case  of  a  magnet.  In  this  case,  the  total  mas5  of  such  a 
layer  will  be  zero — that  is  to  say,  it  will  be  composed  of  two 
equal  layers  of  opposite  signs,  separated  by  a  neutral  line,  one 
covering  the  north  end  and  the  other  the  south  end  of  the  magnet. 
The  same  reasoning  will  apply  to  any  surface  whatever  enclosing 
the  magnet. 

This  shows  clearly  that  the  problem  of  internal  distribution  is 
altogether  indeterminate. 

180.  Particular  Oases  of  Magnetic  Distribution— Solenoidal 
Filament.  —  Among  the  distributions  which  we  may  a  priori 
imagine,  we  shall  examine  three  which  present  a  special  interest. 

Suppose,  in  the  first  case,  magnetic  elements  identical  with 
each  other  placed  in  file  along  any  given  curve,  so  that  their  axes 
having  all  the  same  sense,  coincide  with  this  line,  the  north  pole 
of  one  being  in  contact  with  the  south  pole  of  the  next.  This 
arrangement  is  said  to  be  solenoidal,  and  is  spoken  of  as  a  sol- 
enoidal  filament.  The  filament  is  neutral  throughout  its  entire 
length,  except  at  the  ends  at  which  there  are .  equal  magnetic 
masses,  +  m  and  -  w,  of  opposite  signs.  The  external  action 
of  the  filament  is  therefore  reducible  to  that  of  these  two  masses  ; 
it  is  independent  of  the  shape  and  length  of  the  filament,  and  de- 
pends only  on  the  position  of  the  ends.  It  vanishes  if  the  filament 
is  closed  upon  itself :  in  this  case  the  magnetic  state  of  the  filament 
is  not  indicated  by  any  external  effect. 
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The  potential  of  a  solenoidal  filament  at  a  point  P  situate  at 
distances  r  and  r'  from  the  two  ends  has  clearly  the  value 


r..(l-i,). 


181.  Magnetic  Shells. — In  the  second  mode  of  distribution  we 
shall  imagine  that  the  magnetic  elements,  while  still  identical  with 
each  other,  are  arranged  side  by  side  on  a  given  surface,  and  that 
their  axes  are  normal  to  this  surface,  and  all  in  the  same  sense. 
This  system  represents  an  infinitely  thin  plate,  covered  on  the 
two  faces  with  uniform  layers  of  the  same  density,  one  of  north, 
and  the  other  of  south  magnetism.  We  shall  call  this  a  magnetic 
shell;  we  shall  call  the  magnetic  moment  per  unit  of  area  the 
strength  of  the  shelly  and  shall  denote  it  by  the  letter  *.  It  is  equal 
to  the  product  of  the  infinitely  small  thickness  h  of  the  shell  by  its 
surface  density  <r,  or 

*  =  h(r. 

182.  Potential  of  a  ShelI.-~Let  dS  be  an  element  of  the 
surface,  the  corresponding  portion  of  the  shell  forms  an  infinitely 

p  small  magnet  with  the  mo- 
ment hfTiiS  or  W5,  and  the 
potential  of  this  portion  at  a 
point  P  (Fig.  162)  is  equal  to 
the  solid  angle  under  which 
a  surface  ^dS  tangential  to 
the  element  is  seen  from 
this  point  (§  175),  and  conse- 
quently it  is  equal  to  the  angle 
^,  under  which  the  surface 
dS  itself  is  seen,  multiplied 
by  *.  This  potential  is  positive  or  negative  according  as  the  face 
of  the  element  dS  seen  from  the  point  P  is  positive  or  negative. 

To  get  the  potential  of  a  shell  S  of  any  given  shape  bounded  by 
the  contour  ABCD  (Fig.  163),  we  must  add  together  the  solid  angles 
corresponding  to  the  various  elements  into  which  the  surface  may 
be  subdivided.  The  angles  corresponding  to  elements  such  as  ds 
and  d5\  intercepted  by  a  cone  which  cuts  the  surface  an  even 
number  of  times,  cancel  each  other,  they  being  equal  and  of 
opposite  signs,  since  the  faces  which  they  present  to  the  point  P 
are  necessarily  of  opposite  signs.    The  sum  is  evidently  the  same 


Fig.  162. 
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as  the  solid  angle  under  which  the  bounding  contour  abcd  of 
the  shell  is  seen  from  the  point  P.  This  sum  is  therefore  in- 
dependent of  the  shape  and  the  extent  of  the  surface  which  is 
bounded  by  the  contour ;  it  is,  moreover,  positive  or  negative 
according  as  the  portion  of  the  surface  seen  directly  from  the 
point  P  through  the  contour  is  positive  or  negative.  If  o)  is  the 
solid  angle,  we  have 

Hence  the  potential  at  an  external  point  due  to  a  magnetic  shell  is 
equal  to  the  product  of  the  strength  of  the  shell  by  the  angle  under 
which  the  bounding  contour  is 
seen  from  this  point. 

It  represents  the  work  done 
in  bringing  unit  of  positive 
magnetism  from  an  infinite  dis- 
tance to  the  point  in  question. 

If  the  shell  forms  a  closed  sur- 
face, the  solid  angle  vanishes 
for  external  points ;  it  is  equal 
to  the  angle  of  a  complete 
sphere  or  47r  for  any  internal 
point.  Hence  the  value  of  the 
potential  is  constant  in  both 
cases,  and  therefore  the  force 
due  to  a  shell  forming  a  closed  surface  is  everywhere  zero  (§  31). 

If  the  surface  is  hollow,  with  an  aperture  such  as  ab  (Fig.  164), 
then  for  a  point  P  in  the  interior,  at  which  the  aperture  subtends 
the    angle  w,  the   solid    angle   of   the 
surface   should  evidently  be   taken   as 
±(47r  —  0)). 

Consider  two  points,  M  and  M',  taken 
on  the  same  perpendicular  to  the  sur- 
face of  the  shell,  and  infinitely  near  the 
surface,  one  on  the  positive  and  the 
other  on  the  negative  side  (Fig.  164). 
and  let  ©  represent  the  solid  angle 
under  which  the  boundary  is  seen  from 
either  of  these  points.  At  M  the  poten- 
tial is  *o) ;  at  m'  it  is  —  *(47r  -  o))  =  *©  -  47r*.  Hence  at  the  two 
points  it  has  a  constant  difference  equal  to  47r*  in  absolute  value. 


Fig.  164. 
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Thus  on  passing  from  a  point  of  the  negative  face  to  the 
corresponding  point  of  the  positive  face,  the  potential,  or,  in  other 
words,  the  work  per  unit  pole  increases  by  47r*,  whatever  be  the 
path  followed. 

183.  Relative  Energy  of  a  Shell  in  the  Field.— The  energy 
relatively  to  the  field  of  the  portion  of  the  shell  which  corre- 
sponds to  the  element  of  surface  dS^  is  equal  to  the  flux  of  force 
which  would  traverse  a  surface  fi  =  ^dS — in  other  words,  to  the 
product  by  $  of  the  flux  which  traverses  the  element  dS  entering 
by  the  positive  face.  The  total  energy  is  obtained  by  multiplying 
by  *  the  algebraical  sum  of  these  elementary  fluxes, — that  is  to 
say,  the  total  flux  which  passes  through  the  contour  entering  by  its 
positive  face.    Calling  this  -  Q  (§  177),  we  have 

W  ^  -*2. 

Accordingly,  the  potential  energy  of  a  shell  is  equal  to  the 
product  taken  with  the  contrary  sign  of  the  strength  of  the  shell 
by  the  flux  of  force  which  traverses  its  boundary^  entering  by  the 
negative  face. 

The  position  of  stable  equilibrium  of  the  shell  in  the  field  is 
that  which  corresponds  to  the  minimum  energy,  and  therefore  to 
that  in  which  the  flux,  entering  through  the  negative  face,  is  a 
maximum. 

184.  Mutual  Energy  of  Two  Shells.— Suppose  that  the  field 
is  that  of  a  second  shell  of  strength  *'.  We  may  put  Q  =  M^^  the 
coefficient  il/- being  the  flux  which  there  would  be  through  the 
negative  face  of  the  first  shell  if  the  strength  of  the  second  were 
equal  to  unity.  The  expression  for  the  energy  of  the  first  in  the 
field  of  the  second  is  then 

In  like  manner,  the  expression  for  the  energy  of  the  second  in 
the  field  of  the  first  would  be  -  **W,  M'  being  the  flux  which 
the  second  would  receive  if  the  strength  of  the  first  were  equal  to 
unity.  As  these  two  quantities  are  the  expression  for  the  same 
energy,  we  deduce 

M^M'. 

From  which  it  follows  that  when  two  magnetic  shells  of  unit 
strength  are  in  presence  of  each  other ^  the  flux  of  force  which  passes 
from  one  and  traverses  the  other  by  its  negative  face  is  the  same 
for  both. 
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The  coefficient  M  is  called  the  coefficient  of  mutual  induction 
of  the  two  shells  ;  its  value  depends  only  on  the  two  contours,  and 
on  their  relative  positions. 

185.  Unifomi  Magnetisation.— Lastly,  let  us  consider  a  third 
case,  that  of  a  magnet  of  finite  dimensions  and  of  uniform  magnetic 
sation, — that  is  to  say,  such  that  an  element  of  volume  taken  at 
any  part  has  the  same  moment  and  its  axis  in  the  same  direction. 

It  is  clear  that  a  uniform  magnet  may  be  considered  as  formed 
by  the  juxtaposition  of  straight  parallel  solenoidal  filaments  of  the 
same  intensity,  terminating  at  the  surface ;  or,  again,  of  a  series 
of  plane  shells  of  the  same  surface-density  arranged  at  right  angles 
to  the  direction  of  magnetisation. 

There  is  no  apparent  magnetism,  except  on  the  outer  surface. 
For  instance,  with  a  cylinder  magnetised  uniformly  in  the  direction 
of  the  axis,  there  will  be  no  apparent  magnetism,  except  on  the 
terminal  surfaces,  which  will  be  covered  with  uniform  layers  of 
equal  density,  and  of  opposite  signs,  ±  <r. 

More  generally,  we  may  always  represent  the  surface-density  of 
a  uniform  magnet  by  two  layers  of  displacement  (Fig.  165),  the 
displacement  being  in  the  direction 
of  the  magnetisation.  /'T^NTX      ^^^ 

The  quantity  of  magnetism  which  y/yX         r\^^^Ki\ 

constitutes  each  of  these  layers  is         j^/^  \    V 

that  which  would  cover  the  projec-      /  /  \    \ 

tion  of  the  surface  of  the  magnet     /~/' >" i 1 

on  a  plane  perpendicular  to  the     II  \     \ 

direction  of  magnetisation  with  a     V  V  J  J 

uniform  density  <r.     That  on  an       ^^^^^^^>>^^^^^^^^^^^^^^ 
element,  dS^  with  a  projection,  dS\^ 
is  equal  to  irdS^,     If  /  is  the  angle  ^'°-  ^^^' 

which  the  perpendicular  to  the  element  dS  makes  with  the  direc- 
tion of  magnetisation,  we  have 

dS\  =  dS  cos  / 

and  therefore  for  the  density  <r'  at  dS 

ir'=  a-  cos  /. 

186.  Intensity  of  Magnetisation. — Let  M  be  the  moment  of 
the  uniform  magnet,  and  Fits  volume  :  put 
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A  is  the  moment  of  unit  volume.  This  quantity  characterises  the 
magnetisation  ;  we  shall  call  it  intensity  of  magnetisation. 

If  the  magnet  is  not  uniform,  the  quotient  of  J/ by  F  represents 
the  mean  intensity  of  magnetisation.  In  that  case  the  intensity  of 
magnetisation  at  a  given  point  is  the  quotient  of  the  moment  of  an 
element  of  volume  cut  out  at  this  point  by  the  volume  itself.  In 
general  the  intensity  and  direction  of  magnetisation  vary  from 
point  to  point. 

Consider  a  cylinder  of  length  L  and  of  base  S  uniformly 
and  longitudinally  magnetised.  Let  A  be  the  intensity  of  magneti- 
sation, and  or  the  density  of  the  layers  which  cover  the  terminal 
faces.  The  moment  is  equal  to  the  product  of  the  mass  .SV  of 
each  layer  by  the  length  L  ;  but  it  is  also  equal  to  the  product 
A  by  the  volume  SL,     It  follows  that 

This  is  also  the  value  of  the  density  at  that  point  of  the  layer 
of  displacement  where  the  normal  to  the  surface  is  parallel  to  the 
direction  of  magnetisation.  At  any  point  where  the  normal 
makes  an  angle  i  with  the  direction  of  magnetisation  we  have 

Q  =  A  cos  /. 

187.  Magnetic  Induction.  —  Suppose  a  long  cylindrical  bar 
magnetised  uniformly,  and  let  us  suppose  it  bent  so  that  the 
end  faces,  which,  as  we  know,  are  covered  with  equal  layers  of 


Fig.  166. 


opposite  signs,  are  in  contact.    We  thus  obtain  a  ring-shaped 
magnet  (Fig.  166),  which,  although  it  has  retained  its  ma^etis^- 
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tion,  is  without  action  at  external  points.  The  magnetisation 
would  only  manifest  itself  if  the  ring  were  again  opened,  or  if  it 
were  broken  into  pieces. 

Let  us  now  suppose  that  an  infinitely  thin  layer,  NS^  is  cut 
out  at  right  angles  to  the  magnetisation.  One  free  face  of  the 
slit  will  be  covered  with  a  uniform  layer  of  density  +-<4,  and 
the  other  with  a  layer  of  density  -A.  A  unit  positive  pole  placed 
at  P  in  the  empty  space  will  be  repelled  with  a  force,  iirA^  by  the 
positive  face,  and  attracted  with  a  force,  ittA^  by  the  negative 
face.  The  magnetic  force  in  the  slit  is,  therefore,  equal  to  ^irA. 
The  flux,  or  the  number  of  lines  of  force  which  represent  it, 
is  equal  to  \jrA  per  unit  surface.  It  may  be  assumed  that 
the  lines  which  traverse  the  slit  are  only  the  continuation  of  the 
lines  existing  in  the  magnet ;  we  shall  call  them  lines  of  mag- 
netisation. 

If  there  were  other  centres  of  force,  for  instance,  magnetic 
poles  situate  in  the  field,  their  action  on  the  pole  would  be  added 
to  the  action  of  the  two  faces,  and  would  have  to  be  compounded 
with  the  force  ^ttA, 

Let  the  ring  be  cut  at  any  part,  O,  for  instance  (Fig.  166), 
and  let  it  be  stretched  out  so  that  it  has  again  the  shape  of  a 
cylinder  (Fig.  167).  Nothing  is  changed  in  the  magnetic  condi- 
tion, except  that  the  pole  P,  besides  the  force  ^irA^  is  also  subject 


Fig.  167. 

to  the  force  due  to  the  layers  of  density  ±.<4,  which  cover  the  two 
ends,  a  force  which  is  obviously  opposed  to  the  former. 

The  pole  P,  situate  in  the  infinitely  narrow  slit  perpendicular  to 
the  magnetisation,  is  then  under  the  action  of  two  systems  of 
forces,  one  depending  on  the  intensity  of  magnetisation,  which 
is  equal  to  \ttA  ;  the  other,  which  is  due  to  the  surface  magneti- 
sation and  to  the  field,  may  be  represented  by  F,  These  two 
systems  produce  a  resultant  which,  as  we  shall  afterwards  see, 
can  be  directly  determined  by  experiment.  We  shall  call  it  the 
ma^etic  induction^  and  shall  represent  it  by  B, 

If  the  two  forces  are  in  the  same  direction,  we  have 
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If  the  force  F  results  solely  from  the  surface  magnetism,  it  is 
always  in  the  opposite  direction  to  ^ttA, 

The  pole  which,  if  placed  in  a  slit  perpendicular  to  the  mag- 
netisation, is  subject  to  the  action  of  B^  is  only  under  the  action 
of  ^  if  it  is  placed  in  a  cavity  which  has  the  shape  of  an  in- 
finitely narrow  cylinder  with  its  axis  parallel  to  the  magnetisation 
(Fig.  167) ;  in  this  case,  in  fact,  the  magnetisation  of  the  medium 
only  comes,  into  play  in  so  far  as  it  is  represented  by  two  infinitely 
small  magnetised  surfaces  forming  the  ends  of  the  cavity,  the 
action  of  which  may  be  neglected. 

18a  Magnet  of  Uniform  Induction.— In  order  that  the  induc- 
tion B  may  be  constant  throughout  the  whole  extent  of  the  body, 
not  only  must  the  magnetisation  A  be  uniform,  but  apart  from  the 
external  field  the  action  of  the  surface  layer  must  be  the  same  on 
all  points  of  the  interior. 

This  condition  is  realised  only  in  very  special  cases  ;  it  is  so  in 
that  of  a  sphere  magnetised  uniformly  (§  26) ;  for  an  intensity  of 
magnetisation  A^  the  force  due  to  the  layers  of  displacement  has 
the  constant  value 

F=-^A, 

It  is  also  realised  with  an  eUipsoid  of  revolution  magnetised 
uniformly  in  the  direction  of  its  axis  (Fig.  168).  \{2a  is  the  axis 
of  revolution,  2b  that  of  the  equator,  the  total  mass  of  each  layer  is 
vl^A  (§  185).    The  value  of  that  which  is  comprised  between  the 

B  B' 


Fig.  168. 
equator  and  a  parallel  plane  situated  at  the  distance  x  is  7rA{l^-y^) 
orirAb^—^;  it  is  proportional  to  ^^  and  may  thence  be  repre- 

sented  by  the  surface  of  a  triangle  such  as  OAP.  The  centre  of 
gravity  is  at  two-thirds  of  the  base,  that  is  to  say,  at  two-thirds 
of  the  axis  counting  from  the  centre.  The  moment  is  therefore 
gg'  X  irH^A  =  ^  iral^A  ;  which  is  otherwise  evident,  seeing^  that 
jjwo^  is  the  volume  of  the  ellipsoid. 
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Calculation  shows  that  the  force  due  to  the  layer  at  a  point  in  the 
interior  may  be  expressed  by 

N  being  a  coefficient  which  only  depends  on  the  ratio  of  the 
axes,  and  which  is  smaller  as  the  ellipsoid  is  more  elongated.  We 
have  seen  that  in  the  case  of  a  sphere  it  is  equal  to  ^.  For 
a  —  100  b^  and  a  =  500  b^  calculation  gives  respectively  A^  =  0.0054 
and  0.0003. 

Finally,  the  force  F  vanishes  in  the  case  of  an  annular  magnet. 
This  may  also  be  assumed  to  be  the  case  very  approximately  with  a 
cylinder  whose  length  is  very  great  in  proportion  to  its  diameter. 
The  action  of  the  terminal  masses  may  then  be  considered  as 
negligable  throughout  the  greater  part  of  the  length. 
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CHAPTER  XVIII. 
MAGNETIC  INDUCTION. 

189.  Magnetisation  by  Induction.— Any  piece  of  iron*  placed 
in  a  magnetic  field  becomes  a  magnet.  The  direction  of  the  mag- 
netisation is  that  of  the  lines  of  force,  the  south  pole  being  at  the 
part  where  they  pass  in,  and  the  north  pole  where  they  pass  out. 
This  phenomenon  is  known  as  magnetisation  by  induction. 

The  phenomenon  is  molecular,  and  is  analogous  to  the  inductive 
electrification  of  an  insulating  body.  It  always  precedes  the  attrac- 
tion of  iron  by  a  magnet,  so  that  attraction  is,  in  reality,  always 
exerted  between  two  magnets  which  present  to  each  other  their 
opposite  poles. 

A  filament  of  iron  free  to  move,  and  not  subject  to  any  other 
action  than  that  of  the  field,  tends  to  take  at  each  point  the  direc- 
tion of  the  line  of  force.  The  figures  of  iron-filings  are  formed  in 
this  way  ;  each  particle  tends  to  place  itself  tangentially  to  the  line 
of  force  and,  the  opposite  poles  of  adjacent  filings  attracting  each 
other,  they  arrange  themselves  in  lines  which  mark  out  the  lines 
of  force. 

190.  Kesidual  Magnetism — Coercive  Force.— In  a  short  piece 
of  pure  and  unhardened  iron,  what  is  called  soft  iron^  magnetisa- 
tion is  produced  at  once,  and  disappears  when  the  inductive  action 
is  withdrawn.  With  iron  which  has  been  hardened,  with  impure  iron, 
cast  iron,  steel,  and  particularly  with  hardened  steel,  the  magneti- 
sation produced  by  a  given  magnetising  field  is  less  intense,  but  in 
general  it  persists  in  greater  or  less  degree  after  the  cessation  of  the 
magnetising  force.  This  is  the  origin  of  artificial  magnets.  The 
magnetisation,  which  lasts  only  as  long  as  the  inductive  action,  is 
called  temporary  magnetism^  while  that  which  continues  after  the 
inductive  action  has  ceased  is  called  permanent^  or  remanent^  or 
residual  magnetism. 

The  name  coercive  force  has  been  applied  to  the  property  which 
certain  materials  thus  possess  of  retaining,  after  the  inductive  action 


Digitized  by 


Google 


§  I92-]  Coefficient  of  Magnetisation,  253 

has  ceased,  a  portion  of  the  magnetism  which  this  action  had  deve- 
loped. Coercive  force  is,  to  a  certain  extent,  a  property  analo- 
gous to  friction,  and  constitutes  a  resistance  to  any  change  of 
magnetic  condition.  A  method  of  estimating  its  numerical  value 
will  be  given  later  (§  197). 

191.  Magnetic  and  Diamagnetic  Bodies.— Iron,  including  its 
varieties,  is  not  the  only  body  which  is  magnetised  by  induction. 
Nickel  and  cobalt  have  similar  properties.  These  properties  are 
also  possessed,  though  to  a  less  degree,  by  various  compounds 
of  iron,  such  as  magnetic  oxide  of  iron,  Fe804,  which  constitutes 
loadstone,  iron  perchloride,  and  iron  sulphate,  whether  solid  Or 
in  solution.  Indeed,  when  a  more  and  more  intense  field  and 
delicate  means  of  observation  are  employed,  it  is  found  that  there 
is  probably  no  body,  whether  solid,  liquid,  or  gaseous,  which  is 
not  susceptible  to  the  action  of  magnetism,  and  does  not  acquire 
by  induction  magnetic  polarity.  But  in  this  respect  bodies  fall 
into  two  distinct  categories :  those 

of  one  class  are  acted  on  in  the  ^   ^^.- *---«-^!if 

magnetic  field  like  iron,  their  axis      F^^*  ^^^ 

of  magnetisation    is    along    the     ^^  ^^ 

lines    of   force  (Fe,    Fig.    169) ; 
those  of  the  other  class  acquire 
an  inverse  magnetisation,  that  is, 
parallel,  but  in  the  opposite  direc- 
tion to  the  lines  of  force  (Bi,  Fig.  y\g.  169. 
169).    The  term  magnetic  is  ap- 
plied to  the  former,  and  the  term  diamagnetic  to  the  latter  class 
of  bodies.     Diamagnetic  properties  are  only  shown  to  a  very 
slight  extent ;  the  most  strongly  diamagnetic  body  is  bismuth. 

Magnetism  is  thus  seen  to  be  a  general  property  of  bodies,  but  it 
is  extremely  remarkable  that  while  three  substances — iron,  cobalt, 
and  nickel — possess  it  in  a  very  high  degree,  it  may  be  considered 
as  in  comparison  non-existent  in  the  others. 

192.  Ooefficient  of  Magnetisation— Magnetic  Susceptibility 
and  Permeability. — The  fundamental  problem  of  magnetisation 
by  induction  is  this  ;  the  magnetising  force  acting  at  a  point  of  a 
piece  of  iron  being  given,  to  determine  the  intensity  of  the  resulting 
magnetisation,  or  the  value  of  magnetic  induction  at  this  point. 

The  magnetic  force  which  is  here  to  be  considered  is  that  result- 
ing from  the  field  and  the  reaction  of  the  surface  layer ;  it  is  that 
which  would  act  on  a  pole  placed  at  the  point  in  question  in  a 
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cavity  in  the  shape  of  an  infinitely  narrow  cylinder  parallel  to  the 
magnetisation.  We  may  call  this  the  magnetising  force.  Let  F  be 
its  value  at  the  point  in  question,  A  the  intensity  of  the  magnetisa- 
tion, and  B  the  corresponding  magnetic  induction  ;  we  may  put 

A=kF  ,. 

B  =  /i/-; 

The  coefficient  k  is  called  the  coefficient  of  magnetiscUion^  and 
defines  the  magnetic  susceptibility  of  the  body  at  the  point  in 
question  ;  it  is  positive  for  magnetic,  and  negative  for  diamagnetic 
bodies.  The  coefficient  /*  is  called  the  coefficient  of  magnetic 
induction  and  defines  th^  permeability. 

These  two  coefficients  stand  to  each  other  in  a  very  simple  rela- 
tion. The  intensity  of  magnetisation,  at  any  rate  in  isotropic 
substances,  being  necessarily  in  the  same  direction  and  the 
same  sense  as  the  magnetising  force,  we  have  (§  187) 

B  =  F-\-47rA,  (2) 

and  therefore  from  equations  (i) 

/A  =  I  H-  4.irk, 

It  will  be  seen  that  fi  is  greater  than  unity  for  magnetic  sub- 
stances, and  less  than  unity  for  diamagnetic  substances ;  since, 
for  the  latter,  the  absolute  value  of  k  is  always  very  small,  fi 
never  becomes  negative. 

For  diamagnetic  substances,  and  for  very  slightly  magnetic 
substances,  k  and  fi  may  be  considered  as  constant  numerical 
coefficients,  but  for  iron  and  similar  substances  they  are  very  com- 
plicated functions.  For  a  given  substance  at  a  given  temperature 
they  vary  with  the  intensity  of  the  magnetising  force. 

193.  Influence  of  the  Form  of  a  Body.— Since  experiment 
only  gives  the  mean  values  of  A  and  B  for  the  whole  mass  of 
the  body  submitted  to  induction,  in  order  to  obtain  k  and  fi  it 
is  necessary  that  these  quantities,  and  therefore  the  magnetising 
force  F,  should  have  the  same  value  for  all  points  of  the  body. 
It  is,  therefore,  not  sufficient  to  place  the  body  in  a  uniform  field  ; 
it  is  also  necessary  that  the  surface  layer  developed  by  induction 
should  exert  either  no  force  at  all  at  any  point  within  the  body, 
or  the  same  force  at  all  points. 

This  force  would  be  zero  in  the  case  of  an  anchor  ring  or  tore 
a^cted  on  by  a  field  in  which  the  force  was  everywhere  tangential 
t«^  ^  circumference  concentric  with  the  ring. 
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We  know  that  it  is  constant  in  the  case  of  a  sphere  or  of  an 
ellipsoid  of  revolution  with  its  axis  parallel  to  the  field ;  but  then 
the  magnetising  force  is  no  longer  that  of  the  field.  Let  H  be 
the  intensity  of  the  field,  A  the  intensity  of  magnetisation  ob- 
served: the  magnetising  force  F  is  the  difference  between  the 
force  of  the  field  and  the  reaction  of  the  surface  layer,  which  we 
have  represented  by  NA  (§  188),  we  have  therefore 

F^H  -  NA, 
and  as 

A-=^kF, 
it  follows  that 

>t=    -^  - 
H  -  NA' 

The  magnetising  force,  expressed  as  a  fraction  of  the  force  of 
the  field,  is  given  by 

£^  I 

H      I  +  kN" 

that  is  to  say,  it  is  smaller  as  N  is  larger.  For  a  sphere  N  —^ 
and  for  a  value  of  k  equal  to  100,  the  magnetising  force  would 
not  be  j4u  that  of  the  field.  It  would  be  necessary  then  to  have 
recourse  to  very  elongated  ellipsoids  of  revolution.  In  an  ellip- 
soid for  which  a  =  500^,  the  magnetising  force,  with  ^  =  100, 
would  be  0.971  of  that  of  the  field  (§  188). 

Most  frequently  very  long  cylinders  are  used,  with  a  length 
400  or  500  times  the  diameter,  and  these  are  placed  in  a  uniform 
field  parallel  to  the  lines  of  force.  In  these  conditions  the  action 
of  the  ends  may  be  considered  negligible. 

194.  Observations  on  Permeability.— A  magnetic  body  placed 
in  a  uniform  field,  by  the  very  fact  of  its  magnetisation,  produces 
a'  perturbation  of  the  lines  of  force  ;  near  the  body  these  cease  to 
be  parallel  and  equidistant ;  at  the  same  time  lines  of  magneti- 
sation (§  187)  to  the  number  of  ^ttA  per  unit  surface  traverse 
the  body,  the  magnetisation  of  which  we  assume  to  be  uniform. 
These  lines  may  be  regarded  as  the  continuation  of  those  of  the 
field,  excepting  that  they  are  packed  more  closely  together,  or 
are  further  apart,  according  as  the  body  is  magnetic  or  dia- 
magnetic.  Figs.  170  and  171  represent  two  spheres  placed  in  a 
uniform  field,  and  such  that  for  the  former  /*  =  2.8,  and  for  the 
latter  /*  =  0.48.  We  may  regard  the  state  of  the  body  submitted 
to  induction  as  resulting  from  a  modification  of  the  medium 
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which  constitutes  it,  analogous  to  that  which  existed  in  the 
medium,  air  or  vacuum,  whose  place  it  has  taken,  with  this  dif- 
ference, that  the  flux  of  force  for  unit  surface  instead  of  being  H 
has  become  equal  to  iiH, 

A  comparison  with  currents  will  render  the  idea  more  precise. 


Fig.  170. 


Suppose  a  sphere  of  metal  introduced  into  a  mass  of  mercury 
traversed  by  a  uniform  current  :  the  lines  of  flow,  which  were 
originally  parallel,  would  tend  to  pass  in  grekter  number  through 
the  sphere  if  it  were  a  better  conductor  than  mercury,  and,  on  the 
contrary,  in  smaller  number  if  it  were  a  worse  conductor.     Figs. 


Fig.  171. 

170  and  171  give  a  representation  of  the  lines  of  flow  in  the  two 
cases.  The  words  conductivity  for  lines  of  flow,  and  permeability 
for  lines  of  magnetic  force,  thus  correspond  to  analogous  ideas. 

195.  Chirves  of  Magnetisation. — Suppose  now  that  an  infinitely 
long  cylinder  is  placed  parallel  to  the  lines  of  force  in  a  uniform  field, 
and  that  then,  while  gradually  increasing  the  strength  of  the  field,  we 
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measure  the  intensity  of  magnetisation  for  every  value  of  F^  which, 
in  this  case,  is  the  same  as  //.  The  results  may  be  represented 
by  a  curve,  the  values  of  F  forming  the  abscissae,  and  those  of  A 
the  ordinates.  And  since  B  ==  F  +  4irA,  or  =^  4irA  nearly  for  highly 
magnetic  bodies,  the  same  curve  will  represent  the  induction,  pro- 
vided we  change  the  scale  of  the  ordinates,  and  take  the^  unit  of 
length  as  indicating  47r  times  as  great  a  value. 

In  the  case  of  iron  or  its  varieties,  or  cobalt,  or  nickel,  the  curve 
has  always  the  same  general  appearance.  Three  parts  may  be 
distinguished :  the  first  (Fig.  172),  corresponding  to  very  small 
magnetising  forces,  in  which  the  intensity  increases  very  slowly. 


Fig.  172. 


but  at  first  proportionally  to  the  force  ;  a  second,  where  the  curve 
rises  very  rapidly,  and  has  a  point  of  inflection  to  which  the  maxi- 
mum value  of  k  corresponds  ;  lastly,  a  third  part  corresponding  to 
high  values  of  the  magnetising  force,  and  where  the  magnetisation 
increases  very  slowly  and  evidently  tends  to  a  maximum. 

196.  Remanent  Magnetism.— Suppose  now  that  after  having 
raised  the  magnetising  force  to  the  value  F  =  of,  we  majce  it 
gradually  decrease,  the  magnetisation  does  not  by  any  means 
again  pass  through  the  same  values.  The  course  of  the  pheno- 
menon is  represented  by  the  curve  B.  When  the  magnetising  force 
has  become  nothing,  the  bar  has  still  an  intensity  of  magnetisa- 
tion represented  by  or.  This  is  called  the  remanent  or  residual 
magnetism.  lu  value  is  generally  a  large  fraction  of  the  total 
magnetism,  and  it  is  more  or  less  stable  according  to  the  fiattire 
of  the  body. 

197.  Ooerdve  Porta— If  after  having  reduced  the  magnetising 
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Fig.  173. 


force  to  zero,  it  is  again  increased,  but  in  the  opposite  direction, 
the  magnetisation  is  quickly  reduced  to  zero.  The  inverse  force 
OC  which  just  destroys  the  residual  magnetism  may  be  taken  as 
a  measure  of  the  coercive  force,  and  it  is  in  this  sense  that  we 
shall  use  this  term  in  what  follows. 

198.  Cycles  of  Magnetisation. — Imagine  that  after  having  ex- 
posed the  bar  to  forces  increasing  from  zero  to  F^  the  force  is  de- 
creased from  Fio  zero,  then  again  raised 
to  Fy  and  so  on  successively.  The  results 
will  be  such  as  are  represented  by  Fig. 
173.  The  substance  after  having  passed 
through  the  changes  represented  by  the 
curve  o  to  A  in  the  first  period,  then 
from  A  to  a'  along  ama'  in  the  second, 
will  return  from  a'  to  A  by  a'na  in 
the  third.  As  the  magnetising  force 
continues  to  pass  through  the  same 
cycle,  the  point  which  represents  the 
state  of  the  body  at  each  instant  will 
continue  to  describe  the  same  loop  ama'n. 

If  instead  of  varying  the  magnetising  force  from  zero  to  F  and 
conversely,  it  is  made  to  oscillate  between  two  equal  values  of 

opposite  sign  +  F  and  -  /%  the 
curve  representing  the  magnetisation 
is  like  Fig.  174.  The  curve  OA  corre- 
sponds to  the  initial  magnetisation 
when  the  magnetising  force  increases 
for  the  first  time  from  O  to  F\  the 
portion  aca'  to  decreasing  values  of 
the  force  from  +^to  -F]  finally  the 
portion  a'ba  to  increasing  values  from 
—  Fio  +  F,  The  same  cycle  is  gone 
through  every  time  the  same  changes 
of  magnetising  force  are  repeated. 

199.  Retardation  of  Magnetisa- 
tion—Hysteresis.— Thus,  to  the  same 
value  of  the  magnetising  force,  inten- 
sities of  magnetisation  correspond 
which  depend  not  only  on  the  existing  conditions,  but  also  on  the 
previous  ones.  In  particular,  when  the  successive  conditions  form  a 
cycle  like  that  in  Fig.  174,  it  may  be  noted  that,  for  the  same  value 


Fig.  174. 
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of  the  magnetising  force,  the  intensity  is  greater  in  the  descending 
than  in  the  ascending  period.  This  may  be  expressed  by  saying 
that  there  is  a  retardation  or  lag  of  magnetisation  in  respect 
of  the  magnetising  force.  Professor  Ewing,  to  whom  most  of  these 
observations  are  due,  has  given  the  name  hysteresis  to  this  tendency 
of  bodies  to  persist  in  a  previous  condition. 

This  lag  may  be  regarded  as  an  effect  of  coercive  force.  The 
two  curves  which  form  the  cycle  of  Fig.  174  diverge  more  from 
each  other  as  the  coercive  force,  represented  by  OC,  is  greater. 
The  lag  is  diminished  if  the  body  is  subjected  to  vibrations  while 
it  is  under  the  influence  of  the  magnetising  force.  The  general 
effect  of  the  vibrations  is  to  make  the  curve  of  increasing  magneti- 
sation rise  more  rapidly,  and  to  make  the  curve  of  decreasing 
magnetisation  fall  more  rapidly.  One  consequence  of  the  effects 
of  lag  is  that  the  coefficients  k  and  /i,  defined  by  equations  (i) 
(§  192),  have  no  precise  meaning,  except  for  a  body  submitted  to 
a  definite  magnetising  force  applied  in  a  definite  manner. 

200.  Neutral  State. — If  starting  from  any  point,  M,  of  the  cycle, 
corresponding  to  the  force  F^  we  decrease  the  force  to  zero,  and 
then  increase  it  from  zero  to  F^  the  curve  will  form  a  loop  like  A  a'  in 
Fig.  173.  By  suitably  choosing  the  point  M,  on  the  positive  part 
of  the  ascending  branch,  or  on  the  negative  part  of  the  descending 
branch,  we  may  obtain  zero  magnetisation  when  the  magnetising 
force  becomes  zero.  Although  there  is  no  magnetisation,  the  con- 
dition of  the  bar  is  not  identical  with  that  which  it  had  before 
being  magnetised  at  all ;  it  acquires  more  easily  a  magnetisation 
of  the  opposite  sign  to  that  which  it  has  lost  than  a  magnetisation 
of  the  same  sign. 

If  the  bar  is  to  be  restored  to  a  symmetrical  state,  which  is 
really  neutral,  it  must  be  submitted  to  the  action  of  forces  alter- 
nately in  opposite  directions,  gradually  decreasing  to  zero  ;  in 
other  words,  it  must  be  made  to  pass  through  a  series  of  cycles 
like  that  of  Fig.  174,  and  corresponding  to  values  of /^  gradually 
diminishing  to  zero. 

For  bodies  with  very  small  coercive  force,  the  same  result  is 
obtained  by  repeated  blows.  The  neutral  state  to  which  we  attain 
by  these  methods  is  a  constant  one,  but  it  is  not  necessarily 
that  which  the  bar  had  before  any  magnetisation.  A  red  heat  also 
restores  the  bar  to  the  neutral  .state. 

201.  Work  of  Magnetisation.— Let  A^be  the  magnetising  force, 
and  A  the  intensity  of  magnetisation  :  if  the  latter  be  increased  by 
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dA^  the  work  for  each  unit  of  volume  is  that  which  must  be  expended 
in  order  to  bring  unit  volume,  with  magnetisation  dA^  from  an 
infinite  distance  to  the  point  in  question.  But  this  work  is  equal 
to  the  product  of  the  moment,  dA^  by  the  normal  component  of  the 
force  (§  177),  which  is  here  the  force  F  itself;  it  is  thus  equal  to 
FdA.  On  the  other  hand,  the  product  FdA  is  the  area  of  the 
infinitely  small  trapezium  mnqp  (Fig.  175) ;  it  follows,  therefore, 

that  the  work  expended  in  causing 
each  unit  of  volume  to  pass  from  the 
condition  M  to  the  condition  N  is  repre- 
sented by  the  curvilinear  area  mnqp. 

If  the  curve  of  demagnetisation 
coincided  with  the  curve  of  magne- 
tisation, the  work  corresponding  to  a 
cycle  would  be  nothing,  and  we  should 
therefore  conclude  that  the  work  ex- 
pended was  altogether  represented  by 
the  increase  of  the  energy  of  the 
magnet.  As  the  two  curves  do  not 
PiQ  J7g  coincide,  owing  to  hysteresis,  it  is  easy 

to  see  that  the  area  which  they  enclose 
represents  that  portion  of  the  work  of  magnetisation  which  has 
been  expended  against  forces  analogous  to  friction  and  can  only 
be  transformed  into  heat. 

If  the  magnetising  force  and  the  intensity  of  magnetisation  are 
expressed  in  C.G.S.  units,  the  area  measured  in  square  centi- 
metres will  give  the  work  transformed  into  heat  expressed  in 
ergs,  and  dividing  by  4.18  x  lo^,  we  shall  have  the  quantity  of 
heat  in  gramme-degrees.  If  tlie  density  of  iron  be  taken  as  7.8, 
and  its  specific  heat  as  o.ii,  the  thermal  capacity  of  one  cubic 
centimetre  is  0.858.  The  rise  of  temperature  for  each  erg  will 
therefore  be 


— jr —   ^  =  2.8  X  io~8  degrees  centigrade. 
L18  X  10^ 


0.858  X  4. 

In  the  case  of  Fig.  174  the  area  of  the  cycle,  as  readily  seen,  is 
sensibly  equal  to  four  times  the  product  of  tJie  maximum  magneti- 
sation by  the  coercive  force. 

202.  Numerical  Values— Soft  Iron. — Fig.  176  gives  the  curves 
of  magnetisation  for  soft  iron,  steel,  cast  iron,  cobalt,  and  nickel. 
They  all  show  very  definitely  the  three  features  mentioned  above 
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(§  I95)>  but  with  differences  in  the  general  aspect,  and  particularly 
in  the  intensity. 

For  soft  iron  the  curve  rises  with  extreme  rapidity ;  the  point 
of  inflection,  which  corresponds  to  the  maximum  of  k^  occurs 
for  a  value  of  the  magnetising  force  equal  to  about  5  units.  For 
ordinary  iron  k  is  then  equal  to  about  150,  but  it  may  go  up  to 
250  for  very  soft  iron.    For  the  sample  represented,  it  is  about  180. 
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Fig.  176. 

It  will  be  seen  that  saturation  is  nearly  reached  for  /'=  15. 
This  corresponds  to  a  value  of  A  of  over  130a  It  has  been 
possible  to  reach  1700  by  the  use  of  very  great  magnetising  force. 

These  curves  show  well  the  existence  of  a  maximum,  although 
they  only  refer  to  values  of  the  field  comprised  between  zero  and 
150  C.G.S.  Experiment  shows,  moreover,  that  the  intensity  of 
magnetisation  undergoes  no  appreciable  variation  when  the  field 
is  -altered  from  2000  or  3000  units  to  the  highest  values  which 
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have  been  attained,  about  20,000.  The  induction  presents  no 
maximum,  for  it  consists  of  two  parts,  one  \rtA^  which  soon 
becomes  constant,  and  the  other,  /%  which  increases  without  Hmit. 

The  residual  magnetism  may  reach  90  per  cent,  of  the  total 
magnetism,  but  it  is  extremely  unstable.  If  the  reaction  of  the 
ends  has  a  sensible  value,  or  if  the  bar  is  submitted  to  vibration, 
the  magnetism  disappears  to  within  a  few  hundredths.  Thus 
practically  we  may  say  that  the  magnetism  of  soft  iron  is  purely 
temporary. 

The  coercive  force  does  not  exceed  2.5,  and  the  work  correspond- 
ing to  a  complete  cycle  of  magnetisation  is  about  1 5,000  ergs. 

203.  Cast-iron  and  Steel. — The  intensity  of  magnetisation  of 
cast-iron  is  less  than  that  of  soft  iron,  and  it  less  rapidly  attains 
a  maximum.  For  soft  cast-iron  the  maximum  is  about  900,  or 
about  1250  as  an  extreme  value.  The  coercive  force  is  about 
12,  and  the  work  of  the  complete  cycle  of  magnetisation  varies 
from  40,000  to  60,000  ergs. 

The  curve  for  steel  rises  more  gradually,  and  the  numerical 
values  vary  greatly  with  the  composition  of  the  steel  and  its 
state  as  to  hardening  or  annealing ;  but  the  maximum  intensity 
which  it  can  attain  is  not  much  lower  than  that  for  soft  iron. 

The  coercive  force  is  much  greater.  It  increases  with  the 
proportion  of  carbon,  but  it  is  increased  more  particularly  by  the 
presence  of  certain  metals.  Chromium-steel  or  steel  containing 
I  per  cent,  of  chromium  has  a  coercive  force  of  40 ;  steel  con- 
taining 3  per  cent,  of  tungsten  a  coercive  force  of  51.  The  work 
for  a  complete  cycle  is  40,000  to  60,000  for  mild  steel,  95,000  for 
piano-wire  which  has  been  annealed,  and  116,000  for  the  same 
wire  which  has  not  been  annealed.  In  like  manner  it  is  65,000  for 
chromium- steel  which  has  been  annealed,  and  167,000  for  the  same 
steel  unannealed.    A  steel  containing  tungsten  gave  216,000  ergs. 

The  presence  of  manganese  takes  from  iron  its  magnetic  pro- 
perties ;  the  alloy  with  12  per  cent,  of  manganese  known  as 
manganese-steel  is  not  magnetic. 

204.  Cobalt — Nickel. — The  curve  for  cobalt  differs  little  from 
that  for  cast-iron.  The  maximum  intensity  of  magnetisation  is 
from  1000  to  1300 ;  the  coercive  force  12,  and  the  work  corre- 
sponding to  a  complete  cycle  40,000  to  50,000. 

The  maximum  magnetisation  for  nickel  is  about  500 ;  the  effect 
of  straining  or  annealing  is  much  more  marked  with  nickel  than 
with  iron.     The  work  of  a  complete  cycle  of  magnetisation,  whkh 
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is  25,000  for  strained  nickel,  is  only  11,000  for  the  same  metal 
annealed. 
205.  Influence   of  Temperature— Critical   Temperature.— 

Temperature  has  a  considerable  influence  on  magnetisation.  The 
cardinal  fact  is  that  there  is  a  temperature  for  the  three  magnetic 
metals  beyond  which  they  completely  lose  their  exceptional  pro- 
perties, and  become  non-magnetic  like  ordinary  bodies.  This 
temperature  is  785*  for  soft  iron,  340"  for  nickel.  It  has  not  been 
determined  exactly  for  cobalt,  but  is  higher  than  for  iron.  The  pro- 
perty disappears  suddenly,  and,  so  to  speak,  without  any  transition. 
Thus  at  770°  soft  iron  is  at  least  10,000  times  more  magnetic  than 
at  785°. 

At  lower  temperatures  the  permeability  of  iron  undergoes  very 
different  variations,  according  to  the  value  of  the  magnetising 
force.  For  very  small  forces,  0.3  for  instance,  it  increases  slowly 
with  the  temperature,  then  more  rapidly,  and  a  little  below 
the  critical  temperature  it  attains  a  considerable  maximum,  dis- 
appearing suddenly  a  little  above.  For  moderate  and  for  great 
forces,  it  is  virtually  constant  up  to  500**,  and  then  decreases 
gradually. 

The  critical  temperature,  which  is  783°  for  soft  iron,  is  only  735" 
for  steel.  It  is  lower  as  the  proportion  of  carbon  increases.  The 
phenomenon  is  due  to  a  profound  change  of  state  which  at  the 
same  time  modifies  other  physical  properties.  Thus  the  elec-, 
trical  resistance,  which  varies  up  to  that  point  in  an  abnormal 
manner  with  an  increasing  coefficient,  after  passing  the  critical 
temperature  has  a  constant  coefficient  which  differs  little  from 
that  of  non-magnetic  metals. 

This  change  of  state  is  also  characterised  by  an  absorption  or 
a  disengagement  of  heat,  according  as  the  temperature  is  rising  or 
falling.  When  a  piece  of  iron  wire  which  has  been  heated  to  a  very 
high  temperature  is  allowed  to  cool,  several  points  are  observed  at 
which  there  is  an  abnormal  disengagement  of  heat  corresponding 
to  some  change  of  state.  Two  such  points  are  specially  marked  : 
one  between  800°  and  700°  corresponds  to  the  critical  point  of 
magnetisation  and  to  a  change  of  state  of  the  iron  ;  the  other  is  at 
660**,  and  has  no  relation  to  magnetism,  but  appears  to  be  due  to 
a  modification  of  the  carbon  contained  in  the  iron.  At  this  latter 
point  the  quantity  of  heat  disengaged  is  sometimes  so  great  that 
a  portion  of  iron  wire  which  has  sunk  to  a  dull  red  heat  again 
becomes  incandescent. 
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A  curious  illustration  of  these  changes  of  state  is  afforded  by  the 
alloys  of  nickel  and  iron.  The  alloy  of  25  per  cent,  of  nickel  when 
raised  to  a  temperature  of  580°  is  no  longer  magnetic  at  lower 
temperatures  ;  but  when  cooled  to  20"  below  zero,  it  becomes  mag- 
netic, and  remains  so  for  all  temperatures  below  580°;  so  that 
at  mean  temperatures  the  same  metal  may  exist  in  two  different 
conditions,  one  magnetic  and  the  other  not  so,  both  conditions 
being  equally  stable. 

206.  Bodies  Slightly  Magnetic  or  Diamagnetia— So  far  as 
can  be  observed,  the  values  of  the  coefficients  of  magnetisation  are 
constant  for  bodies  which  are  but  litde  magnetic,  or  which  are 
diamagnetic  ;  the  intensity  of  magnetisation  is  always  proportional 
to  the  magnetising  force.  Moreover,  no  phenomena  of  hysteresis 
have  been  detected. 

For  diamagnetic  bodies,  the  value  of  k  is  always  very  smal 
The  highest  known  value  is  that  for  bismuth,  for  which 
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CHAPTER   XIX. 
EQUILIBRIUM  AND  MOTION  OF  MAGNETIC  BODIES. 

207.  Equilibrinm  of  a  Magnetic  Body  in  Field  of  Force.— 

An  isotropic  sphere  placed  in  a  uniform  field  is  in  neutral  equili- 
brium in  all  positions.  This  is  not  the  case  with  a  sphere  cut  out  of 
a  crystallised  body.  The  coefficient  of  magnetisation,  like  other 
physical  constants,  has  different  values  in  different  directions, 
and  the  body  has  three  principal  coefficients,  ky  k\  and  k"y  in 
three  directions  at  right  angles  to  each  other.  The  sphere  has, 
in  this  case,  three  positions  of  equilibrium,  those  in  which  one  of 
the  axes  is  parallel  to  the  field.  Of  these  three  positions,  one  is 
stable  ;  if  the  body  is  magnetic,  the  equilibrium  is  stable  when 
the  axis  parallel  to  the  field  is  the  axis  of  maximum  magnetisation  ; 
and  if  the  body  is  diamagnetic,  when  the  axis  of  minimum  magne- 
tisation is  parallel  to  the  field.  If  the  sphere  is  movable  about  one 
axis,  the  couple  which  keeps  it  in  a  position  of  equilibrium  is 
proportional  to  the  difference  of  the  coefficients  relating  to  the 
other  two  axes. 

208.  Movements  of  very  Small  Bodies  in  the  Field.— If  the 
field  is  not  uniform,  the  same  conclusions  apply  still  to  a  sphere 
so  small  that  the  field  may  be  considered  uniform  throughout  the 
space  which  it  occupies ;  they  apply  also,  at  any  rate  very 
approximately,  to  a  body  of  any  shape  provided  it  is  very  small ; 
the  mass  of  the  surface  layers  is  then  very  small,  so  that  their 
action  may  be  neglected  ;  the  magnetisation  may  consequently 
be  regarded  as  uniform,  and  as  due  solely  to  the  action  of  the 
field. 

Let  us  consider  an  isotropic  sphere  of  very  small  volume,  u  ;  let 
H  be  the  intensity  of  the  field,  and  k  the  coefficient  of  magnetisa- 
tion ;  the  sphere  may  be  compared  to  an  infinitely  small  magnet, 
with  its  axis  parallel  to  the  field,  and  of  moment  M  —  ukH 
(§  1 86).     In  the  case  of  an  invariable  magnet  the  energy  would 

be  equal  and  of  opposite  sign  to  the  flux  of  force  which  traverses 
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266    Equilibrium  and  Motion  of  Magnetic  Bodies,  [§  208. 

from  the  negative  side  a  surface  perpendicular  to  the  axis  and 
numerically  equal  to  the  moment  of  the  magnet.  As  the  surface 
is  here  perpendicular  to  the  field  W  =  —  ukH^.  This  would  be 
the  work  required  to  bring  this  very  small  magnet  from  an  infinite 
distance  to  the  position  which  it  occupies  ;  but  in  the  present  case 
the  moment  is  not  invariable,  and  neglecting  any  effects  of  hys- 
teresis, it  may  be  assumed  to  be,  at  each  point,  proportional  to 
the  intensity  of  the  field  at  that  point.  The  average  moment  is 
thus  the  mean  between  o  and  the  value  corresponding  to  the 
final  position ;  consequently,  the  work  done,  and  therefore  the 
energy  acquired,  is  only  half  that  which  an  invariable  magnet 
would  have  required,  and  we  have 

The  body  left  to  itself  will  remain  in  equilibrium  in  a  uniform 
field,  but  in  a  variable  field  it  will  tend  to  expend  the  energy 
which  it  possesses,  and,  like  a  falling  body,  to  move  along  the 
line  of  most  rapid  loss  of  energy.  If  k  is  positive,  the  energy 
diminishes  when  H  increases ;  it  will  move  then  not  in  general 
along  a  line  of  force,  as  a  single  magnetic  pole  would  do  if 
that  were  realisable,  but  it  will  move  in  the  direction  along 
which  the  force  varies  most  rapidly,  and  will  ultimately  come  in 
contact  with  the  magnet ;  it  will  be  attracted  by  the  magnet.  If 
k  is  negative,  as  in  the  case  of  a  diamagnetic  body,  it  will 
move  in  the  opposite  direction,  or  in  that  in  which  the  force 
diminishes  most  rapidly,  and  will  seem  to  be  repelledhy  the  magnet. 
This  is  the  true  interpretation  of  the  action  exerted  by  magnets, 
or  by  electrified  bodies,  on  bodies  originally  in  the  neutral  condition 
and  submitted  to  their  influence.  This  special  tendency  of  polarised 
elements  to  move,  not  in  the  direction  of  the  lines  of  force,  but 
towards  a  position  of  maximum  or  minimum,  accounts  for  some 
peculiarities  which  are  met  with  in  the  way  in  which  iron  filings 
arrange  themselves  under  the  influence  of  a  magnet.  The  particles 
of  iron  outline  the  bar  very  sharply,  and,  except  near  the  centre, 
they  do  not  remain  above  the  magnet  itself  (Fig.  150).  The 
reason  is  that  the  strength  of  the  field  varies  very  rapidly  near 
the  magnet,  and  is  a  maximum  at  the  edges  of  the  bar.  Hence, 
too,  when  the  glass  plate  is  gently  tapped,  the  lines  formed  by  the 
filings  are  displaced,  they  shrink  together  and  move  towards  the 
magnet.  Each  granule  of  the  filings  moves  parallel  to  itself,  and 
transversely  to  the  lines  of  force,  towards  regions  of  greater  intensity. 
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Fig.  177. 


The  direct  consideration  of  the  forces  leads,  moreover,  to  the  same 
result.  Take  a  particle  whose  direction  coincides  with  the  line  of 
force :  the  two  forces  applied  at  the  ends  are  equal  and  contrary,  but 
not  directly  opposite.  They  form  with  each  other  an  obtuse  angle 
equal  to  that  between  the  tangents  to  the  line  of  force  at  the  two 
ends  of  the  particle,  and  their  resultant  is  normal  to  the  line.  This 
resultant  is  directed  towards  the  concave  side  of  the  line  of  force  if 
the  body  is  magnetic,  and  towards  the  convex  side  if  it  is  diamag- 
netic  :  it  is  evident  that  the  first  direction 
is  that  in  which  the  force  increases  ;  the 
second  that  in  which  it  decreases. 

209.  Eqmlibrinin  of  an  Elongated 
Body. — Let  us  now  consider  a  body  of  an 
elongated  shape,  a  cylindrical  needle,  for 
example,  suspended  freely  in  a  uniform 
field.  If  each  element  of  volume  be- 
haved as  if  it  were  alone,  it  would  acquire 
a  magnetisation  parallel  to  the  field, 
and  the  needle  would  be  in  neutral 
equilibrium  in  any  position  (Fig.  177). 
Experiment  shows  that  this  is  the  case 
for  all  feebly  magnetic  bodies,  but  that  if  the  body  is  strongly 
magnetic  the  needle  takes  a  direction  parallel  to  the  field. 

It  behaves  then  like  a  needle 
having  crystalline  structure,  the 
axis  of  figure  corresponding 
with  the  axis  of  greatest  mag- 
netisation, and  the  reason  is 
the  same.  The  action  which 
the  several  elements  exert  on 
each  other  in  consequence  of 
induced  magnetism  is  greater 
when  the  needle  is  transverse 
to  the  field  than  when  it  is 
parallel,  and  the  apparent  co- 
efficient is  consequently  smaller 
in  the  first  case  than  in  the 
second.  The  needle  has  thus 
a  position  of  stable  equilibrium,  and  the  couple  which  maintains 
it  there  is  proportional  to  the  difference  of  the  two  apparent  co- 
efficients (§  207). 


Fig.  178. 
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210.  Suppose  now  the  needle  is  in  a  non-uniform  field.  If  it  is 
isotropic,  and  feebly  magnetic  or  diamagnetic,  it  will  merely  obey 
the  tendency  of  each  element  to  move  towards  a  maximum  or 
minimum  of  force  as  the  case  may  be.  For  instance,  in  a  field 
symmetrical  in  reference  to  a  centre  like  that  between  the  opposite 
and  equal  poles  a  and  b  of  an  electro-magnet  (Fig.  178),  a  mag- 
netic needle,  ef^  will  set  along  the  lines  of  force,  or  axially,  in  the 
direction  ab ;  while  a  diamagnetic  needle  will  set  across  the  lines 
of  force,  or  transversely^  in  the  direction  cd ;  hence  the  term  dia- 
magnetic given  to  bodies  which  possess  this  property. 

If  the  body  is  crystallised  or  strongly  magnetic,  it  has  to  follow 
a  twofold  tendency,  that  which  urges  each  element  towards  the 
points  of  maximum  force,  and  that  which  tends  to  place  the  axis  of 
greatest  magnetisation  parallel  to  the  lines  of  the  field.  In  the 
symmetrical  field  in  question  these  two  actions  concur,  and  the 
position  of  equilibrium  coincides  with  the  line  of  the  poles  ;  but 
in  more  complex  fields  they  may  give  rise  to  effects  which  are 
apparently  very  strange. 

These  phenomena  are  often  known  as  magneto-crystallic pheno- 
mena, 

211.  Motions  of  Liquids  and  of  Gases  in  a  Non-Uniform 
Field. — Thp  same  effects  are  produced  upon  liquids  and  upon 
gases.  Figs.  179  and  180  represent  the  effects  produced  by  putting 
a  drop  of  liquid  in  a  watch-glass  between  two  powerful  equal  and 
opposite  poles.  In  the  first  case,  the  liquid  is  magnetic ;  it  is 
heaped  up  towards  the  points  where  the  force  is  a  maximum  ;  in  the 


Fig.  179.  Fig.  i8o. 

second  it  is  diamagnetic,  and  moves  towards  points  where  the  force 
is  a  minimum.  A  drop  of  liquid  in  a  glass  tube  which  is  placed 
transversely  between  the  two  poles  moves  towards  the  centre  if  it 
is  magnetic,  and  away  from  it  if  it  is  diamagnetic.  In  like  manner 
the  flame  of  a  candle,  which  is  diamagnetic,  is  repelled  in  the 
transverse  plane  (Fig.  181). 

Among  gases,  oxygen  is  strongly  magnetic  ;  nitrous  oxide,  car- 
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bonic   acid,  ethylene,  and  cyanogen  are  diamagnetic ;   nitrogen 
and  hydrogen  seem  to  be  neutral. 

In  order  to  demonstrate  this  phenomenon,  a  glass  globe  is  sus- 
pended to  the  beam  of  a  delicate  balance  over  the  pole  of  a 
powerful  magnet.  After  the  globe  has  been  exhausted,  it  is 
counterpoised,  and  is  then  filled  with  the  gas  to  be  tested.  In 
the  case  of  oxygen,  there  is  a  very  perceptible  attraction,  which  is 
four  or  five  times  as  strong  as  that 
exerted  on  air  at  the  same  pressure  and 
temperature. 

212.  Relative  Magnetisation.— A 
body  of  small  dimensions  and  of  per- 
meability /i,  placed  in  a  liquid  or  gas 
of  permeability  ft',  behaves  like  a  body 

whose  permeability  is  /ii=  ^,  or,  what 

comes  to  nearly  the  same  thing,  it  acts 
as  though  the  susceptibility  were  k\  — 

This  result  leads  to  consequences 
analogous  to  those  which  are  deduced 
from  the  principle  of  Archimedes  for 
floating  bodies.  Three  cases  may  pre- 
sent themselves  :  First,  ^  >  /^,  the  body  behaves  like  a  magnetic 
body ;  second,  k  —  k^  the  body  appears  neutral ;  and  third,  k  <  k!y 
the  body  behaves  like  a  diamagnetic  body.  It  is  possible  that 
diamagnetism  might  be  explained  by  a  cause  of  this  kind. 


Fig.  181. 
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CHAPTER  XX. 
PERMANENT  MAGNETS. 

213.  Permanent  Magnets. — Permanent  magnets  are  usually 
made  in  the  form  of  straight  prismatic  bars,  but  they  are  also 
sometimes  bent  in  the  form  of  a  horse-shoe.  It  is  important 
that  the  metal  of  which  they  are  made  should  have  considerable 
coercive  force.  Highly  tempered  steel,  especially  such  as  con- 
tains tungsten,  is  found  to  answer  best. 

As  the  bars  are  usually  short,  the  effect  of  the  ends  is  con- 
siderable. Further,  it  is  impossible  to  obtain  uniform  magnetisa- 
tion in  a  prismatic  or  cylindrical  bar.  The  effective  magnetising 
force  is  less  near  the  ends  of  the  bar  than  it  is  at  the  middle ; 
consequently  the  intensity  of  magnetisation  diminishes  towards 
each  end,  producing  an  apparent  distribution  of  north  magnetism 
throughout  a  greater  or  less  portion  of  the  bar  near  one  end,  and 
of  south  magnetism  throughout  a  corresponding  region  near  the 
other  end.  It  has  been  pointed  out  already  in  §  185  that  if  a 
cylinder  were  uniformly  and  longitudinally  magnetised,  there 
would  be  no  apparent  magnetism  except  on  the  end-faces.  Con- 
sider the  state  of  things  on  each  side  of  one  of  the  end-faces  of 
a  uniformly  magnetised  bar:  the  magnetic  intensity  has  the 
uniform  value  A  everywhere  on  the  inner  side,  within  the  bar 
and  the  uniform  value  o  everywhere  on  the  outside ;  but  there 
is  no  magnetism  either  inside  or  outside  the  surface,  only  on  the 
surface  itself.  The  numerical  value  of  the  surface-density  of 
magnetisation  on  the  end  of  the  bar  is  equal  to  A,  the  intensity 
of  magnetisation  of  the  bar.  The  condition  which  we  express 
by  speaking  of  a  layer  of  magnetism  on  the  end  of  a  bar  is 
the  phenomenon  by  which  we  recognise  the  change  of  intensity 
of  magnetisation  on  passing  from  one  side  of  the  surface  to  the 
other.  If  the  transition  from  a  finite  magnetisation  A  to  zero 
magnetisation  takes  place  abruptly,  we  say  that  the  magnetism 
is  merely  superficial ;    if  the  transition    takes   place    gradually 
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through  a  measurable  distance,  we  say  that  magnetism  is  distri- 
buted through  a  corresponding  portion  of  the  mass  of  the  magnet, 
the  (volume-)  density  of  magnetism  being  numerically  equal,  at 
any  given  point,  to  the  rate  of  variation  of  magnetic  intensity  at 
that  point.  The  result  of  this,  in  its  application  to  an  actual 
bar  magnet,  is  that  the  poles,  or  centres  of  mass  of  the  north 
and  south  magnetisms  respectively,  are  within  the  bar  at  some 
distance  from  the  ends. 

Moreover,  if  the  bars  are  thick,  the  metal  is  not  homogeneous 
throughout ;  the  hardening  more  particularly  affects  the  superficial 
parts,  and  the  magnetism  seems  to  reside  to  a  greater  or  less 
depth  in  this  layer.  If  a  bar  is  magnetised  alternately  in  different 
directions,  magnetic  layers  are  formed  which  seem  to  superpose 
themselves.  This  fact  can  be  shown  by  removing  the  surface 
layer  either  mechanically  as  by  grinding,  or  chemically  by  dis- 
solving the  surface  away  with  weak  acid, 

214.  Distribution  of  Magnetism.— We  have  already  spoken 
of  the  impossibility  of  ascertaining  the  internal  constitution  of 
a  magnet  from  its  external  effects.  The  investigation  of  these 
effects,  speaking  generally,  does  not  even  determine  the  distribution 
of  the  surface  layer  by  which  the  internal  magnetism  might  be 
supposed  to  be  replaced.  This  layer,  in  fact,  is  not  in  equili- 
brium according  to  the  law  of  inverse  squares,  and  consequently 
Coulomb's  theorem  cannot  be  applied  ;  therefore,  even  if  we  knew 
the  value  of  the  normal  component  at  each  point,  we  could  not 
deduce  from  it  that  of  the  density.  Thus  most  discussions  as 
to  the  distribution  of  magnetism  in  magnets  are  of 
little  value. 

Coulomb  caused  a  very  small  magnetic  needle 
to  oscillate  in  front  of  various  parts  of  the  bar  to 
be  examined  (Fig.  182).  The  needle,  NS,  was  sus- 
pended by  a  cocoon  fibre,  and  in  order  to  make  the 
oscillations  slower  it  was  fixed  at  right  angles  to  a 
stout  copper  wire.  The  needle  was  first  made  to 
oscillate  under  the  action  of  the  earth  alone,  and 
then  under  the  action  of  the  earth  and  of  the  bar  s 
placed  at  a  fixed  distance  in  the  plane  of  the  meri-  fig.  182. 
dian  of  the  needle. 

Having  regard  to  the  smallness  of  the  needle,  we  may  treat  it 
as  though  it  were  suspended  in  a  uniform  field,  and  apply  to  it 
the  formula  for  the  pendulum.     If  F  is  the  force  exerted  by 
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the  earth  on  one  of  the  poles,  and  /  that  due  to  the  bar,  and  if 
n  and  N  respectively  are  the  numbers  of  oscillations  which  the 
needle  makes  in  the  same  time,  when  it  oscillates  under  the 
action  of  the  earth  alone,  and  under  that  of  the  earth  and  magnet 
together,  we  have 

n^         F 
and  therefore 

n^  F' 

If  A^'  is  the  number  of  oscillations  in  the  same  time  when  the 
needle  is  opposite  another  point  of  the  bar,  we  have 

The  ratio  -^  may  thus  be  regarded  as  being  that  of  the  two 

normal  components  of  the  magnetic  force  at  the  corresponding 
points  of  the  bar.  In  order  to  make  the  number  obtained  for  the 
end  of  the  bar  comparable  with  the  others,  Coulomb  doubled  it, 
a  correction  which  is  certainly  somewhat  arbitrary. 

In  another  series  of  observations  Coulomb  used  the  method 
of  torsion.  A  long  magnet,  a  knitting-needle  for  instance,  was 
suspended  horizontally  by  a  metal  wire,  so  that  the  wire  was 
without  torsion  when  the  needle  was  in  the  magnetic  meridian  ; 
he  then  measured  the  torsion  which  had  to  be  applied  to  keep 
the  end  of  the  needle  at  a  small  fixed  distance  opposite  various 
points  of  a  long  magnetised  bar  placed  vertically  in  the  meridian 
of  the  needle.  This  torsion  woidd  give  an  approximate  measure 
of  the  normal  component,  if  it  could  be  'assumed  that  the  mag- 
netism of  the  needle  remains  the  same  and  does  not  vary  when 
it  is  placed  opposite  different  parts  of  the  bar. 

A  third  method  consists  in  measuring  the  force  needed  to  pull 
off  a  small  sphere,  or  a  small  cylinder  of  soft  iron  placed  in  contact 
with  different  parts  of  the  bar.  To  be  able  to  assume^  as  is 
ordinarily  done,  that  the  effect  measured  is  proportional  to  the 
square  of  the  normal  component,  we  must  suppose  that  the  co- 
efficient of  magnetisation  of  the  test-sphere  is  independent  of  its 
magnetic  intensity  (§  192),  and  that  the  presence  of  this  sphere 
does  not  alter  the  magnetic  state  of  the  bar  at  the  part  which  is 
being  investigated. 
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Fig.  183. 


We  shall  afterwards  learn  a  method  which  gives  much  more  cor- 
rectly the  value  of  the  normal  component  at  each  point  of  the  bar. 

215.  If  at  each  point  of  the  bar  we  draw  ordinates  proportional 
to  the  numbers  found,  we  ob- 
tain a  curve  which  may  be 
called  the  curve  of  the  normal 
components  (Fig.  183)  ;  but 
which  does  not,  as  Coulomb 
thought,  represent  the  surface 
densities.  In  particular,  the 
points  of  the  bar  a  and  ^ 
which  correspond  to  the  centres 
of  figure  of  the  areas  under 
these  curves,  are  not  the  true 
poles  of  the  magnet.     A  very 

simple  example  will  show  this  :  for  a  uniformly  magnetised 
cylinder  the  method  would  still  give  a  curve  analogous  to  Fig. 
183,  which  would  fix  the  positions  of  the  poles  at  a  and  j8, 
whereas  the  surface  layer  is 
restricted  to  the  terminal 
faces,  and  the  true  poles  are 
therefore  on  the  extreme 
ends. 

The  curve  resulting  from 
experiment  is  approximately 
a  triangle.  In  long  mag- 
nets, that  is  to  say,  those  in  which  the  length  is  more  than  50 
times  the  diameter,  the  base,  bn,  of  the  representative  triangle  is 
about  25  times  the  diameter  of  the  bar  (Fig.  184).  The  centres 
of  figure  are  at  a  fixed 
distance  from  the  ends 
equal  to  7  or  8  times  the  ^ 
diameter.  Experiment 
confirms  this  result.     For 

bars  which  differ  only  as  Fig.  185. 

to    length,    the    effective 
length  may  be  expressed  by  /  -  ;r,  where  /  is  the  length  of  the  bar 
and  X  a  constant. 

For  magnets  whose  length  is  less  than  about  50  times  the 
diameter,  the  distribution  is  represented  approximately  by  the 
sloping  line  a'b'  (Fig.   185),  which  cuts  the  bar  in  the  middle. 

S 


Fig.  184. 


Digitized  by 


Google 


274 


Permanent  Magnets. 


[§215. 


The  points  a  and  j8  are  then  at  a  distance  from  the  ends  equal 
to  one- sixth  the  length. 

216.  Magnetic  Moment  of  a  Bar.— The  moment,  MH{%  172), 

of  the  couple  exerted  on  a  bar  by  a  field  of  uniform  intensity,  //, 

that  of  the  earth,  for  example,  is  directly  accessible  to  experiment. 

One  method  is  to  suspend  the  magnet  horizontally  by  placing  it 

in  a  stirrup  attached  to  a  fine  metal  wire,  which  is  without  twist 

wh^  the  axis  of  the  magnet  is  parallel  to  the  field :  this  is  the 

case  if  the  direction  does  not  change  on  replacing  the  magnet 

by  a    copper   bar    of  the    same    weight.      The  angle  through 

which  the  wire  must  be  twisted  to  bring  the  magnet  into  a 

position   at    right    angles    to    the    field    measures    the    couple, 

MH,     If  Q  is  the  angle  of  twist,  and  C 

B' 


^    the  coefficient  of  torsion  of  the  wire,  we 
have 


Instead  of  a  metal  wire,  a  bifilar  sus- 
pension may  be  used  (Fig.  186) ;  in  this 
case,  if  6  is  the  angle  of  torsion  necessary 
to  keep  the  bar  in  the  transverse  position, 
we  have 


C  being  a  coefficient  depending  on  the 
suspension  ;  if  aa'  =  2^,  bb'  =  2^,  ab  =  /, 
and  if  P  is  the  weight  of  the  suspended 
system,  we  easily  find  as  an  approximate  formula 

n  —  P^- 
^  "      I  ' 

We  may  also  deduce  the  couple,  MH,  from  the  duration,  r, 
of  the  small  oscillations  of  a  bar  suspended  horizontally  by  a  silk 
fibre  without  torsion.  As  the  moment  of  the  directive  couple  is  at 
each  instant  proportional  to  the  sine  of  the  angle  of  divergence 
from  the  position  of  equilibrium  (§  172),  and  therefore,  for  small 
angles,  to  the  angle  itself,  the  magnet  makes  isochronous  vibrations 
of  which  the  period  is 
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where  K  is  the  moment  of  inertia  of  the  oscillating  body  in 
respect  "of  the  axis  of  motion,  we  get  thus 

When  once  the  product,  MH^  is  found,  we  get  the  magnetic 
moment,  M^  of- the  bar  on  dividing  by  //,  the  intensity  of  the  field. 

217.  Position  of  the  Poles. — It  is  more  difficult  to  determine 
the  two  factors  of  the  product  J/,  that  is  to  say,  the  distance,  2^, 
of  the  two  poles,  and  the  value, ;«,  of  the  magnetic  mass  which  we 
may  suppose  concentrated  in  each  of  them.  The  only  regular 
method  would  be  to  determine  m  by  applying  Gauss's  theorem 
(§  41),  that  is,  measuring  the  flux  of  force,  —^irm^  from  the 
whole  of  each  half  of  the  bar,  starting  from  the  neutral  line ; 
from  this  the  distance,  2^,  of  the  poles  could  be  deduced. 
A  knowledge  of  the  exact  position  of  the  poles  has,  however,  no 
practical  importance. 

218.  Intensity  of  the  Magnetisation  of  Steel.— If  we  divide 
the  moment  of  a  bar  by  its  volume,  we  have  the  mean  intensity 
of  magnetisation.  In  ordinary  bars  this  varies  from  200  to  400 
C.G.S.  units  ;  with  very  long  thin  bars  it  may  attain  800,  that  is 
to  say,  almost  half  the  maximum  intensity  of  soft  iron.  Taking 
7.8  as  the  density  of  steel,  the  specific  moment  or  the  moment  per 
gramme  of  steel  is  from  25  to  50  for  ordinary  magnets,  and  it  may 
reach  a  maximum  of  100  C.G.S.  units. 

These  numbers  are,  however,  only  averages ;  for  the  intensity, 
as  has  already  been  pointed  out,  is  far  from  being  uniform  through- 
out the  mass  of  the  bar. 

219.  Influence  of  Hardeni9g  and  of  Annealing.— Hardening 
and  annealing  have  considerable  influence  on  the  coercive  force, 
which  is  greater  the  higher  the  temperature  to  which  the  steel  has 
been  raised,  and  the  more  suddenly  it  has  been  cooled.  Very 
hard  steel  is  magnetised  with  difficulty,  but  retains  almost  all  the 
magnetism  developed.  Annealing  lessens  the  effiects  of  harden- 
ing. The  steel  for  bar  magnets  is  commonly  tempered  blue^  that 
is,  at  the  temperature  at  which  steel  acquires  a  blue  tint  in  con- 
sequence of  the  oxidation  of  the  surface. 

Hardening  and  annealing  have  also  a  very  marked  influence  on 
the  electric  resistance,  and  on  the  thermo-electric  power  of  steel. 
The  specific  resistance  at  o**  varies  from  15,000  C.G.S.  for  soft 
steel  to  47,000  C.G.S.  for  glass-hard  steel.     The  resistance  thtis 
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furnishes  a  scale  by  which  the  condition  of  the  steel  may  be 
defined.  It  can  be  ascertained  in  this  way  that  the  effects  of 
annealing  occur  at  relatively  low  temperatures,  such  as  100°. 
When  a  bar  is  kept  at  a  given  temperature,  the  effect  of  annealing 
increases  with  time,  but  tends  towards  a  limit. 

220.  Influence  of  Temperature. — The  moment  of  a  magnet 
diminishes  in  general  as  the  temperature  rises.  Part  of  the  diminu- 
tion is  permanent,  and  the  magnet  does  not  regain  its  original 
moment  when  it  returns  to  the  original  temperature.  Experiment 
shows,  however,  that  if  a  magnet  is  repeatedly  heated  to  a  given 
temperature  for  a  sufficient  length  of  time,  and  is  each  time  re- 
magnetised  to  saturation,  its  permanent  magnetisation  is  ultimately 
unaffected  by  the  action  of  any  temperature  below  that  to  which 
it  has  been  raised. 

Steel  magnets  intended  for  instruments  of  observation,  by  being 
treated  as  above  for  a  total  time  of  thirty  or  forty  hours,  at  the 
temperature  of  100°,  assume  a  condition  in  which  the  moment  at 
a  given  temperature  may  be  considered  fixed.  Within  the  limits  of 
atmospheric  variations,  the  effects  produced  are  then  proportional  to 
changes  of  temperature.  If  M^  and  M  are  the  moments  of  one 
and  the  same  bar  at  the  temperatures  o**  and  /°,  we  may  put 

a  being  a  coefficient  the  value  of  which  varies  with  different  kinds 
of  steel,  but  which  is  always  less  than  aooi. 

221.  Methods  of  Magnetisation. — In  order  to  obtain  a  some- 
what powerful  magnetisation  in  steel,  it  is  not  sufficient  merely  to 
place  it  in  a  magnetic  field ;  the  particles  must  be  shaken,  as  it 
were,  so  as  to  overcome  the  coercive  force.  Instead  of  causing  a 
uniform  field  to  act  upon  it,  it  is  better  to  act  in  succession  on  the 
various  parts.  At  the  present  day  electric  currents  are  almost 
exclusively  used  for  magnetising  large  pieces  of  steel.  Among 
the  older  methods  the  one  in  most  frequent  use  is  that  of  double 
(ouch  (Fig.  187).  The  opposite  poles  NS  of  two  strong  bar  magnets 
are  applied  in  the  middle  of  the  bar  to  be  magnetised,  ns ;  the 
magnets  are  held  at  an  angle  of  about  30°,  and  are  moved  simul- 
taneously to  the  opposite  ends  of  the  bar.  The  operation  is  repeated 
several  times  on  each  face.  A  north  pole,  «,  is  produced  at  the  end 
last  touched  by  the  south  pole  S,  and  a  south  pole,  s,  at  the  end 
left  by  the  north  pole  N.  The  action  is  increased  by  allowing  the 
ends  of  the  bar  to  be  magnetised  to  rest  on  the  poles  of  two  fixed 
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magnets,  these  poles  being  of  the  same  kind  as  the  poles  of  the 
movable  magnets  acting  on  the  same  parts  of  the  bar. 

Instead  of  drawing  the  two  magnets  apart,  they  may  be  sepa- 
rated to  a  small  fixed  distance,  regulated  by  a  bit  of  wood  put 
between  them,  and  then  moved  together  from  the  middle  towards 


ALB 
Fig.  187. 


one  end,  then  to  the  other,  and  so  on  backwards  and  forwards 
repeatedly,  leaving  off  in  the  middle  after  giving  each  half  the 
same  number  of  passes. 

222.  Magnetic  Batteries. — The  magnetisation  of  steel  being 
chiefly  confined  to  the  surface  layers,  in  order  to  get  large  magnets 
strongly  magnetised  it  is  usual  to  construct  them  of  thin  plates, 
which  are  magnetised  separately,  and  then  put  together.     The 


Fig.  188. 


poles  of  the  same  kind  all  on  the  same  side  are  usually  placed  in 
slits  in  pieces  of  soft  iron,  which  become  magnetised  inductively, 
and  give  at  the  terminal  faces  poles  of  the  same  kind  as  those 
which  they  connect  (Fig.  188). 

The  magnetic  moment  of  a  battery  is  far  from  being  the  sum  of 
the  moments  of  the  plates  of  which  it  is  made  up,  and  if  it  is  taken 
to  pieces  after  some  time,  each  of  the  magnets  will  be  found  to  be 
weaker,  but  more  especially  the  central  ones. 

This  is  obviously  due  to  the  action  of  the  plates  on  each  other, 
which  tends  to  develop  in  each  plate  a  magnetisation  opposite  to 
that  of  its  neighbours. 

223.  Preservation  of  Magnets— Keepers.— In  order  to  preserve 
magnets,  great  care  must  be  taken  not  to  let  them  be  jarred,  and 
not  to  expose  them  to  their  own  demagnetising  action  when  not  in 
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use.  It  is  known  that  this  action  is  nothing  in  a  ring-shaped 
magnet,  in  which  all  the  magnetic  filaments  are  closed  upon 
themselves,  and  are  therefore  without  action  both  internally  and 
externally  (§  180).  In  practice  it  is  attempted  to  realise  this 
condition  as  nearly  as  may  be.     Prismatic  bars,  as  equal  as  pos- 


sible, are  placed  two  together  parallel  to  each  other  in  boxes,  with 
opposite  poles  near  each  other,  and  joined  by  pieces  of  soft  iron, 
which,  so  to  speak,  complete  the  magnetic  circuit  (Fig.  189).  Such 
pieces  of  soft  iron  are  called  Keepers, 

In  horse-shoe  magnets  the  two  poles 
are  joined  by  a  single  piece  of  soft  iron, 
which  forms  a  keeper  (Fig.  190).  The 
shapes  of  the  keeper,  and  of  the  soft  iron 
pole-pieces  which  terminate  the  battery^ 
should  be  such  as  to  make  the  magnetic 
intensity  as  nearly  uniform  as  possible 
all  round  the  circuit  (§  213). 

Fig.  190  represents  a  horse-shoe  mag- 
net formed  by  Jamin's  method  of  flexible 
plates  of  steel  magnetised  separately, 
then  fitted  into  pole-pieces,  A  and  B,  of 
soft  iron.  A  piece  of  soft  iron,  C,  com- 
pletes the  circuit,  and  acts  as  a  keeper. 

It  is  often  said  that  a  magnet  should 
support  a  permanent  weight  in  order  to 
retain  its  magnetism.  By  gradually 
increasing  this  charge  a  magnet  may 
ultimately  be  made  to  support  a  weight 
far  greater  than  it  would  do  at  first 
When  contact  is  broken,  owing  to  the  weight  being  too  great,  the 
carrying  power  falls  most  frequently  below  its  original  value. 

224.  Lifting  Power. — The  lifting  power  of  a  magnet  can  easily 
be  calculated  when  the  magnetisation  is  uniform.  If  we  suppose 
that  the  two  opposed  surfaces  have  densities  ±  o-  equal  to  A  in 


Fig.  19a. 
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absolute  value,  the  attraction  for  each  unit  of  surface  is  2ir/l*  (§  44). 
For  the  total  surface  of  contact  5,  the  force  in  dynes  is  irtA^S^ 
and  if  P  is  the  number  of  grammes  whose  weight  would  just  pull 
off  the  keeper,  we  have  (§  187)— 

If  we  take  A  =  800  for  steel,  we  get  as  the  greatest  value  for  P, 
4  kilogrammes  per  square  centimetre  ;  this  is,  in  fact,  what  is  given 
by  the  best  magnets.  With  soft  iron  raised  to  saturation,  10  or  11 
kilogrammes  per  square  centimetre  is  easily  obtained. 

225.  Magnetisation  by  tlie  Action  of  the  Earth.— It  is  very 
rarely  that  we  find  a  piece  of  steel  or  iron,  unless  perhaps  it  is 
perfectly  pure  soft  iron,  which  does  not  present  magnetic  polarity. 
Magnetisation  is  produced  in  it  if  it  is  struck,  or  undergoes  any 
other  mechanical  disturbance  while  under  the  influence  of  the 
earth.  A  bar  of  soft  iron  which  is  placed  parallel  to  the  earth's 
field  acquires  a  temporary  magnetisation,  which  is  reversed  when 
the  magnet  is  turned  end  for  end.  But  if  the  bar  is  struck  with  a 
hammer,  the  magnetisation  is  raised  to  a  maximum,  and  the  iron 
at  the  same  time  acquires  perceptible  coercive  force. 

A  fresh  blow  on  the  bar,  when  placed  transversely  to  the  mag- 
netic field,  takes  from  it  its  magnetisation.  A  strand  of  soft  wire 
twisted,  while  being  held  in  the  direction  of  the  dipping-needle, 
also  acquires  permanent  magnetisation. 

The  value  of  k  (§  202)  is  about  40  for  the  intensity  0.47,  which 
is  that  of  the  earth's  field  at  London.  A  very  long,  thin,  soft 
iron  wire,  for  example,  i  millimetre  in  diameter,  and  50  centi- 
metres long,  acquires  a  magnetic  intensity  of  about  a47  x  40  =  18.8 ; 
and,  as  its  volume  is  nearly  0.40  cubic  centimetre,  its  moment  is 
18.8  X. 4  =  7.5  (§186). 

226.  Theory  of  Magnetisation.— It  is  proved  by  experiment 
that  magnetisation  is  a  molecular  phenomenon  (§  178).  The 
simplest  idea  is  to  assume  that  the  molecules  of  magnetic  bodies 
are  small  magnets.  In  the  neutral  state  these  small  magnets  have 
no  external  action,  either  because  they  form  closed  chains,  or 
because  they  are  arranged  indiscriminately  in  all  directions.  The 
process  of  magnetisation  has  the  effect  of  arranging  the  molecular 
magnets  in  some  predominating  direction,  and  the  maximum  is 
reached  when  their  axes  are  all  parallel,  and  their  similar  poles 
in  the  same  direction. 
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It  remains  to  establish  the  theory  of  the  very  complicated  phe- 
nomenon of  magnetism  on  this  basis.  Professor  Ewingfs  experi- 
ments throw  much  light  on  this  subject.  He  arranges  a  great 
number  of  very  small  magnetic  needles  movable  on  pivots,  at  smajl 
regular  distances  apart.  Experiment  shows  that  these  small  mag- 
nets may  assume  a  great  number  of  different  stable  configurations 
that  do  not  exert  external  force.  These  configurations  represent 
so  many  neutral  states  which  are  not  identical  with  each  other. 

If  one  part  of  the  system  is  disturbed  it  falls  into  a  different 
configuration  ;  each  single  magnet  takes  up  a  position  of  stable 
equilibrium  after  oscillations  of  greater  or  less  amplitude.  These 
oscillations  represent  the  loss  of  energy  which  the  system  experi- 
ences in  passing  from  the  first  configuration  to  the  second.  The 
change  in  general  is  not  reversible. 

Now,  suppose  the  system  exposed  to  the  action  of  a  uniform 
field  gradually  increasing  from  zero,  the  magnets  are  at  first  but 
slightly  deflected,  and  if  the  directive  force  is  removed,  they  revert 
to  their  first  positions,  and  there  is  no  permanent  effect.  As  the 
field  continues  to  increase,  a  point  is  reached  at  which  the  equili- 
brium is  suddenly  broken,  and  the  system  falls  into  a  new  configu- 
ration in  which  all  the  elements  have  approximately  the  same 
direction  as  the  field.  From  this  point  the  effect  of  an  increase  in 
the  strength  of  the  field  is  only  to  make  the  arrangement  more 
complete. 

These  three  phases  correspond  to  the  three  parts  of  the  curve  of 
magnetisation  (§  195). 

If  now  the  strength  of  the  field  is  decreased,  the  system  does 
not  pass  through  the  same  states  ;  it  tends  towards  whatever  con- 
dition of  stable  equilibrium  is  nearest  to  the  existing  configuration. 
Thus  without  any  hypothesis  of  a  coercive  force  analogous  to 
friction,  we  may  explain  the  effects  of  hysteresis  and  of  residual 
magnetism. 

Experiment  shows  that  if  the  system  is  homogeneous,  that  is  to 
say,  if  the  small  magnets  are  uniformly  distributed,  the  transition 
to  quasi-parallelism  is  made  suddenly.  This  is  what  happens  in 
the  case  of  soft  iron.  If  the  system  is  not  homogeneous,  and  the 
magnets  are  unevenly  grouped,  they  do  not  equally  and  simul- 
taneously obey  the  external  action ;  the  magnetisation  curve  be- 
comes elongated,  and  does  not  so  soon  attain  a  maximum  ;  on  the 
other  hand  the  residual  magnetism  is  more  stable,  TJiis  is  th^ 
case  of  steel. 
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The  effect  of  heat  may  be  accounted  for  if  we  assign  to  it  a 
double  effect,  that  of  increasing  the  distance  of  the  elements,  and 
of  making  them  oscillate.  Finally,  in  order  to  account  for  the 
disappearance  of  magnetic  properties,  Professor  Ewing  assumes 
that  the  oscillatory  motion  being  gradually  amplified  changes  into 
a  continuous  rotating  one. 

This  theory  also  accounts  very  satisfactorily  without  any  fresh 
hypothesis  for  the  complicated  relations  of  magnetism  with  the 
mechanical  actions  of  stretching  and  torsion. 
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CHAPTER  XXI. 
TERRESTRIAL  MAGNETISM. 

227.  Terrestrial  Field.— The  field  of  force  due  to  the  earth, 
though  practically  uniform  throughout  any  moderate  space  that 
is  not  affected  by  the  presence  of  magnetic  bodies,  varies  greatly 
both  in  intensity  and  direction  from  one  place  to  another  on  the 
earth's  surface  ;  and  even  in  one  and  the  same  place  it  changes  in 
course  of  time. 

We  know  that  its  action  on  a  magnet  is  that  of  a  couple  (§  171). 
In  order  that  a  magnet  may  indicate  the  direction  of  the  force  at 
a  given  point,  it  must  be  acted  upon  by  the  earth's  force  indepen- 
dently of  any  other ;  the  direction  which  the  magnetic  axis  then 
takes  is  that  of  the  field  due  to  the  earth. 

In  this  part  of  the  world  this  direction  is  roughly  north  and 
south,  but  it  makes  a  large  angle  with  the  horizon,  the  north  pole 
pointing  downwards. 

We  may  define  this  direction  by  means  of  two  angles,  the 
declination^  and  the  inclination  or  dip. 

The  magnetic  meridian  is  the  vertical  plane  which  contains 
the  direction  of  the  earth's  force. 

The  declination  is  the  angle  which  the  magnetic  meridian  makes 
with  the  astronomical  meridian. 

The  inclination  or  dip  is  the  angle  which  the  direction  of 
the  earth's  force  makes  with  its  projection  on  the  horizontal 
plane. 

The  declination,  Z>,  the  inclination,  /,  and  the  intensity,  T^  of 
the  field  are  three  elements  which  characterise  the  earth's  mag- 
netism in  a  given  time  and  place. 

228.  It  is  not  practicable  to  construct  an  instrument  in  which  a 
magnet  is  suspended  fi-eely  by  its  centre  of  gravity.  In  practice, 
two  instruments  are  employed,  one  in  which  the  magnet  is  movable 
only  about  a  vertical  axis  :  this  is  called  a  declination  compass ; 
th^  other,  in  which  the  needle  moves  only  about  a  horizontal  axis 
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passing  through  its  centre  of  gravity  :  this  is  the  inclination  com- 
pass or  dip  needle. 

Suppose  the  magnet  in  any  position  (Fig.  191),  and  let  a  be  the 
angle  which  the  vertical  plane,  OA,  containing  the  axis  makes  with 
the  magnetic  meridian,  OM  ;  the  force,  1\ 
which  acts  on  each  unit  of  magnetism 
of  the  pole  at  O,  may  be  resolved  into  two 
components  independent  of  the  angle  a  ; 
the  one,  vertical,  Z  =  7"  sin  / ;  the  other, 
horizontal,  H  =  T  cos  / ;  this  latter  may 
be  again  resolved  into  two  others,  also 
horizontal,  namely,  X  =  H  cos  a,  situate 
in  the  plane  of  the  magnet ;  the  other, 
Y  —  H  sin  a  perpendicular  to  this  plane. 
We  have  thus — 


X  =  T  cos  /  cos  a,. 
Y  —  T  cos  /  sin  a, 
Z  =  T'  sin  /. 


Fig.  191. 


229.  Decimation  Compass. — If  the  needle  is  movable  only 
about  a  vertical  axis,  it  is  only  acted  on  by  the  horizontal 
component ;  its  position  of  equilibrium  is  that  in  which  its  axis 
is  in  the  magnetic  meridian.  When  it  is  deflected-  through  an 
angle  a,  the  couple  which  acts  on  the  needle  and  tends  to  bring 


3) 


Fig.  192. 

it  to  its  position  of  equilibrium  is  MHsxn  a  ;  J/ being  the  magnetic 
moment  of  the  needle.  This  couple  is  proportional  to  the  sine  of 
the  deflection ;  consequently,  the  law  of  the  motion  of  the  needle 
when  disturbed  and  left  to  itself  is  that  of  the  pendulum  (§  216). 

In  order  to  realise  the  fundamental  condition  of  the  apparatus, 
it  is  not  needful  for  the  vertical  axis  of  rotation  of  the  magnet  to 
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be  rigid.  It  may  be  suspended,  when  properly  balanced,  by  a 
cocoon  thread,  or  it  may  be  supported  by  an  agate  cap,  Z>,  on  a 
pivot  (Fig.  192). 

If  the  needle  is  suspended  at  its  centre  of  gravity,  and  we  load 
the  south  end,  s,  by  a  mass,^,  placed  at  a  distance,  d^  from  the 
point  of  suspension,  such  that 

pgd^MZ=  MTs\n  /, 

the  needle  will  rest  horizontally  in  any  azimuth,  since  the  vertical 
component  is  independent  of  a. 


The  measurement  of  declination  consists  in  determining  the 
astronomical  meridian,  and  measuring  the  angle  which  the  mag- 
netic axis  of  the  needle  makes  with  this  plane.  In  reality  the 
angle  observed  is  that  between  the  meridian  and  the  axis  of  figure 
of  the  needle,  and  this  does  not  necessarily  coincide  with  the 
magnetic  axis.  The  correction  for  this  is  readily  made  by  in- 
verting the  face  of  the  needle  (Fig.  193) ;  the  magnetic  axis,  ab^ 
takes  the  same  direction  in  each  case,  and  the  axis  of  figure 
assumes   symmetrical   positions,  ab,   a'b',   with   respect   to  this 
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direction,  first  on  one  side  and  then  on  the  other.  The  mean  of  the 
two  angles  observed,  AON,  a'on,  gives  the  required  angle,  MON. 

Conversely,  if  the  declination  is  known,  it  is  easy  to  find  the 
astronomical  meridian.  When  the  needle  is  at  rest,  the  vertical 
plane,  which  makes  an  angle  equal  to  the  declination,  east  or  west 
of  the  north  pole,  according  as  the  declination  is  west  or  east, 
is  the  astronomical  meridian.  ^ 

Fig.   194  represents  Brunner's  declination   compass.      It  is   a 


Fig.  194. 

theodolite  which  at  E  supports  a  magnet  suspended  horizontally 
by  a  cocoon  fibre  without  torsion.  The  first  thing  is  to  determine 
the  geographical  meridian  by  observing  the  sun  or  a  circumpolar 
star  by  means  of  the  telescope  F ;  the  instrument  is  then  turned 
about  a  vertical  axis  until  the  end  of  the  magnet  is  bisected  by 
the  spider-line  of  the  microscope,  M.  The  angle  turned  through, 
which  is  read  upon  the  horizontal  circle  A,  gives  the  declination. 
In  order  to  eliminate  errors,  both  ends  of  the  magnet  are  observed, 
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and  the  observations  are  repeated  when  it  has  been  turned  with 
the  other  face  up. 

230.  Dip  Circle. — For  the  determination  of  magnetic  dip,  a 
needle  that  can  turn  about  a  horizontal  axis,  therefore  moving  in 
a  vertical  plane,  is  used  :  a  needle  thus  arranged  is  acted  on  only 
by  the  component  of  the  earth^s  force  which  lies  in  the  plane 
gf  its  motion. 

Let  a  be  the  angle  which  this  plane  makes  with  the  magnetic 
meridian  ;  the  effective  components  are  Zand  H co^  a,  which  have 
a  resultant 

ri=  ^^2^^-^  cos  2  a. 
This  makes  with  the  horizontal  an  angle  i  given  by  the  equation 

cot  i  =  ^^^-^  =  cot  /  cos  a. 

This  direction  i  is  that  which  the  needle  will  take ;  it  may  be 
called  the  apparent  dip  in  the  azimuth  a.      For  a  =  o  we  have 

i  =  /,  and  the  apparent  dip  is  thus  the  true  dip.     If  a  =  -  we  get 

2 

cot  i  —  o,  that  is,  the  needle  is  vertical. 

For  angles  a  and  a  ±  -,  which  dlflfer  from  each  other  by  - 

the  apparent  dip  takes  values  i  and  /'  respectively,  which  satisfy 
the  equations 

cot  /  ==  cot  /  cos  a 

cot  1'=  ±  cot  /sin  a 

squaring  both  sides  and  adding,  we  get 

cot  H  +  cot  2/'=  cot  V, 

a  formula  which  is  frequently  used  in  determining  the  dip. 

These  equations  show  that  in  a  complete  rotation  about  a  ver- 
tical axis,  OP  (Fig.  195X  the  axis  of  the  needle  will  trace  on  the 
horizontal  plane  a  circumference  whose  diameter  is  equal  to 
OP  cot  /. 

Fig.  196  represents  Brunner^s  dip  circle.  The  needle  is  a 
strip  of  steel  in  the  shape  of  an  elongated  acute-angled  lozenge, 
traversed  in  the  centre  by  a  cylindrical  steel  axis,  which  rests  on 
agate  edges,  carefully  adjusted  to  be  in  the  same  horizontal  plane. 
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The  reading  is  made  by  an  arm,  M,  which  is  moved  along  the 
limb  of  the  circle,  and  at  each  observation  is  set  exactly  parallel  to 
the  needle.  With  this  object  the  arm  is  fur- 
nished with  two  small  concave  mirrors  with 
their  centres  of  curvature  in  the  plane  of  the 
needle.  The  mirrors  thus  give  in  this  same 
plane  real  and  inverted  images  of  the  points 
of  the  needle,  and  the  arm  is  moved  until 
these  reversed  images  are  brought  into  con- 
tact with  the  points  themselves. 

In  making  an  observation,  the  vertical 
circle  is  brought  into  the  magnetic  meridian, 
and  the  angle  /  is  directly  measured  ;  in  order 
to  determine  the  plane  of  the  meridian,  the 
position  is  found  at  which  the  needle  is  verti- 
cal, and  the  circle  is  then  turned  through  90". 

The  two  angles  /  and  /',  which  correspond  to  two  positions  of 
the  circle  at  right  angles  to  each  other,  are  also  often  determined. 


Fic;.  196. 

As  we  have  seen  above,  the  sum  of  the  squares  of  the  cotangents 
of  these  two  angles  gives  the  square  of  the  cotangent  of  the  dip. 
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Several  causes  of  error  must  be  eliminated.  That  due  to 
possible  eccentricity  of  the  axis  of  rotation  is  eliminated  by  reading 
the  two  ends  of  the  needle  ;  error  of  the  zero  of  graduation  of  the 
circle,  by  turning  it  through  180° ;  that  due  to  obliquity  of  the 
magnetic  axis,  by  reversing  the  face  of  the  needle.  There  may  also 
be  an  error  arising  from  the  fact  that  the  centre  of  gravity  is  not 
exactly  in  the  axis  of  rotation.  This  is  eliminated  by  re-magnetis- 
ing the  needle  so  that  the  poles  are  reversed,  and  recommencing 
the  whole  series  of  observations.  The  measure  of  the  dip  in  a 
given  azimuth  is  thus  the  mean  of  sixteen  readings. 

231.  Measurement  of  Intensity— G-auss's  Method  of  Deflec- 
tion.— The  horizontal  component  H  is  measured  and  the  total 
force  7"  is  deduced  from  it  by  the  formula  — 

y- // 

^  "  c^/ 

/  being  the  dip. 

The  method  consists  in  determining  for  the  same  bar  the  pro- 

M 
duct  MH  =  A  and  the  quotient  — -  =  B;  whence — 

H 


J/=  ^AB2SiAH-- 


sl  B' 


Deterinination  of  MH, — The  product  MH  is  obtained  either  by 
the  method  of  torsion  or  by  that  of .  oscillation.  In  the  latter  case 
we  have — 

K  being  the  moment  of  inertia  of  the  bar  relatively  to  the  axis  of 
rotation,  and  /  the  period  of  a  vibration  of  infinitely  small  ampli- 
tude ;  this  is  deduced  from  the  observed  period,  Z^,  by  a  well-known 
formula — 


'.(■-» 


a  being  the  amplitude  of  oscillation  in  circular  measure. 

M 
Measurement  of  -p=. — The  bar  is  made  to  act  on  a  very  small 
H 

magnetic  needle,  the  deflections  of  which  are  observed  by  re- 
flexion (§  80).  The  bar  is  placed  in  one  of  the  principal  posi- 
tions (§  176),  with  its  axis  perpendicular  to  the  magnetic  meridian 
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(Fig.  197).  In  the  first  position  the  line  joining  the  centres  of  the 
magnet  and  needle  is  perpendicular  to  the  meridian  ;  in  the  second 
position,  the  line  joining  the 
centres  is  in  the  meridian. 

If   the   bar    were   infinitely 
small  in  comparison  with  the  i 

distance    oA  =  R.    the    force  I 

which  it  would  exert  on  unit  ■ 

pole  at  o  would  be  (§  176) —  j 

M  ' 

/^i  =  2  -^,  in  the  first  position ;  1 

M  \ 

F2  =  ^,  in  the  second  position.  1 

N      a'    3 
If  the  needle  itself  is  very  ^ 

small,  the  field  may  be  con-  Fig.  197. 

sidered  uniform  throughout  the 

space  which  it  occupies,  and  the  moment  of  the  couple  which  tends 

to  deflect  it  firom  its  position  of  equilibrium  is,  for  the  first  position, 

M 
M'Fi  =  2M'-—.    Let  a  be  the  deflection  of  the  needle,  the  con- 

dition  of  equilibrium  i§-^ 

P3    COS  a  =  M'Hsxn  a, 

whence  jlt      j 

H      2 

If  the  magnet  cannot  be  treated  as  though  it  were  infinitely 
small,  a  rather  more  complicated  formula  is  required — 

Without  entering  upon  a  discussion  of  the  general  case,  it  is 
easy  to  take  account  of  the  dimensions  of  the  magnet  and  needle, 
so  far  as  this  is  required  for  the  present  purpose.  Putting  L  for 
the  half-length  of  the  magnet  at  A  (Fig.  197),  m  and  -m  for  the 
strength  of  its  poles,  and  R  for  the  distance  of  the  point  o  from  the 
middle  of  the  magnet,  we  have  R  -  L  and  i?  +  Z  for  the  distances 
N^  and  S^  respectively,  and,  therefore,  for  the  intensity  of  magnetic 
force  at  o  due  to  the  magnet — 

n  m  2  MR 


F^ 


(/f*  -Lf     (i?  +  Z)2     (y?2  -  nf 
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where  M  i«  put  for  2  Lm^  the  moment  of  the  magnet.  On  writing 
out  the  denominator  by  the  binomial  theorem,  this  comes  into 
the  form — 

and  as  L  is  necessarily  less  than  7?,  and,  in  all  cases  employed  in 
practice,  a  somewhat  small  fraction  of  it,  all  the  terms  in  the  bracket 
after  the  second  may  be  neglected.  It  is  to  be  observed  that  Z.  in 
the  above  expression  is  not  the  half-length  of  the  steel  bar,  but  half 
the  distance  between  its  poles,  half  its  magnetic  length,  a  quantity 
which  we  have  no  means  of  measuring  directly.  Again,  in  a  com- 
plete calculation  we  should  find  that  the  dimensions  of  the  needle 
suspended  at  0  would  affect  the  numerators  of  the  correcting  terms 
in  the  value  of  F,  For  this  reason,  again,  the  above  formula 
cannot  be  used  directly.  Reducing  it  to  two  terms  and  putting/* 
for  the  unknown  numerator  of  the  second  term,  we  may  write — 


^=^— f(-0 


By  observing  the  deflection  a  at  distance  J?,  and  also  the  deflection 
a'  corresponding  to  a  second  distance  /?',  we  obtain  two  equa- 
tions : — 

Mi 


tan  a  =  2 

Ii 


Eliminating/  between  these,  we  finally  get  the  value — 
M      I     I^  tan  a  -  jR'^  tan  a^ 

It  is  best  to  take  the  two  distances  nearly  in  the  ratio  of  3  to  4. 
In  practice,  each  of  the  angles  a  and  a'  is  deduced  from  the  mean 
of  four  observations, — ^with  the  magnet  east  and  west  of  the  needle, 
and  in  each  case  with  first  one  pole  and  then  the  other  turned 
towards  the  needle. 

232.  Magnetic  OhartfS.— The  terrestrial  magnetic  elements  vary 
from  one  point  of  the  globe  to  another. 

The  simplest  plan  of  showing  the  results  is  to  record  the 
numbers  found  on  a  geographical  map,  and  to  draw  curves  so  as 
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to  connect  all  those  places  where  the  declination,  the  dip,  and  the 
intensity  respectively  have  the  same  value.  In  this  way  we  get 
isogenic,,  isoclinal^  and  isodynamic  lines. 

When  traced  on  a  globe,  isogenic  lines  resemble  roughly  meri- 
dional lines,  and  isoclinal  lines  roughly  resemble  parallels,  both 
referred  to  the  same  axis,  which  is  slightly  inclined  to  the  geo- 
graphical axis,  and  cuts  the  surface  at  two  points  called  the  magnetic 
poles.  At  these  points  the  dip  is  90°,  that  is,  the  dipping-needle 
stands  vertical.  The  term  magnetic  equator  is  given  to  the  isoclinal 
line  where  the  dip  is  zero. 

An  interesting  isogonic  is  that  of  no  declination,  or,  in  other 
words,  that  in  which  the  magnetic  and  geographical  meridians 
coincide.  It  cuts  the  old  world  from  the  North  Cape  to  the 
Persian  Gulf,  and  passes  through  Western  Australia.  In  the  other 
hemisphere  another  such  line  crosses  the  eastern  part  of  Brazil, 
North  America,  Florida,  and  Lake  Superior ;  the  surface  of  the 
globe  is  thus  divided  into  two  parts  :  in  one,  which  may  be  called 
the  Atlantic  region,  the  declination  is  westerly ;  in  the  other,  the 
Pacific  region,  it  is  easterly. 

The  isogonic  lines  traverse  the  British  Islands  approximately 
from  S.S.W.  to  N.N.E.  The  declination  is  least  in  the  extreme 
south-east,  being  about  16*  at  the  South  Foreland,  and  greatest  on 
the  north-west  coast  of  Ireland,  where  it  is  about  23°.  It  has  very 
nearly  the  same  value,  about.  19°,  at  Penzance,  Lancaster,  and 
Berwick-on-Tweed. 

The  general  direction  of  the  isoclinal  lines  is  from  about  18°  S. 
of  W.  to  18**  N.  of  E.  The  extreme  values  are  rather  less  than  67* 
on  a  line  through  Eastbourne  and  Dungeness,  and  nearly  73°  in 
the  Shetlands. 

The  lines  of  equal  horizontal  force  run  from  about  x6°  S.  of  W. 
to  16°  N.  of  E.  The  extreme  values  are  about  0.186  at  Beachy 
Head  and  0.148  in  the  Shetlands. 

For  London  (Kew  Observatory,  lat.  58"  28'  6"  N.,  long.  0°  18' 47" 
W.)  the  mean  values  of  the  magnetic  elements  for  1894  were  as 
follows : 

Approximate; 
Annual  Change. 

Declination    .  .       17°  23' W.  .  .  -7' 

Inclination      .  .        .67°  24'  N.  .  .  -  2' 

Horizontal  force  a  1825  .  .  +0.0002 

Vertical  force  .  .4384  -  .0003 

Total  force     .  .  .4749  .  .  -  .0002 
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Fig.  198. 


233.  Law  of  the  Distribation  of  Terrestrial  Magnetism.— 

As  a  first  approximation,  and  considering  only  the  broad  features, 

the  distribution  of  magnetic 
force  on  the  globe  admits  of 
a  very  simple  statement,  it 
being  the  same  as  would  result 
from  a  very  short  magnet,  ns^ 
situated  at  the  centre  of  the 
earth,  and  with  its  axis,  PP', 
;  inclined  at  an  angle  of  about 
15°  from  the  axis  of  rotation, 
and  with  its  north  pole  in  the 
southern  hemisphere  (Fig.  198). 
The  properties  of  an  infinitely 
small  magnet  (§§  175,  176) 
enable  us  to  trace  out  directly 
the  consequences  of  this  hy- 
pothesis. 

The  field  is  symmetrical  in 
respect  of  the  axis  pp'  of  the 
magnet ;  that  is,  the  magnitude  and  direction  of  the  force  are  the 
same  at  all  points  of  any  circle  perpendicular  to  PP' ;  the  circle 
which  passes  through  the  centre  is  the  magnetic  equator  ee'  ;  the 
others  are  magnetic  parallels.  At  all  points  of  the  magnetic 
equator  the  force  is  horizontal  and  the  dip  zero ;  the  inclination, 
for  a  parallel  of  latitude  X  reckoned  from  the  magnetic  equator,  is 
given  by  formula  (4)  (§  176) — 

tan  7=2  tan  X, 

and  the  total  intensity  by  the  formula  (3), 

7^=7;2(i  +  3sin2X), 

Tg  being  the  intensity  at  the  equator.  The  intensity  is  doubled 
on  passing  from  the  equator  to  the  points  P  and  p',  where  the 
axis  of  the  magnet  cuts  the  surface  of  the  earth.  At  these  points, 
which  are  sometimes  called  the  terrestrial  magnetic  poles,  the 
force  is  vertical. 

Any  great  circle  passing  through  the  axis  PP'  is  a  magnetic 
meridian.    The  declination  at  a  point  M  (Fig.  199)  is  the  angle 
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which  the  great  circle,  through  this  point  and  the  axis,  makes  with 
the  geographical  meridian.  It  varies  from  point  to  point  along 
the  same  meridian,  except  for 
the  great  circle  which  passes 
through  the  two  axes  PP'  and 
NS.  This  is  both  the  geo- 
graphical and  the  magnetic 
meridian,  and  at  every  point 
of  it  the  declination  is  zero, 
and  the  needle  points  exactly 
north  and  south.  This  circle 
forms  the  periphery  of  Fig. 
199.  On  one  side  of  this 
plane  the  north  pole  deflects 
towards  the  west,  and  the 
declination  is  W(  terly ;  on  the 
other  side  it  is  deflected  to  the  east,  and  the  declination  is 
easterly. 

The  magnetic  moment  m  of  the  globe  is  given  by  formula  (i) : 

Taking  T^  =  0.33  and  R  —  6.37  x  lo^  centimetres,  we  have 
w  =  8.5  X  io26  C.G.S. 

The  hypothesis  of  an  infinitely  small  magnet  is  equivalent  to 
that  of  two  layers  of  displacement  (§  26),  which  again  is  equivalent 
to  that  of  a  uniform  magnetisation  in  the  direction  of  the  axis  PP' 
(§  185)'    The  intensity  of  magnetisation  will  then  be 


A  = 


^/es" 


-     ^  ^  L  T  —  0.07Q. 


That  is  to  say,  about  -^^^  the  intensity  of  magnetisation  of  a 
magnet  of  average  strength  (§  218). 

234.  Gauss's  Theory.— The  preceding  theory  only  gives  a  rough 
approximation.  Gauss  has  treated  the  problem  more  generally 
supposing  the  magnetic  masses  which  produce  the  terrestrial  field 
to  be  distributed  in  any  manner. 

Whatever  be  the  distribution  of  these  masses,  they  give  at  each 
point  a  determinate  potential.  Let  us  suppose  equipotential  sur- 
faces drawn  in  the  field  corresponding  to  equidistant  values  of  the 
potential.    These  surfaces  cut  the  surface  of  the  earth  along  lines 
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'  which  we  may  call  magnetic  parallels.  These  lines  have  the  pro- 
perty of  being  everywhere  perpendicular  to  the  magnetic  meridians ; 
for,  being  drawn  on  the  surface  of  the  earth,  which  is  supposed 
spherical,  they  are  perpendicular  to  the  vertical,  and  since  they 
lie  in  the  equipotential  surfaces,  they  are  perpendicular  to  the 
direction  of  the  force.  These  lines  are  equipotential  lines  in 
reference  to  the  horizontal  component ;  at  each  point  this  com- 
ponent is  normal  to  the  line,  and  its  mean  value  varies  inversely 
as  the  distance  between  two  adjacent  lines. 

The  magnetic  equator  corresponds  to  the  surface  V^Oy  which, 
unless  the  distribution  is  far  from  being  symmetrical,  will  pass  near 
the  centre  :  the  equator  separates  those  points  of  the  surface  for 
which  the  potential  is  positive  from  those  for  which  it  is  negative  ; 
the  dip  along  this  circle  is  not  necessarily  zero,  nor  the  force  con- 
stant. Thus,  the  magnetic  parallels  are  not  necessarily  either  lines 
of  constant  dip  nor  lines  of  constant  force. 

The  points  of  the  surface  where  the  force  is  vertical,  and  which 
are  erroneously  called  the  poles,  are  those  in  which  the  surface  of 
the  globe  is  a  tangent  to  tlie  equipotential  surface  which  meets  it ; 
these  are  the  points  of  the  surface  for  which  the  absolute  value 
of  the  potential  is  a  maximum.  Thus,  in  order  to  know  the  dis- 
tribution of  magnetism,  it  is  sufficient  to  draw  the  equipotential 
lines  for  the  surface  of  the  globe.  Gauss  showed  that  in  the  most 
general  case,  and  within  the  degree  of  accuracy  of  the  observations, 
these  lines  may  be  algebraically  expressed  by  formulae  contain- 
ing twenty-four  coefficients ;  so  that  when  these  coefficients  have 
been  calculated  once  for  all,  by  means  of  an  equal  number  of 
observations  corrected  for  local  disturbances,  it  is  only  needful  to 
introduce  the  geographical  co-ordinates  of  any  given  point  into 
the  formulae  to  obtain  the  value  of  the  magnetic  elements  at  this 
point. 

The  calculations  of  Gauss  made  for  the  year  1838  fix  the  follow- 
ing positions  for  those  of  the  two  so-called  poles : — 

North  pole,  73*  35'  lat.,  97**  59'  long,  west  from  Greenwich. 
South  pole,  72*  35'  lat,  150**  to'  long,  east  from  Greenwich. 

It  will  be  seen  that  they  are  a  long  way  from  corresponding  to 
the  ends  of  one  and  the  same  diameter. 

235.  Variations  of  Terrestrial  Magnetism.— Tlie  elements  of 
the  earth's  magnetism  are  not  constant  at  any  given  place,  but 
undergo  variations  in  the  course  of  time.    Among  these  variations 


Digitized  by 


Google 


§  235-]        Variations  of  Terrestrial  Magnetism. 


295 


some  appear  to  be  accidental,  while  others,  on  the  contrary,  have 
a  well-defined  periodic  character. 

Secular  Variations, — Since  the  date  of  the  earliest  exact  obser- 
vations, slow  changes  have  been  found  to  be  going  on,  which  niay 
be  approximately  represented  by  supposing  a  continuous  uniform 
rotation  of  the  magnetic  axis  about  the  terrestrial  axis  to  be 
taking  place  in  the  direction  of  the  hands  of  a  watch,  for  an 
observer  placed  at  the  north  pole,  the  period  of  a  complete  rotation 
being  about  900  years  (Fig.  200).  Thus  at  Paris,  which  is  repre- 
sented in  the  figure  by  P,  the  de- 
clination, which  was  easterly  when 
first  recorded,  was  zero  in  1666 ; 
since  this  time  it  has  been  wes- 
terly, and  went  on  increasing  until 
1824,  when  it  amounted  to  24° ;  at 
present  it  is  decreasing,  and  may 
be  expected  to  become  nothing 
again  about  the  year  21 14.  The 
magnetic  pole  will  then  be  on 
the  other  side  of  the  north  pole 
in  respect  to  us.  As  to  the  dip, 
it  has  diminished  steadily  from 
1666,  and,  on  the  same  hypothesis, 
will  continue  to  do  so  until  about 
21 14. 

Daily  Variations.— Oxhex  variations  have  a  short  period,  and 
appear  to  be  connected  with  the  apparent  motion  of  the  sun,  the 
moon,  &c,  and  follow  laws  which  are  not  yet  known. 

These  variations  affect  particularly  the  declination,  which  in  one 
and  the  same  place  has  a  well-marked  daily  oscillation  with  two 
,  maxima  and  two  minima.  The  amplitude  of  the  excursion  of  the 
needle  is  greater  during  the  day  than  during  the  night  The  time 
at  which  the  greatest  deflection  is  reached  differs  in  different 
places.  At  Kew  the  declination  is  greatest  at  about  i  or  2  P.M., 
and  least  at  about  8  A.M.,  the  difference  being  12'  or  14'  in  summer, 
and  rather  more  than  half  as  much  in  winter. 

Accidental  Variations,  —  Th^^G  variations  are  simultaneously 
produced  over  a  great  part  of  the  surface  of  the  earth,  and  always 
accompany  the  aurora  borealis.    They  are  called  magnetic  storms. 

Both  daily  and  accidental  variations  are  observed  by  special 
apparatus,  known  as  registering  magnetometers ;  the  small  move- 
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ments  of  suspended  magnets,  magnified  by  the  method  of  reflexion, 
are  registered  continuously  by  photography.  The  variations 
commonly  observed  are  those  of  declination  and  of  the  horizontal 
and  vertical  forces.  The  first  is  observed  by  means  of  a  small  bar 
suspended  horizontally  in  the  meridian  by  cocoon  threads ;  the 
second  is  measured  by  means  of  a  horizontal  magnet  suspended 
at  right  angles  to  the  meridian  by  a  twisted  metal  wire  or  by  a 
bifilar  suspension  ;  the  third,  by  a  magnet  that  is  movable  like  the 
beam  of  a  balance  about  a  knife-edge,  and  being  exactly  counter- 
poised for  a  given  value  of  the  vertical  component,  dips  more  or 
less  as  this  value  changes. 
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CHAPTER  XXII. 
ELECTRO-MA  GNETISM, 

236.  Electro-Magnetism.— In  studying  the  effects  of  electric 
currents,  we  have  hitherto  been  concerned  only  with  internal 
actions^  that  is  to  say,  effects  produced  by  the  current  in  the 
conductors  traversed  by  it.  It  now  remains  to  investigate  the 
actions  produced  outside  the  conductor,  which,  for  this  reason, 
are  called  the  external  actions.  The  part  of  Science  which  relates 
to  these  phenomena  is  called  electro-magnetism;  it  originated  in 
an  experiment  made  by  Oersted  in  July  1820,  and  it  owes  its 
principal  developments  to  the  researches  of  Ampere  and  of 
Faraday. 

237.  Oersted's  Experiment— Ampere's  Bule.~When  a  con- 
ductor through  which  a  current  is  passing  is  brought  near  and 

parallel    to    a    magnetic 

needle,  the  latter  is  de-     Y  jp 

fleeted  from  its  ordinary 

position  (Fig.  201) ;   this 

is  the  fact  which  Oersted 

observed.     According  to 

the  relative   positions  of 

the   needle  and  the  cir-  Fiq  ^qj 

cuit,  the  direction  of  the 

deflection  is  different.  It  may,  however,  be  determined  in  each 
case  by  what  is  known  as  AmpMs  Rule,  Suppose  an  observer 
swimming  in  the  direction  of  the  current,  so  that  it  enters  by  his 
feet  and  emerges  by  his  head  :  if  the  observer  has  his  face  turned 
towards  the  needle,  the  north  pole  is  always  deflected  to  his  left. 
We  shall  speak  of  this  as  the  left  of  the  current. 

238.  Ampere's  Astatic  Needle. — If  it  were  not  for  the  action 
of  the  earth,  the  needle  would  always  set  at  right  angles  to  the 
current  In  order  to  show  this.  Ampere  used  a  needle  arranged 
like  a  dip-needle  (§  230),  so  that  it  moved  only  about  a  fixed  axis 
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passing  through  the  centre  of  gravity,  and  he  placed  this  axis 
parallel  to  the  direction  of  the  earth's  force  (Fig.  202).  As  the 
couple  due  to  the  earth  acts  in  a  plane  containing  the  axis,  it 
has  no  effect  on  the  position  of  the  needle. 
The  needle  then  always  sets  at  right  angles 
to  the  current,  whatever  be  the  strength  of 
the  latter.  Hence  it  follows  that  the  action 
of  the  current  is  exerted  in  a  direction  at 
right  angles  to  the  conducting  wire,  and  that 
it  acts  oppositely  on  the  two  poles. 

239.  Galvanometer.— If  we  stretch  the 
wire  above  a  horizontal  needle  (Fig.  201) 
when  it  is  at  rest  in  the  magnetic  meridian, 
the  needle  is  under  the  action  of  two  systems 
of  forces  acting  in  planes  at  right  angles  to 
each  other,  and  the  needle  takes  up  an  inter- 
mediate position. 

Experiment  shows  that,  other  things  being 
equal,  the  extent  of  the  deflection  is  indepen- 
dent of  the  degree  of  magnetisation  of  the  needle,  which  proves 
that  the  two  actions  are  in  a  constant  ratio,  and  therefore  that 
the  force  due  to  the  current,  like  that  due  to  the  earth,  is  propor- 
tional to  the  strength  of  the  pole  upon  which  it  acts. 

The  deflection  increases,  moreover,  with  the  strength  of  the 
current  as  measured  by  its  chemical  action,  and  may,  therefore, 
serve  as  a  measure  of  it.     This  is  the  principle  of  the  electro- 
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^n 


Fig.  203. 

magnetic  measurement  of  the  current,  and  of  the  apparatus  which 
Ampere  called  a  galvanometer  (see  Chapter  xxviii.). 

The  action  of  the  current  can  be  increased  by  coiling  the 
conductor  on  a  frame ;  the  needle  is  put  at  the  centre  of  the 
frame  (Fig.  203),  and  the  plane  of  the  frame  is  placed  in  the 
magnetic  meridian.  It  is  easily  seen  from  Ampere's  rule  that 
all  parts  of  the  current  tend  to  deflect  the  needle  in  the  same 
direction.     Such  a  frame  is  known  as  Schweigger^s  Multiplier, 
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240,  Ampere's  Movable  Current8.--If  in  Oersted's  experiment 
the  magnet  is  fixed  and  the  conductor  movable,  the  latter  ought 
to  move  so  as  to  leave  the  north  pole  on  its  left.  This  experiment 
is  easily  made  by  means  of  Ampere's  movable  currents. 

The  current  enters  at  two  mercury  cups,  a  and  ^,  placed  in 
the  same  vertical  line  (Fig.  204).  A  conducting  wire  suitably 
bent  forms  a  frame,  d^  e^f^g^  the  ends  of  which  are  provided  with 
points  by  which,  they  dip  into  the  mercury.  Only  one  of  these 
points  rests  on  the  bottom  of  the  cup,  the  other  simply  dips  in 
the  mercury.  The  portion  h'  of  the  vertical  support  is  inside 
the  hollow  support  H,  but  is  insulated  from  it,  and  is  connected 
by  means  of  a  wire  with  the  mercury  cup  N,  while  H  is  connected 
with  M. 

If  the  frame  is  rectangular,  and  if  we  bring  a  magnet  near  it, 


Fig.  204. 

the  frame  tends  to  set  at  right  angles  with  the  axis  of  the  magnet, 
so  that  the  north  pole  is  on  its  left.  The  effect  is  greatest  when 
the  magnet  is  in  the  middle  of  the  frame,  all  the  forces  then 
Concurring  with  each  other. 

241.  Directive  Action  of  the  Earth  upon  a  Movable  Cur- 
rent.— The  earth  acts  on  a  movable  circuit  in  the  same  way  as 
a  magnet,  and  tends  to  set  it  at  right  angles  to  the  magnetic 
meridian.  In  the  position  of  equilibrium,  the  current  descends 
in  the  branch  which  is  to  the  east,  and  ascends  in  that  to  the 
west ;  or,  in  other  words,  an  observer  looking  at  the  circnit  by 
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the  face  turned  towards  the  north  sees  the  current  circulate  in 
the  opposite  direction  to  the  hands  of  a  watch. 

Circuits  may  be  constructed  which  are  not  acted  on  by  the 
earth,  or  are  astatic^  by  forming  them  of  portions  of  equal  area 


Fig.  205. 


Fig.  206. 


so  arranged  that  the  current  circulates  round  them  in  opposite 
directions  (Figs.  205  and  206). 

242.  Action  of  Currents  on  Currents— Ampere's  Law.— The 
use  of  movable  currents  led  Ampere  (in  September  1820)  to  the 
important  discovery  of  the  forces  exerted  by 
currents  on  each  other. 

Let  us  take  the  astatic  rectangular  circuit 
in  Fig.  206.     If  we  bring  a  vertical  con- 
.    I  ducting  wire  traversed  by  a  current,  which 

I  I  may  or  may  not  be  part  of  the  same 
circuit,  near  one  of  the  vertical  sides,  we 
see  that  two  parallel  currents  in  the  same 
direction  attract  (Fig.  207),  and  that  two 
parallel  currents  in  opposite  directions  repel 
Fig.  207.        Fig.  208.     (Fig.  208). 

If  a  horizontal  conducting  wire  is  brought 
near  the  horizontal  side  of  the  astatic  frame  of  Fig.  205,  this  will 
be  seen  to  turn  until  the  two  currents  are  parallel  and  in  the  same 
direction  (Fig.  209).      This  fact  is  frequently  enunciated  in  the 
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following  manner :  Two  currents  which  make  an  angle  with  each 
other  attract  and  tend  to  set  parallel  if  they  both  run  towards  or 
both  away  from  the  summit  of  the  angle  or  the  common  perpen- 
dicular; they  repel  if  one  runs  towards  the  common  perpendicular 
and  the  other  away  from  it, 

243.  Cnrrents  in  Opposite 
Directions— Sinuons  Cnrrents. 
—  If  a  magnet  or  a  movable 
current  be  brought  near  a  con- 
ducting wire  bent  back  on  itself, 
as  in  Fig.  210,  there  is  no  action. 
Froni  this  it  is  concluded  that 
two  equal  currents  in  opposite 
directions  exert  equal  and  con- 
trary forces.  This  is  also  the  case  if  a  wire  is  bent  as  in  Fig. 
211,  instead  of  being  straight,  provided  that  the  bent  wire  is  close 
to  the  straight  wire,  and  is  not  coiled  round  it.  Hence  we  have 
this  important  theorem :  provided  the  sinuosities  are  smcdl^  the 
effect  of  a  sinuous  current  is  identical 
with  that  of  a  straight  current  flowing 
between  the  same  points. 

Thus  if  a  current  flows  round  a  triangle 
ABC,  the  two  elements  of  the  current  repre- 
sented by  the  sides  AC  and  CB  have  to- 
gether the  same  effect  as  the  third  side 
AB  at  any  point  whose  distance  from  the 
triangle  is  great  as  compared  with  its  sides. 

244  Magnetic  Field  due  to  a  Current. 
— ^The  essential  fact  which  results  from  the 
experiments  of  Oersted  and  of  Ampere 
is  that  an  electric  current  creates  a  mag- 
netic field,  and  acts  on  magnets  or  on 
other  currents  in  the  same  sort  of  way  as 
magnets  themselves.  Ampere  showed  that  the  field  of  a  current 
is  a  true  magnetic  field,  that  is  to  say,  a  field  of  the  same  kind 
as  that  which  is  created  by  magnets.  The  identity  is  not  merely 
an  identity  of  form,  like  that  which  we  have  found  between 
the  electrical  field  and  the  magnetic  field  (§  168),  but  a  real  and 
absolute  identity. 

The  field  of  a  current  has  all  the  characteristic  properties  of  a 
magnetic  field ;  it  exerts  equal  and  opposite  forces  on  equal  and 


Fig.  210. 


Fig.  211. 
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opposite  magnetic  poles,  and  the  force  at  each  point  is  proportional 
to  the  strength  of  the  magnetic  pole  placed  at  this  point.  The 
form  of  the  magnetic  field  may  be  rendered  evident  in  the  ordinary 

way  with  iron  filings. 
^  245.  Field  of  an  ni- 

finite  Beetilinear  Cur- 
rent.— Let  us  consider 
the  case  of  a  rectilinear 
portion  of  a  circuit  so 
long  that  it  may  be 
treated  as  an  infinite 
right  line.  If  this  passes 
at  right  angles  through 
a  sheet  of  cardboard  on 
which  iron  filings  are 
sifted,  it  is  seen  that  the  lines  of  force  are  concentric  circumferences 
with  their  centre  in  the  axis  of  the  wire  (Fig.  212). 

Ampere's  rule  shows  that  they  go  from  the  right  to  the  left  of 
an  observer  placed  in  the  current.     It  might  be  anticipated  from 


•Fig.  212. 


Y 


I 
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reasons    of  symmetry,  and    it    is 
confirmed  by  experiment,  that  the 
force   is  the  same   at   all  points 
II    of  the   same    circumference.      It 
/      follows  that  the  equipotential  sur- 
faces are  planes  passing  through 
/'  the  axis  of  the  current,  and  making 

-''h'-yk'  equal  angles  with  each  other.     It 

/  ^  can  thence  be  directly  concluded 

that  the  force  varies  inversely  as 
the  distance  (§  32). 

246.  Biot  and  Savarf  s  Experi- 
ment.— The  law  just  mentioned 
was  established  experimentally  by 
Biot  and  Savart.  The  experiment 
consists  in  causing  a  very  small 
Fig.  213.  needle  to  oscillate  first  under  the 

influence  of  the  earth  alone,  and  then  under  the  simultaneous 
influence  of  the  earth  and  of  a  very  long  straight  current  The 
current  being  vertical,  the  needle  is  suspended  horizontally  in  the 
plaice  which  passes  through  the  current  at  right  angles  to  the 
magnetic  meridian  (Fig.  213).    If  the  needle  is  very  small  in 
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comparison  with  its  distance  from  the  current,  it  may  be  regarded 
as  being  acted  upon  by  a  uniform  field,  which,  with  the  direction 
of  the  current  shown  by  the  arrows,  adds  itself  to  that  of  the  earth. 
The  needle  retains  its  position  of  equilibrium  in  the  magnetic 
meridian ;  if  it  is  displaced  therefrom,  it  vibrates  according  to  the 
pendulum  law. 

If  6^  is  a  constant  which  depends  on  the  moment  of  inertia  and 
on  the  magnetic  moment  of  the  needle,  ^the  force  due  to  the  earth, 
f»  and  €»'  the  forces  due  to  the  current  at  the  distances  a  and  a',  and 
if  «,  Ny  and  N'  are  the  numbers  of  oscillations  made  respectively 
in  the  same  time  under  the  action  of  the  forces  H^  /f  +  €»,  and 
H  +  *',  we  have,  from  the  formula  for  harmonic  vibrations — 


«2 

A-2 

=  G{H  +  *) 

As 

experiment  gives 

n^      ^      d 

it  follows  that  \}s\<t  force  exerted  by  an  infinite  current  on  a  magnetic 
pole  varies  inversely  as  the  distance;  it  is,  moreover,  proportional 
to  the  strength  of  the  current ;  we  may  therefore  write 

*  =  2>^  -, 
a 

k  being  a  coefficient  which  depends  on  the  unit  in  which  the 
strength  of  the  current  is  expressed,  and  upon  the  magnetic  per- 
meability of  the  medium. 

The  unit,  which  will  be  afterwards  described  as  the  electro- 
magnetic unity  is  that  for  which  k  =  i,  when  (as  is  usually  the  case) 
the  medium  is  air.  The  unit  in  question  is  equal  to  10  amperes. 
An  infinite  current  of  10  amperes  would,  therefore,  act  on  unit 
pole  at  a  distance  of  a  centimetre  with  a  force  of  2  dynes. 

If  C  is  the  strength  of  the  current  expressed  in  terms  of  the 
electro-magnetic  unit,  the  law  of  Biot  and  Savart  is  expressed  by 

*  =  2  - . 
a 

It  is  to  be  observed  that  a^  is  the  moment,  about  the  line  of 
the  current  as  axis,  of  the  force  exerted  by  an  infinitely  long  current 
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on  unit  pole.     This  moment  is  constant  for  the  same  strength  of 
current  whatever  be  the  distance. 

247.  Laplace's  Law. — In  order  to  explain  the  law  of  Biot  and 
Savart,  Laplace  showed  that  it  was  sufficient  to  assume  that  the 
force  exerted  by  a  pole  on  an  element  of  current  is  defined  by 
the  formula 

mCds^vaa 


*  = 


^2 


m  being  the  strength  of  the  pole,  ds  the  length  of  the  element,  r 
the  distance  of  the  pole  from  the  middle  of  the  element,  and  a  the 
angle  which  the  element  ds  makes  with  the  straight  line  r ;  further, 


^ 


V 


Fig.  214. 

that  this  force  is  applied  to  the  middle  of  the  element  perpen- 
dicularly to  the  plane  rds^  and  directed  to  the  right  of  an  observer 
placed  in  the  element  who  is  looking  at  the  pole  (Fig.  214).  The 
reciprocal  action  of  the  element  of  the  current  on  the  pole  is 

applied  at  the  same  point  and 
the  opposite  direction. 

Without  entering  into  calcu- 
lations, it  is  easy  to  see  that 
given  this  law,  the  resultant 
force  exerted  by  the  infinite 
wire  is  simply  the  sum  of  the 
forces  in  the  same  direction 
exerted  by  its  various  elements, 
and  that  this  sum  varies  in- 
versely as  the  distance  of  the 
wire  from  the  pole.  For  as  all 
the  elementary  forces  are  per- 
pendicular to  the  same  plane,  they  are  parallel  with  each  other, 
and  give  a  resultant  equal  to  their  sum.  Further,  if  we  take  the 
wire  at  two  distances,  a  and  ^,  such  that  ci  ^  na  (Fig.  215),  and 
consider  two  elements,  ds  and  ^,  seen  from  the  pole  under  the 
same  angle  and  in  the  same  direction,  it  is  evident  that  the 
force  exerted  by  the  element  d^^  which  is  n  times  as  long  as  the 
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element  ds^  but  acts  at  n  times  the  distance,  is  simply  n  times 
as  small  as  that  due  to  ds.  As  this  is  the  case  with  all  the 
elements  taken  in  pairs,  it  holds  also  for  the  sum. 

If  the  element  ds  (Fig.  214)  is  turned  in  the  plane  of  the  figure 
about  the  point  O,  the  force  vanishes  when  the  element  is  directed 
to  the  pole,  and  is  a  maximum  when  it  is  perpendicular  to  the 
straight  line  OP  ;  in  any  given  position  the  force  is  that  which 
would  be  exerted  between  the  pole  and  the  projection  of  the  element 
on  a  plane  perpendicular  to  OP. 

It  may  at  first  seem  strange  that  the  force  exerted  by  the  element 
on  the  pole  should  be  applied  to  the  element,  like  the  force  of  the 
pole  on  the  element ;  the  principle  of  action  and  reaction  requires, 
however,  that  the  two  forces  should  be  applied  at  the  same  point, 
and  be  directly  opposed.  On  the  other  hand,  it  is  clear  that  we  can 
never  directly  observe  the  force  exerted  by  an  element  of  a  current 
on  a  pole  ;  we  can  only  observe  the  force  due  to  the  whole  circuit. 
An  elementary  law  like  that  of  Laplace  is  thus  only  a  simple  mathe- 
matical expression,  which  need  not  correspond  to  any  physical 
reality,  and  which  is  only  determined  by  the  condition  of  giving 
a  result  which  agrees  with  expe- 
riment when  applied  to  a  closed 
circuit. 

Ampere  showed  that  the  force 
exerted  by  a  closed  circuit  on 
a  pole  passes  tlirough  the  pole ; 
for  there  is  no  action  on  a  magnet 
which  is  only  movable  about  an 
axis  passing  through  its  poles. 
Laplace's  law  satisfies  this  con-  fig.  216. 

dition.     It  is  easy  to  apply  it  to 

the  case  of  a  plane  circuit  acting  on  a  pole  in  its  own  plane 
(Fig.  216);  the  forces  <^  and  <^',  due  to  the  two  corresponding 
elements  ds  and  dsf^  are  parallel  forces  in  opposite  directions,  in- 
versely proportional  to  their  distance  from  the  pole ;  their  resultant, 
therefore,  passes  through  the  pole. 

248.  Gteneralisation  of  Laplace's  Formula.— In  the  expression 

for  <^,  the  quantity  ^  is  the  value  F  of  the  magnetic  field  at  the 

middle  point  O  of  the  element.  So  long  as  this  force  F  remains 
the  same,  it  makes  no  difference  as  regards  the  force  exerted  on 
an  element  of  current,  whether  the  field  is  due  to  a  single  pole  or 
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to  any  number  of  poles  or  electric  currents.  The  law  may  then 
be  regarded  as  a  general  one.  Observing  that  Fdssma  is  the 
area  dA  of  the  parallelogram  drawn  on  the  element  ds  and  the 
force  -F,  we  may  write 

(^  =  CFds  sina  =  CdA, 

and  enunciate  the  result  thus  : — 

The  force  exerted  on  an  element  of  current  placed  in  a  magnetic 
field  is  equal  to  the  product  of  the  electro-magnetic  strength  of  the 
current  into  the  area  of  the  parallelogram  constructed  on  this 
element^  and  on  the  intensity  of  the  field.  This  force  is  perpen- 
dicular to  the  plane  of  the  parallelo- 
gram^ and  is  directed  towards  the 
left  of  an  observer  placed  in  the 
current  and  looking  along  the  lines 
of  force  of  the  field, 

249.  Force  due  to  a  Circular 
Current  at  a  Point  on  the  Axis. 
— As  an  application  of  Laplace's 
formula  we  will  calculate  the  force 
due  to  a  circular  current  at  a  point 
P  of  the  axis  (Fig.  217).  Let  a  be 
the  radius,  and  r  the  distance  of  a  point  of  the  circumference 
from  the  point  P.     The  angle  a  between  the  direction  of  the 

current  and  the  line  r  is  -  ;  the  formula  therefore  reduces  for  a 


Fig.  217. 


unit  curent  to 


*  = 


ds 


As  the  object  is  to  get  the  resultant,  we  may  (§  247)  consider  the 
elementary  force  as  applied  to  the  point  P  itself  perpendicularly 
to  the  plane  rds.  The  force  may  be  resolved  into  two  others,  one 
parallel  and  the  other  perpendicular  to  the  axis.  The  components 
perpendicular  to  the  axis  will  neutralise  each  other  in  pairs,  and 
the  resultant  will  be  equal  to  the  sum  of  the  components  along 
the  axis. 

The  component  along  the  axis  is  obtained  by  multiplying  <^  by 

the  cosine  of  the  angle  pao  or  -  which  gives  — ^.    The  resultant 
will  then  be  equal  to  the  product  of  the  constant  factor  -  by  the 
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sum  of  the  elements  ds^  that  is  to  say,  by  the  circumference  iTta. 
We  have  thus  ^     o 


F^. 


25 


S  being  the  area  of  the  circle.    At  the  centre  we  have  r^  a 
and  therefore 

a' 

Thus  at  the  centre  of  a  circle  of  unit  radius  the  force  due  to  a 
unit  current  is  6.28  dynes. 

250.  Field  of  a  Circular  Current.— But  for  difficulties  of  the 
calculation,  we  might  use  Laplace's  formula  to  calculate  in  like 


A  \ 


manner  the  strength  of  the  field  at  each  point.  Fig.  218  represents 
the  field  of  a  circular  current ;  the  plane  of  the  circle  is  supposed 
horizontal  and  perpendicular  to  the  plane  of  the  figure  which  it 
intersects  along  the  line  ab.  The  dotted  lines  represent  lines  of 
force  in  a  plane  passing  through  the  axis  CD  of  the  current.  These 
lines  traverse  the  circle  from  the  right  to  the  left  for  an  observer, 
imagined  in  the  conductor  so  that  the  current  flows  from  foot 
to  head,  who  looks  towards  the  middle  of  the  circle.  We  shall 
take  this  as  the  positive  direction  of  the  axis  of  the  current, 
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and  we  shall  call  that  face  of  the  current  which  is  on  the  left  of 


Fig.  219. 
the  observe?  the  posiiive^  and  that  which  is  on  the  right  the 
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negcUive;  hence  the  axis  traverses  the  circuit  from  the  negative 
to  the  positive  face.  The  full  lines  which  cut  the  dotted  lines  at 
right  angles  are  the  intersections  of  the  equipotential  surfaces  by 
the  plane  of  the  figure. 

251.  iField  due  to  Two  Circular  CurrentB.— Fig.  219  represents 
the  lines  of  force,  and  the  equipotential  surfaces  for  the  case  of 
two  equal  and  parallel  circular  currents  with  their  planes  at  a 
distance  equal  to  the  radius.  Throughout  a  considerable  region 
the  lines  of  force  are  very  nearly  parallel  to  the  common  axis  of 
the  two  currents,  and  the  equipotential  surfaces  are  equidistant. 
The  field  may  therefore  be  considered  to  be  uniform. 

252.  Work  done  in  Displacing  an  Element  of  Current— 
An  element  of  current  cannot  in  general  be  displaced  in  a  magnetic 
field  without  the  force  applied  to  it  doing 
either  negative  or  positive  work. 

This  work  is  necessarily  equal  to  the 
product  of  the  force  into  the  displace- 
ment resolved  parallel  to  the  direction  of 
the  force.  In  Fig.  220,  let  ab  be  the 
element  considered ;  draw  ah  to  repre- 
sent /f,  the  intensity  of  the  field,  and 
suppose  the  element  to  be  displaced  in 
any  direction  while  remaining  parallel  to 
itself  through  the  small  distance  aa'  so  as 
to  come  into  the  position  a'b';  in  so  doing, 
it  sweeps  out  the  parallelogram  aba'b' 
and  cuts  through  the  lines  of  force  which 

traverse  this  area.  We  shall  find  that  the  number  of  lines  of  force 
cilt  multiplied  by  the  strength  of  the  current  gives  the  work  done 
during  the  displacement 

To  prove  this,  let  the  parallelogram  aba'b'  be  projected  upon  a 
plane  perpendicular  to  H  into  the  parallelogram  aBiA/b/,  and  let 
ap  be  the  projection,  at  right  angles  to  the  plane  of  AB  and  ah 
(the  plane  of  the  figure),  of  the  displacement  aa'.  The  force  <^ 
acting  on  the  element  of  current  is  (§  248) — 

(^  =  A^C.  AB  sin  (//,  ab), 
=  HC,  ABi, 


Fig.  220. 


and  is  perpendicular  to  the  plane  of  the  figure, 
corresponding  to  the  displacement  is  therefore 


The  work  itlV 
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But  ABj .  AP  is  equal  to  the  area  of  the  parallelogram  ABjA/b'i,  and 
this  multiplied  by  H  gives  the  number  of  lines  of  force  that  pass 
through  it,  a  number  which  is  the  same  as  that  of  the  lines  of  force 
through  aba'b',  of  which  aBjA'^e'i  is  the  projection. 

If,  during  the  displacement,  the  element  of  current  does  not 
remain  parallel  to  itself,  the  same  formula  gives  the  value  of  dW 
on  the  understanding  that  AP  represents  the  mean  displacement, 
or  displacement  of  the  middle  point  of  tlvp  element,  resolved 
parallel  to  the  direction  of  the  force. 

Hence  the  work  corresponding  to  the  displacement  of  an  element 
of  current  is  equal  to  the  product  of  the  strength  of  the  current  into 
the  number  of  lines  of  force  cut  during  the  displacement. 

The  sign  of  the  work  done  by  electro-magnetic  force  changes 
with  the  sign  of  the  current  and  the  direction  of  the  displacement 
It  is  positive  if  the  displacement  is  to  the  left  of  an  observer  in  the 
line  of  the  current  looking  in  the  direction  of  the  field,  negative  if 
it  is  towards  his  right. 

253.  Potential  of  a  Closed  Circuit.— During  the  displacement 
of  a  closed  circuit  in  a  magnetic  field,  work  is  done  which  is 
evidently  equal  to  the  algebraic  sum  of 
the  amounts  of  work  due  to  the  displace- 
ments of  its  different  elements. 

Let  us  consider  a  circuit  so  small 
that  all  the  lines  of  force  which  traverse 
it  are  sensibly  in  the  same  direction ; 
for  instance,  suppose  them  to  pass 
through  from  front  to  back  of  the  plane 
of  the  figure  (Fig.  221).  Suppose  that 
the  current  flows  in  the  direction  of  the 
arrow,  and  therefore  that  the  negative 
face  (§  250)  of  the  circuit  is  presented  to  the  reader ;  also  that  the 
displacement  is  from  left  to  right.  For  an  element  such  as  ab  the 
work  of  the  electro-magnetic  force  is  positive,  while  for  the  element 
citf  it  is  negative  ;  the  lines  of  force  cut  by  the  former  enter  the 
circuit,  those  cut  by  the  latter  leave  it ;  but  as  the  work  for  each 
element  is  measured  by  the  number  of  lines  of  force  cut,  it  is  clear 
that  the  resultant  work  will  be  equal  in  magnitude  and  in  sign  to  the 
excess  of  the  number  of  lines  of  force  which  enter  over  those  which 
leave  the  circuit,  or,  in  other  words,  to  the  variation  of  the  flux  of 
force  through  the  circuit. 
The  small  closed  current  consequently  has  a  potential :  that  is 


Fig.  221. 
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to  say,  there  is  a  function  such  that  its  variation,  for  any  given 
displacement,  measures  the  work  done  against  electro-magnetic  < 
forces  during  this  displacement.  This  function  is  the  number  of 
lines  of  force  of  the  field  included  in  the  circuit.  The  potential 
increases  if  the  number  of  lines  of  force  entering  by  the  positive 
face  increases,  or  if  the  number  of  those  which  enter  by  the  nega- 
tive face  diminishes.  If  then  the  number  of  lines  is  2,  and  we 
call  those  positive  which  enter  by  the  negative  face,  we  shall  have 

It  will  be  seen  that  this  potential  is  the  same  as  that  of  a  magnetic 
shell  which  has  the  same  contour,  and  the  strength  of  which  is  C 
(§  182). 

Suppose  that  the  small  circuit  is  in  the  presence  of  a  single  pole 
of  unit  strength  placed  at  a  point  P.  If  o)  is  the  apparent  angle 
under  which  the  contour  of  the  current  is  seen  from  the  pole,  the 
number  of  lines  of  force  which  enter  by  the  positive  face  is  o) ;  we 
have  then 

and  therefore  the  potential  which  the  closed  circuit  produces  at  P  is 
the  same  as  that  of  a  shell  of  the  same  contour  and  of  strength  C 

But  it  is  important  to  note  that,  while  the  potential  due  to  a  mag- 
netic shell  has  only  one  value  at  each  point,  the  potential  due  to 
a  current  may  have  an  infinite  number  of  values,  which  only  differ 
from  each  other  by  a  constant. 

The  potential,  as  in  the  case  of  the  shell,  represents  the  work 
necessary  to  bring  a  unit  quantity  of  positive  magnetism  from  an 
infinite  distance  to  the  point  P  ;  but 
it  represents  this  only  on  the  sup- 
position that  the  magnetic  mass  has 
not  traversed  the  circuit ;  otherwise 
we  must  add  to  a)C  as  many  times 
4irC  as  the  mass  has  traversed  the 
circuit  from    the    positive    to    the 

negative  face.  _ 

°  .  .  Fig.  222. 

For  suppose  the  magnetic  mass 

to  move  from  P,  and  to  traverse  the  circuit  and  return  to  the 

same  point  by  any  given  path  (Fig.  222).    This  path  meets  the 

plane  of  the  circuit  in  two  points,  one  B  inside,  and  the  other  c 

outside. 
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During  the  motion,  the  apparent  angle  of  the  contour  varies 
continuously.  From  P  to  B  it  varies  from  <»  to  27r;  the  corre- 
sponding work  is  (2t  -  o))  C,  From  B  to  C  the  angle  varies  from 
27r  to  47r,  and  the  work  increases  by  27rC  Finally,  from  C  to  p  the 
apparent  angle  increases  from  4ir  to  4ir+ci),  and  the  corresponding 
work  is  a)C  The  total  work  is  thus  equal  to  \tC.  It  would  be 
-  4tC  if  the  displacement  had  been  in  the  opposite  direction. 

Accordingly,  if  the  pole  does  not  traverse  the  circuit,  the  poten- 
tial resumes  the  same  value  when  the  pole  returns  to  the  point  P  ; 
but  if  it  traverses  it  n  times,  the  potential  is 
F=  o)  ±  47r«C, 

the  positive  sign  corresponding  to  the  case  in  which  the  pole  has 
traversed  the  current  from  the  positive  to  the  negative  face. 

As  the  potential  is  the  same,  within  a  constant,  for  a  small  closed 
circuit  as  it  is  for  a  magnetic  shell,  the  force  at  any  given  point  is 
the  same  in  both  cases,  as  it  depends  only  on  the  space-rate  of 
variation  of  potential  at  the  point 

254.  Equivalence  of  a  Closed  Circuit  and  of  a  Magnetic 
Shell — Ampere's  Theorem. — An  infinitely  small  closed  circuit 
gives  rise  to  the  same  fields  and  in  any  magnetic  field  is  subject  to  the 
same  forces^  as  a  magnetic  shell  of  the  same  contour,  provided  that 

that  is  to  say,  if  the  moment  per  unit  of  area  of  the  shell  is 
equal  to  the  electro-magnetic  strength  of  the  current  The  closed 
circuit  and  the  magnetic  shell  are  therefore  equivalent.  This  is  a 
general  theorem,  and  applies  to  any 
current 

Consider  a  surface  of  any  shape 
bounded  by  a  contour  s  (Fig.  223) : 
let  us  suppose  this  surface  cut  by  two 
systems  of  infinitely  close  parallel 
planes,  which  divide  it  into  infinitely 
small  elements,,  and  suppose  the  con- 
tours of  all  these  elements  traversed 
by  currents  of  the  same  strength  C,  all  flowing  round  in  the  same 
direction.  Each  line  which  separates  two  adjacent  elements  is 
traversed  by  two  equal  currents  in  opposite  directions,  which 
neutralise  each  other.  Consequently  only  those  portions  of  the 
current  which  correspond  to  the  elements  of  the  contour  come  into 
account,  and  the  force  due  to  these  is  evidently  the  same  a§ 
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that  of  a  single  continuous  current  of  the  same  strength  flowing 
round  the  contour  S.  On  the  other  hand,  each  of  the  elementary 
currents  may  be  replaced  by  the  equivalent  magnetic  shell,  and  all 
such  shells,  taken  together,  form  a  shell  having  the  same  contour 
as  the  closed  circuit  considered,  and  a  magnetic  strength  equal  to 
the  strength  of  the  current.  Hence  it  follows  that  the  force  due  to 
any  closed  current  is  identical  with  that  of  a  magnetic  shell  of  the 
same  contour  provided  its  magnetic  strength  is  equal  to  the  electro- 
magnetic strength  of  the  current. 

This  is  the  celebrated  theorem  of  Ampere.  It  furnishes  the 
following  definition  of  the  electro-magnetic  unit  of  current-strength : 
the  electro-magnetic  unit  is  that  which  gives  for  the  strength  of  a 
current  a  number  equal  to  the  strength  of  the  equivalent  magnetic 
shell. 

255.  Electro-Magnetic  Solenoid. — Ampere  gave  the  name  of 
electro-magnetic  solenoid  [<r(oX»;v,  a  pipe]  to  a  A 
system  formed  of  infinitely  small  closed  currents                   r-^^ 
(Fig.   224),  of  the  same  surface  and  the  same              rSS 
strength,  distributed  at  infinitely  small  equal  dis-             C^-^ 
tances  along  a  curve  of  any  form,  called  the  direc-          ^^ 

trix^  passing  through  the  centre  of  figure  of  each        ^£;S 
elementary  circuit,  and  perpendicular  to  its  plane.       r^ 

Each  current  may  be  replaced  by  the  equi-   p^" 
valent  shell,  and  if  each  shell  has  a  height  equal  ^ 
to   the  space  between  two  currents,  the  oppo- 
site   faces    of  two    consecutive   shells    coincide,  * 

and  the  system  reduces  to  a  solenoidal  filament  (§  180). 

Let  X  be  the  surface  of  the  currents,  h  their  distance  apart,  or  let 

;?j  =  ^  be  the  number  of  currents  per  unit  length,  C  the  strength, 

lastly  <r  the  magnetic  surface-density  on  the  terminal  faces  of  the 
equivalent  magnetic  filament :  we  have  as  a  condition  of  equiva- 
lence (§181)— 

and  therefore 

c  =  -^  =  n,C. 

The  force  due  to  the  solenoid  is  independent  of  the  shape  of  the 
directrix  ;  it  is  that  of  two  masses,  ±  n^Ck^  situated  at  the  two  ends. 

256.  Electro-Magnetic  Cylinder.-— This  was  the  name  given 
by  Ampere  to  a  system  of  equal,  parallel,  and  equidistant  circular 
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currents.  As  each  current  can  be  replaced  by  the  equivalent 
magnetic  shell,  the  system  is  itself  equivalent  to  a  cylinder  mag- 
netised uniformly,  which  has  at  its  ends  the  magnetic  surface- 
density 

This  system  of  currents  is  easily  realised  by  coiling  a  wire  in 
the  form  of  a  close  spiral  on  the  surface  of  a  cylinder.  Each 
convolution  of  the  spiral  may  be  replaced  by  its  projections 
on  the  axis,  and  on  a  plane  perpendicular  to  the  axis  (§  243). 
For  each  turn  of  the  spiral,  the  projection  parallel  to  the  axis 
is  a  straight  line  equal  to  the  pitch  of  the  spiral,  and  the  pro- 
jection perpendicular  to  the  axis  is  a  circle  of  the  same  radius 
as  the  cylinder.  If  the  section  of  the  cylinder  is  small,  the  com- 
bined effect  of  the  projections  parallel  to  the  axis  is  neutralised 
by  carrying  the  wire  back  along  the  axis.  The  compensation  is 
still  more  perfect  if  the  cylinder  is  wound  with  an  even  number  of 
layers,  in  which  the  inclination  of  the  turns  is  alternately  in  oppo- 
site directions. 

When  the  coil  thus  formed  is  traversed  by  a  current,  the  force 
exerted  at  any  external  point  is  the  same  as  that  due  to  a  uniformly 
magnetised  cylinder,  the  moment  of  which  has  the  value 

M^n^CSl^nCS, 

I  being  the  length  of  the  cylinder,  and  n  the  total  number  of  turns. 
The  force  at  a  point  in  the  interior  is  equal  to  that  which  would 
be  exerted  in  an  infinitely  narrow  crevasse,  perpendicular  to  the 
axis  of  the  same  cylinder— that  is,  to  the  induction  (§  187).  If  we 
suppose  the  point  to  be  so  far  from  the  ends  that  the  action  of  the 
bases  may  be  neglected,  the  force  is  reduced  to  that  due  to  the 
two  sides  of  the  crevasse,  that  is 

F  =  47r<r  =  4TrniC, 

This  may  be  proved  in  another  way.  For  a  unit  pole  which  is 
moved  along  the  axis  through  a  distance  ^,  the  work  is  Fey  on  the 
other  hand,  since  the  pole  has  traversed  «i^  convolutions,  the 
potential  has  changed  by  4irC .  «i^.  If  we  put  the  work  equal  to 
the  change  of  potential,  we  arrive  at  the  preceding  expression. 
The  force  F  may  be  considered  as  constant  throughout  the  whole 
extent  of  the  section.  Hence,  for  the  value  of  the  flux  through  the 
section  5,  we  have 

Q  =  4wniCS. 
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Such  a  cylinder  has  all  the  properties  of  a  magnetised  bar. 

This  may  be  shown  by  means  of  the  arrangement  represented 
in  Fig.  225.  When  the  electro-magnetic  cylinder  is  suspended 
horizontally,  as  in  the 
figure,  and  a  current  is 
passed  through  it,  it  sets 
in  the  direction  of  the 
magnetic  meridian,  and 
when  the  north  pole 
faces  us,  the  apparent 
direction  of  the  current 
is  opposite  to  the  hands 
of  a  watch. 

All  the  experiments  of  attraction  of  opposite  poles  and  of  repul- 
sion of  like  poles  may  be  repeated  by  acting  on  it  either  with  a 
magnet  or  with  another  electro-magnetic  cylinder. 

Nevertheless,  an  electro-magnetic  cylinder  must  not  be  con- 
founded with  a  hollow  magnet :  in  the  latter  all  the  lines  of  force, 
both  inside  and  outside,  start  from  the  positive  or  north  end,  and 
terminate  at  the  negative  or  south  end.  In  the  electro-magnetic 
cylinder  the  lines  of  force  in  the  interior  are  a  continuation  of  the 
external  lines  of  force,  and  form  closed  curves  which  never  ter- 
minate in  magnetic  masses. 

257.  Ampere's  Theory  of  Magnetism.— The  identity  between 
the  forces  exerted  by  currents  and  by  magnets  leads  us  naturally 
to  attribute  the  two  orders  of  phenomena  to  the  same  cause.  It  is 
impossible  to  produce  by  means  of  magnets  certain  effects  pro- 
ducible by  currents,  such  as  a  continuous  rotation  (§  262) ;  whereas 
by  combinations  of  closed  currents  we  may  produce  all  the  effects 
of  magnets. 

It  is  sufficient  to  assume  that  each  magnetic  molecule  owes  its 
properties  to  a  current  of  electricity  about  its  axis. 

It  has  been  objected  to  this  theory  that  a  piece  of  steel  or  iron, 
being  the  seat  of  permanent  currents,  must  also  be  a  permanent 
source  of  heat.  This  objection  would  be  fatal  if,  as  with  ordinary 
currents,  there  were  a  circulation  through  a  system  of  molecules  ; 
but  the  amperian  currents  are  supposed  to  circulate  in  the  mole- 
cule itself,  and  as  we  know  nothing  of  the  nature  of  the  molecules 
and  of  their  properties,  there  is  no  contradiction  in  the  assumption 
that  their  resistance  is  zero. 

258.  Weber's  Experiments.— Weber  verified  experimentally 
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the  equivalence  of  an  electro-magnetic  cylinder  and  a  magnet, 

and  therefore  also  Ampere's  theorem  which  follows  from  this 

equivalence. 

The  method  of  experimenting  was  that  which 

M 
Gauss  used  to  determine  the  ratio  -yy  (§  231).   The 

£2 

deflecting  magnet  ns  placed  in  one  of  the  principal 
positions  in  reference  to  the  movable  needle  «V 
(Fig.  226)  is  replaced  by  a  coil,  B,  traversed  by  the 
current,  and  it  is  seen  that  the  deflection  of  the 
needle  is  the  same  in  both  cases  when 

M^nPS, 

+         M  being  the  moment  of  the  bar,  nS^  the  surface 
^    enclosed  by  the  coil,  and  C  the  strength  of  the 
current 

Similarly,  a  small  coil,  ^,  traversed  by  a  current 

may  be  substituted  for  the  deflected  magnet  filsf.     \i 

the  conditions  of  the  suspension  are  the  same,  it  is  found  that 

whether  the  magnet  ns  ot  the  coil  B  is  used  the  deflection  is  the 

same. 
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CHAPTER  XXIII. 
ELECTRO-MAGNETIC  FORCES. 


We  shall  apply  the  theorems  of  the  last  chapter  to  the  investigation 
of  a  few  simple  cases. 

259.  Force  exerted  by  a  Ourreat  on 
a  Magnetic  Needle.— Returning  to  Oer- 
sted's experiment,  let  there  be  an  infinitely 
long  current  placed  above  the  needle 
parallel  to  the  magnetic  meridian  (Fig. 
227).  If  the  current  is  in  the  plane  of 
sjrmmetry,  the  deflected  needle  remains 
horizontal ;  while  it  is  slightly  inclined 
in  the  contrary  case.  We  will  only  con- 
sider the  former  case,  and  will  suppose 
the  needle  reduced  to  its  two  poles.  The 
force  exerted  by  the  current  on  each  pole 
is  perpendicular  to  the  shortest  distance 
from  the  pole  to  the  current,  and  has  a 
horizontal  component  /y  and  a  vertical 

component  acting  upwards.  The  two  vertical  components  act 
in  the  same  direction,  and  tend 
to  raise  the  needle ;  the  hori- 
zontal components  form  a  couple 
which,  compounded  with  the  ter- 
restrial couple,  determines  the 
deflection  of  the  needle. 

When  the  current  is  perpen- 
dicular to  the  direction  of  the 
needle,  the  resultant  of  the  forces 
which  it  exerts  always  passes 
through  the  axis  of  the  wire. 

Let  NS  be  the  needle  (Fig.  228), 

and  O  the  section  by  the>  plane  of  the  figure  of  the  conductor 

3x7 


Fig.  227. 


A 


Fig.  228. 
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traversed  by  the  current,  which  we  will  suppose  to  be  directed 
inwards  through  the  paper.  The  forces  *  and  *'  applied  at  the 
two  poles  are  perpendicular  to  the  distances  r  and  /,  and  satisfy 
the  equation 

^r  =  *y . 

It  follows  from  this  that  the  sum  of  the  moments  of  the  two 
forces  in  respect  of  the  point  O  is  zero,  and  that,  therefore,  the 
resultant  passes  through  this  point.  In  the  case  of  the  figure  it 
is  directed  towards  the  current ;  if  the  needle  is  reversed,  or  if 
the  direction  of  the  current  is  changed,  it  acts  in  the  opposite 
direction. 

260.  Action  of  Parallel  Currents.— Let  a  and  b  be  two  infinite 
parallel  currents,  of  strengths  C  and  C,  placed  at  a  distance 
a  (Fig.  229).  At  the  point  c  the  magnetic 
force  due  to  the  infinite  current  A  is  perpen- 
dicular to  the  plane  of  the  two  wires,  and  is 
equal  to 

2C 

a 


Fig.  229. 


/ 


*=  — . 


The  electro-magnetic  force  on  unit  length  of 
B  at  C  is 


it  acts  in  the  plane  of  the  two  currents,  per- 
pendicular to  their  direction,  and  tends  to 
bring  them  together  if  they  are  in  the  same  direction,  and  to 
separate  them  if  they  are  in  opposite  directions.  It  varies  like 
the  force  on  a  pole  inversely  as  the  distance. 

261.  Closed  Circuits. — A  magnetic  shell  placed  in  a  field  of 
force  tends  towards  the  position  in  which  the  flux  of  force  traversing 
its  surface  is  a  maximum  (§  183).  This  is  also  the  case  with  the 
equivalent  closed  current 

If  J2i  and  Q^  are  the  values  of  the  flux  of  force  which  enters  the 
negative  suriface,  before  and  after  the  displacement,  the  positive 
variation  of  the  flux  is  Q^  -  Q^  and  if  we  suppose  that  during  the 
displacement,  the  strength  of  the  current  has  remained  constant 
and  equal  to  C,  the  work  done  by  electro-magnetic  force  is 
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If  the  field  is  that  due  to  a  second  closed  current  of  intensity  C, 
and  if  we  represent  by  M  the  coefficient  of  mutual  induction 
(§  184) ;  that  is  to  say,  the  flux  which,  for  a  current  of  unit  strength, 
each  circuit  sends  through  the  negative  face  of  the  other,  we  have 


and  consequently 


a  =  J/iC'        Q^^M^C, 


IV  =^  CCXM^  -  Ml). 
For  an  infinitely  small  variation  we  have 
dlV^  CCdM. 

Let  us  consider,  for  instance,  a  circuit  moving  about  a  vertical 
axis  in  the  earth's  field  (Fig.  230) ;  the  position  of  equilibrium  will 
be  that  in  which  the  plane  of  the  circuit  is 
perpendicular  to  the  magnetic  meridian,  the 
current,  as  seen  from  the  north  side,  circu- 
lating in  the  opposite  direction  to  the  hands 
of  a  watch.  If  »S  is  the  surface  of  the  circuit, 
and  /f  the  horizontal  component  of  the  earth's 
field,  the  flux  through  the  surface  in  the  posi- 
tion of  stable  equilibrium  is  SH,  If  the  circuit 
is  turned  through  a  right  angle,  it  is  nothing  ; 
if  it  is  turned  through  i8o%  it  is  -SB.  When 
the  current  is  left  to  itself,  and  turns  from 
its  latter  position  to  the  former,  the  total 
variation  of  the  flux  is  equal  to  2SH,  and 
the  work  done  by  electro-magnetic  force  for 
a  current  of  constant  strength  C  is 


W=^2CSH, 


Fig. 


230. 


In  like  manner  if  the  frame  is  movable  about  a  horizontal  axis, 
passing  through  the  centre  of  gravity  (Fig.  231),  and  at  right 
angles  to  the  meridian,  its  plane  sets  at  right  angles  to  the 
dip-needle. 

Lastly,  a  circuit  is  evidently  astatic  if  it  consists  of  two  equal 
areas  of  opposite  signs  (§  241),  since  there  is  no  variation  of  the 
flux  whatever  the  displacement. 

The  application  of  the  same  principles  shows  that,  under  the 
action  of  its  own  flux,  a  circuit  will  tend  to  present  the  greatest 
possible  surface ;  if  the  contour  is  flexible,  it  will  take  the  form 
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of  a  circle,  as  this  comprises  the  greatest  area  within  a  given 
perimeter. 
This  is  the  true  explanation  ol  a  well-known  experiment  of 


Fig.  231. 

Ampere,  which  he  regarded^ as  proving  that    two  consecutive 
elements  of  the  same  current  repel  one  another. 
Two  quantities  of  mercury  (Fig.  232),  separated  by  an  insnlating 


Fig.  232. 

partition,  are  connected  by  an  iron  wire,  bent  so  as  to  form  two 
parallel  horizontal  branches,  np  and  rq^  connected  by  a  cross- 
piece,  pq.  When  connection  is  made  with  a  battery  by  the  cups 
B  and  F,  the  wire  glides  on  the  surface  of  the  mercury  away  fr^rni 
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the  points  by  which  the  current  enters,  thus  increasing  the  area 
of  the  circuit. 

262.  Electro-Magnetic  Rotations.— It  follows  from  the  funda- 
mental principles  of  mechanics,  that  a  continuous  rotatory  motion 
in  the  same  direction  cannot  arise  among  a  system  of  rigid  bodies 
which  are  acted  on  solely  by  the  forces  they  exert  upon  each 
other,  if  these  forces  are  functions  only  of  the  relative  distances 
of  the  bodies  between  which  they  act,  that  is  to  say,  if  the  forces 
have  always  the  same  values  when  the  bodies  are  at  the  same 
distances.  For,  regarding  one  portion  of  such  a  system  as  being 
at  rest,  suppose  another  portion  to  move  relatively  to  it  from  a 
given  position  along  any  path,  and  come  back  to  the  same 
position  again.  Then  any  change  of  the  distance  between  two 
points  of  the  system  that  takes  place  during  one  part  of  the 
motion  must  be  undone  during  the  remainder ;  for,  when  the 
moving  part  of  the  system  has  returned  to  its  first  position,  the 
relative  distance  between  any  given  pair  of  points  must  be  the 
same  as  at  first.  Hence,  if  positive  work  is  done  during  part  of 
the  motion  by  the  forces  acting  between  any  two  points,  equal 
negative  work  must  be  done  during  the  rest  of  the  motion,  and 
this  will  apply  to  every  pair  of  points  that  can  be  taken  in  the 
system.  From  this  we  see  that  the  total  work  done  by  the  in- 
ternal forces,  during  a  complete  revolution  of  any  part  of  the 
system  about  an  axis,  must  be  zero.  Consequently,  even  if  rota- 
tion were  started  by  energy  supplied  from  without,  it  would  die 
out  more  or  less  rapidly,  since  in  every  real  case  of  motion  energy 
is  gradually  dissipated  by  friction,  and,  under  the  conditions 
supposed,  no  energy  is  generated  within  the  system  to  replace 
that  which  is  thus  lost. 

This  would  be  the  case  of  a  system  of  magnets  or  of  closed 
circuits  of  invariable  form,  which  are  equivalent  to  magnetic 
shells ;  but  it  is  not  the  case  if  the  circuits  can  be  deformed, 
as  when  they  comprise  liquid  conductors  or  sliding  contacts. 
Faraday  was  the  first  to  show  that,  in  this  case,  a  continu- 
ous rotatory  motion  can  be  produced.  In  order  that  these 
motions  may  be  kept  up,  the  forces  must  tend  to  increase 
the  velocity  at  every  revolution ;  in  this  case,  the  velocity 
is  accelerated  until  the  work  done  against  friction  in  a  given 
time  is  equal  to  that  done  by  the  forces  tending  to  increase 
the  velocity,  and  it  is  then  constant.  The  energy  spent  in 
keeping    up    the    motion,  like   that  spent  in  doing  any  other 
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Fig.  233. 


work  by  a  current,  is  derived  from  the  chemical  oieigy  of  the 
battery. 
263.  Rotation  of  a  Carrent  by  a  Magnet— 

A  conductor  carrying  a  current  is  movable  about 
an  axis  which  coincides  with  the  axis  of  the  mag- 
net. If  the  ends  of  the  conductor  are  on  either 
side  of  the  same  pole,  as  A  and  c  (Fig.  233X  the 
conductor  turns  with  a  continuous  motion  towards 
the  left  of  an  observer  going  head-first  with  the 
current,  and  looking  in  the  direction  of  the  lines 
of  force  of  the  magnet. 

When  the  ends  are  in  this  position,  each  line  of 
force  is  only  cut  once  by  the  conductor  during  one 
revolution.  It  would  always  be  cut  twice,  once 
positively  and  once  negatively,  if  both  ends  of  the 
conductor  were  on  the  same  side  of  one  of  the 
poles  outside  the  magnet,  or  one  outside  one  pole 
and  the  other  outside  the  other,  or  if  both  were  between  the  poles  : 
the  total  flux  cut  would  then  be  nothing,  and  there 
would  be  no  motion. 

The  flux  cut  by  the  arc  is  a  maximum  if  the  end 
C  is  at  the  middle  of  the  magnet;  for  a  complete 
revolution  it  is  then  the  total  flux  from  one  of  the 
poles.  If  m  is  the  strength  of  the  pole,  the  flux  is 
4WW  (§  40j  and  the  electro-magnetic  work  correspond- 
ing to  one  revolution  is  /^irmC.  The  moment  of  the 
couple  about  the  axis  of  rotation  is  constant  and 
equal  to 

2ir 

it  is  thus  independent  of  the  size  or  shape  of  the 
conductor  AC. 

This  experiment  may  be  very  simply  made  by  means 
of  the  apparatus  represented  in  Fig.  234 ;  it  consists 
of  a  glass  tube  closed  by  two  corks ;  through  the  lower 
one  passes  the  end  of  a  magnet  about  which  mercury 
is  poured  so  that  it  is  just  below  the  level  of  the  pole  ; 
a  copper  wire  is  put  through  the  upper  cork  and  a 
platinum  wire  hangs  from  it  with  its  lower  end  touching  the 
mercury.     As  soon  as  a  current  is  passed,  the  platinum  wire 


Fig.  234. 
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Fig.  235. 


Fig.  236.. 


rotates  continuously  round  the  pole  of  the  magnet,  and  the  direc- 
tion of  the  rotation  changes  with  the  direction  of  the  current. 

264.  Rotation  of  a  Magnet  by  a  Current.-— A  cylindrical  magnet 
is  loaded  by  a  platinum  cylinder  so  that  it  floats  upright  in  mercury, 
one  of  its  poles  projecting.  The 
experiment  may  be  made  in  two 
ways.  In  Fig.  236  the  current 
enters  near  the  edge,  follows  the 
surface  of  the  mercury,  and  emerges 
by  a  rod  fixed  in  the  centre ;  the 
magnet  moves  round  this  rod  as 
soon  as  a  current  passes.  In  Fig. 
235  the  part  of  the  magnet  which 
projects  above  the  mercury  conveys 
the  current,  the  fixed  rod  dipping 
into  a  drop  of  mercury  contained 
in  a  small  hollow  in  the  top  of  the 
magnet.  The  magnet  rotates  about 
its  own  axis.  In  both  cases  the  projecting  pole  follows  the 
lines  of  force  of  the  currenj  (§  245),  and  for  a  complete  turn  the 
work  of  the  electro-magnetic  forces  is  equal  to  ^irmC.  With  a 
north  pole,  and  with  the  direction  of  the  current  as  shown  by  the 
arrows,  the  rotation  is  opposite  to  that  of  the  hands  of  a  watch. 

It  is  by  virtue  of  the  fluidity  of  the  mercury  that  the  magnet  is 
able  to  rotate  ;  only  one  of  the  poles  traverses  the  closed  current. 
If  both  the  circuit  and  the  magnet  were  rigid,  the  whole  magnet 
would  have  to  pass  through  the  circuit,  and  as  the  amounts  of 
work  done  on  the  two  poles  respectively  during  a  complete  revolu- 
tion would  be  equal  and  opposite,  the  movement  could  not  be 
maintained.  With  a  flexible  magnet,  the  two  poles  of  which  could 
move  independently,  the  positive  pole  would  be  seen  to  coil  itself 
in  one  direction  about  the  current,  and  the  negative  pole  in  the 
opposite  direction. 

265.  Rotation  of  a  Current  by  a  Current.— This  experiment  is 
made  by  means  of  the  apparatus  represented  in  Fig.  237.  The 
ends  ^  and  h  of  the  movable  branches//^  and  ^i^dip  in  a  solution 
of  copper  sulphate  in  connection  with  the  negative  pole  of  the 
battery.  The  vessel  V  is  surrounded  by  a  coil  of  copper  wire 
through  which  the  current  passes.  The  experiment  is  quite  analo- 
gous to  that  of  Faraday  (§  263).  The  current,  entering  at  X, 
passes  by  a  wire  under  the  base  of  the  apparatus,  ascends  by  the 
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column  P,  and  descends  in  the  two  branches  fh  and  eg.  If  the 
currents  flow  as  shown  by  the  arrows  in  the  figure,  the  part  fli 
will  be  urged  forward  by  the  mutual  forces  between  it  and  the 
fixed  horizontal  current  (§  242),  and  similarly  eg  will  be  urged 
backwards,  so  that  the  whole  frame  will  rotate  in  the  opposite 
direction  to  the  hands  of  a  watch  with  its  face  upwards.     It  may 


Fig.  237. 

be  said  generally  that  a  descending  vertical  current  is  urged 
up-stream  by  a  horizontal  current,  and  an  ascending  vertical 
current  is  urged  down-stream, 

266.  Rotation  of  Liquids  and  Gases.— When  a  current  tra- 
verses a  liquid,  the  liquid  filaments,  which  are  the  seat  of  the 
current,  behave  like  movable  currents  under  the  action  of  electro- 
magnetic forces. 

Davys  Experiment, — The  experiment  may  be  made  in  several 
ways  :  the  following  is  due  to  Davy.  Two  platinum  wires  insulated, 
except  at  the  ends,  pass  through  the  bottom  of  a  vessel  full  of 
mercury,  and  end  just  below  the  surface.  When  a  current  is 
passed,  the  mercuiy  rises  above  each  wire  as  though  each  wire 
were  a  source  of  liquid.  If  a  north  pole  is  placed  just  above  one 
of  the  little  heaps  thus  formed,  the  mercury  is  seen  to  rotate  very 
rapidly  in  the  direction  of  the  hands  of  a  watch  in  the  case  of  the 
negative  pole,  where  the  current  is  towards  the  centre,  and  in  the 
opposite  direction  when  the  magnet  is  over  the  positive  pole,  where 
the  current  flows  from  the  centre. 

JamirCs  Experiment, — The  two  electrodes  of  a  voltameter  are 
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placed  in  the  same  vertical  line,  coincident  with  the  line  joining 
the  poles  of  a  horse-shoe  magnet  placed  horizontally.  The  two 
electrodes  being  between  the  magnetic  poles,  if  they  were  joined 
by  a  rigid  conductor  rotation  would  be  impossible  (§  263).  But 
as  each  element  of  the  conducting  liquid  is  independently  acted 
on,  the  liquid  divides  into  two  superposed  layers  rotating  in 
opposite  directions.  The  gas  bubbles  in  the  liquid  make  the 
rotation  visible. 

De  la  Riv^s  Experiment,—  A  rapid  succession  of  electric  dis- 
charges (from  a  Holtz  ma- 
chine or  an  induction  coil) 
is  caused  to  take  place  be- 
tween two  ring-shaped 
electrodes,  F  and  A,  en- 
closed in  an  exhausted 
vessel,  V  (Fig.  238),  and 
an  iron  rod  projects  up- 
wards through  the  elec- 
trodes, being  enclosed  by 
the  glass  tube  G,  which  is 
sealed  air-tight  into  the 
bottom  of  the  vessel  v. 
The  iron  rod  can  be  mag- 
netised by  means  of  the 
coil  E.  If  the  upper  elec- 
trode F  is  positive,  and  the 
upper  end  of  the  rod  is  a 
north  pole,  the  luminous 
discharge  B  will  be  seen, 
by  an  observer  looking 
down  upon  the  apparatus, 
to  rotate  round  the  magnet 
in  the  opposite  direction  to  the  hands  of  a  watch. 

Action  on  the  Electric  Arc, — Analogous  effects  are  produced 
on  the  electric  arc  formed  between  two  carbon  poles  :  if  the  pole 
of  a  magnet  is  brought  near,  the  arc  seems  as  if  blown  aside 
perpendicularly  to  the  line  which  joins  the  pole  to  the  arc. 

267.  Barlow's  Wheel  —  Faraday's  "Disc,  — Barlow's  Wheel 
(Fig.  239)  consists  of  a  toothed  metal  wheel  movable  about  a 
horizontal  axis,  so  arranged  that  at  the  bottom  one  or  more  teeth 
dip  in  a  trough  of  mercury,  FD,  on  opposite  sides  of  which  are  the 


Fig.  238. 


Digitized  by 


Google 


326 


Electro- Magnetic  Forces, 


[§  267. 


two  branches,  ab,  of  a  horse-shoe  magnet.  If  the  axis  on  the 
one  hand,  and  the  mercury  on  the  other,  are  connected  with  the 
terminals  of  a  battery,  the  wheel  begins  to  rotate.  If  the  current 
goes  from  the  centre  to  the  mercury,  and  the  north  pole  is  nearest 
the  observer,  the  lower  part  of  the  wheel  moves  towards  the  right 


Fig.  239. 

Suppose  the  apparatus  placed  in  a  uniform  field,  and  let  H  be 
the  component  of  the  field  parallel  to  the  axis.  Let  a  be  the  radius 
of  the  wheel,  and  B  the  angle  of  two  consecutive  teeth,  and  suppose 
the  surface  of  the  mercury  is  arranged  so  that  one  tooth  touches 
the  liquid  the  moment  the  preceding  tooth  quits  it.  The  current 
goes  from  the  axis  to  the  tooth  in  contact  with 
the  mercury ;  the  flux  which  it  cuts,  while 
one  tooth  comes  into  the  position  of  the 
next  one,  is  \o^BH  \  and  the  corresponding 
electro-magnetic  work  is  \c^BHC,  For  a 
complete  turn  the  work  is  ^2na^//C  or  SHQ 
S  being  the  total  surface  of  the  wheel. 

Faraways  Disc. — This  apparatus  (Fig.  240) 
works  like  Barlow's  wheel ;  the  current  enters 
and  leaves  by  two  springs,  one  of  which 
presses  against  the  axis,  and  the  other  against 
the  periphery  of  the  wheel ;  the  work  for 
each  turn  is  equal  to  SCI/y  and  is  independent  of  the  velocity. 

268.  Botation  of  a  Current  by  the  Action  of  the  Earth.— This 
experiment  may  be  made  with  the  apparatus  represented  in  Fig. 
237,  except  that  no  current  is  passed  through  the  coil.  With  the 
arrangement  as  shown  in  the  figure,  the  circuit  rotates,  under  the 
action  of  the  earth,  in  the  opposite  direction  to  the  hands  of  a 
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watch.  Resolve  the  earth's  force  into  a  vertical  component  Z, 
parallel  to  the  axis  of  rotation,  and  a  horizontal  one  H^  perpen- 
dicular to  this  axis.  The  apparatus  is  astatic  (§241)  so  far  as  the 
component  H  is  concerned,  but  the  horizontal  part  of  the  current 
is  acted  on  by  the  vertical  magnetic  force  Z,  in  the  same  way  as 
the  current  in  Barlow's  wheel  or  Faraday's  disc  is  acted  on  by  the 
component  of  magnetic  force  parallel  to  the  axis.  If  2a  is  the 
distance  between  the  vertical  branches  where  they  dip  into  the 
liquid,  the  work  done  during  one  complete  revolution  of  the  appa- 
ratus is  ira^ZCy  where  C  is  the  strength  of  the  current  in  both 
branches  taken  together. 
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CHAPTER  XXIV. 
MAGNETISATION  BY  CURRENTS. 

269.  Arago's  Ezperiment. — As  the  field  of  a  current  is  of  the 
same  nature  as  that  of  a  magnet,  it  should  produce  the  same 
magnetising  effects.  The  fact  of  the  magnetisation  of  iron  by  a  cur- 
rent was  discovered  by  Arago  in  1820.  He  observed  that  a  copper 
wire  traversed  by  a  current  and  dipped  in  iron  filings  attracts 
them,  and  is  uniformly  covered  with  them.  Each  particle  of  iron 
becomes  a  magnet,  and  sets  at  right  angles  to  the  wire  along  the 
line  of  force,  the  north  pole  being  to  the  left  of  the  current  The 
action  exerted  on  the  two  poles  has  a  resultant  directed  towards 
the  axis  of  the  wire  (§  259). 

In  like  manner  a  bar  is  magnetised  when  it  is  set  crosswise  with 


Fig.  241. 


Fig.  242. 

the  current.    The  action  is  increased,  as  in  the  multiplier,  by  coiling 

the  wire  round  and  round  in  a  plane  perpendicular  to  the  axis  of  the 

bar.    The  direction  of  the  magnetisation  is  that  of  the  lines  of  force 

in  the  interior  of  the  coil.     It  is  to  be  observed  that  this  direction 

is  independent  of  the  direction  of  the  winding,  and  only  depends 

on  the  direction  in  which  the  current  circulates  about  the  axis. 

These  two  directions  are  related  to  each  other  in  the  same  way  as 

the  lengthways  movement  of  a  right-hand  screw  is  related  to  its 

motion  of  rotation.    Several  formulae  have  been  used  to  connect 

the  position  of  the  poles  with  the  direction  of  the  current.     The 

simplest  is  that  of  Ampere  :  t/te  north  pole  is  to  the  left  of  the 

328 
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current.  It  is  also  often  said  that  the  north  pole  is  at  that  end  of 
the  helix  where  the  apparent  direction  of  the  current  is  opposite 
to  that  of  the  hands  of  a  watch. 

If  the  direction  of  the  winding*  is  abruptly  changed  by  bending 
the  wire  back  on  itself,  the  direction  of  the  rotation  is  changed,  and 
therefore  that  of  the  magnetisation.  The  experiment  is  easily 
made  by  coiling  a  copper  wire  on  a  glass  tube,  and  placing  a 
knitting-needle  inside  the  tube  (Figs.  241  and  242).  On  passing 
a  current  through  the  wire,  the  needle  is  found  to  be  strongly 
magnetised,  and  there  are  as  many  reversals  of  poles,  or  conse- 
quent poles  ^  as  there  are  reversals  of  the  current.  These  poles 
are  alternately  of  opposite  signs.    Those  of  the  ends  are  of  the 


Fig.  243. 


Fig.  244. 


same  kind,  or  of  opposite  kinds,  according  as  the  number  of 
reversals  is  odd  or  even. 

270.  Electro-Magnets. — The  magnetisation  of  soft  iron  by  the 
current  is  of  extreme  importance  in  the  applications  of  electricity. 
Not  only  can  the  magnets  thus  obtained  be  made  much  more 
powerful  than  steel  magnets,  but  the  property  they  possess,  more 
especially  if  the  iron  is  quite  soft  and  the  bars  short,  of  being 
essentially  temporary,  of  only  existing  during  the  passage  of  the 
current,  of  being  created  and  destroyed,  so  to  speak,  with  it,  renders 
them  suitable  for  a  host  of  applications. 

The  temporary  magnets  thus  obtained  by  the  action  of  the 
current  on  soft  iron  are  called  electro-magnets.    The  conducting 
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wire,  insulated  by  silk  or  cotton,  is  wound  in  one  or  more  layers 
round  the  core  of  soft  iron. 

The  soft  iron  core  may  be  straight,  as  in  Fig.  243,  or  in  the 
shape  of  a  horse-shoe,  as  in  Fig.  244.  In  the  latter  case  the 
windings  are  not  generally  continued  round  the  bend.  In  order 
that  the  poles  at  the  two  ends  may  be  of  opposite  kinds,  the  wire 
should  go  round  each  branch  in  the  same  direction  as  it  would  do 
if  the  core  had  been  bent,  after  the  winding  had  been  finished. 
The  windings  ought  to  appear  in  opposite  directions  on  the  two 
legs  to  an  observer  who  is  looking  at  the  two  ends,  the  current 
going  like  the  hands  of  a  watch  round  the  south  pole,  and  in  the 
opposite  direction  round  the  north  pole  (Fig.  245). 

Owing  mainly  to  the  difficulty  of  bending  massive  iron  bars 
without  imparting  to  them  a  coercive  force,  large  horse-shoe 


Fig.  245.  Fig.  246, 

magnets  are  usually  formed  with  parallel  coils,  the  cores  of  which 
are  connected  by  a  cross-piece  or  yoke ^  T,  of  soft  iron  (Fig.  246). 

271.  (General  Observations  on  Electro-Magnets.— The  direction 
of  the  force  at  a  given  point  in  the  magnetic  field  of  a  coil,  and  its 
relative  intensity  as  compared  with  that  at  any  other  given  point 
in  the  field,  are  independent  of  the  strength  of  the  current,  and 
depend  only  on  the  geometry  of  the  coil — that  is,  upon  its  size 
and  shape,  and  on  the  number  of  turns  of  wire ;  but  the  absolute 
intensity  of  the  field  is  proportional  to  the  strength  of  the  current 
H  however,  a  piece  of  soft  iron  is  placed  inside  the  coil,  its  mag- 
netisation varies  with  the  strength  of  the  current  in  a  very  com- 
plicated way,  which  it  is  not  possible  to  include  under  any  general 
law.  In  the  following  remarks,  therefore,  we  shall  confine  our- 
selves to  a  few  genera]  considerations  and  the  discussion  of  some 
special  cases. 

We  may  suppose  the  cross-section  of  the  channel  divided  into 
any  number  of  equal  parts,  and  the  whole  mass  of  metal  split  into 
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the  same  number  of  rings ;  whatever  this  number  may  be,  the 
magnetic  force  is  always  the  same,  and  so  also  is  the  production 
of  heat.  But  this  system  of  rings  traversed  by  equal  and  parallel 
currents  is  equivalent  to  a  coil  of  the  same  number  of  turns,  which 
would  give  in  the  section  of  the  channel  the  same  mean  density 
of  current.  From  this  the  remarkable  consequence  follows,  that 
whatever  be  the  size  of  the  wire  coiled  on  the  bobbin,  for  the  same 
volume  of  wire,  and  therefore  the  same  weight  of  copper,  the 
magnetising  force  is  the  same,  as  well  as  the  production  of  heat, 
provided  the  mean  density  of  the  current  remains  constant. 

Let  d  be  the  diameter  of  the  bare  wire,  D  —  d{i  +5)  that  of  the 
covered  wire,  /  the  length  of  wire,  p  its  specific  resistance  in  ohms, 
and  a  the  density  of  the  current  in  amperes  per  square  centimetre : 
we  have 

j?=4£^andC  =  W2«, 
ird^  * 

and  therefore  for  the  energy  spent  per  second  in  generating  heat 

As  the  space  filled  by  the  wire  is 

V^^Dy=l'jrd\i  +bfl, 
the  heat  produced  per  unit  of  this  space  is 

w  =  —  = ^        . 

V      {i+bf 

Taking  p  =  1600  x  lo"*  and  b  =  0.035,  ^  number  found  experi- 
mentally for  the  thickness  of  the  double  layer  of  cotton  which 
serves  as  insulator,  we  get  w  =  1.5  x  io"V. 

It  is  to  be  observed  that  the  production  of  heat  in  the  coil  is 
the  same  with  or  without  the  soft  iron  core.  Although  energy  is 
expended  in  producing  magnetisation,  there  is  no  expenditure  of 
energy  in  maintaining  it,  any  more  than  there  is  in  keeping  a 
spring  in  a  fixed  position  after  it  has  once  been  compressed.  As 
all  the  useful  expenditure  reduces  to  the  heating  of  the  wire  of 
the  coil,  the  conditions  of  maximum  work  are  satisfied  when  the 
resistance  of  the  wire  of  the  electro-magnet  is  equal  to  that  of  the 
rest  of  the  circuit  (§  131). 

272.  Case  of  a  Long  Coil. — The  simplest  ease  is  that  of  a  long 
cylindrical  coil,  uniformly  wound,  surrounding  a  thin  cylindrical 
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bar  parallel  to  the  axis  (Fig.  247).  The  field  inside  the  coil  is 
uniform,  and  its  value  for  a  current  of  strength  C,  and  a  number 
of  turns  «i  for  unit  length  is  (§  256) — 

F  =  \nn^C. 

The  magnetisation  of  the  cylinder,  if  it  is  so  long  that  the  action  of 


Fig.  247. 

the  ends  may  be  neglected,  is  also  uniform,  and  the  intensity  of 
magnetisation  is 

The  value  of  the  induction  (§  192)  is 

B  =  iiF^  47r;/i(i  +  ^'!rk)C, 

and  the  flux  or  number  of  lines  of  force  for  the  entire  section  S  of 
the  bar  is 

Q^BS, 

For  a  given  current,  the  magnetising  force  thus  depends  only 
on  the  number  n^  of  turns  per  unit  length,  and  not  at  all  on  their 

shape  or  size.  In  order  to  economise 
wire  and  reduce  the  expenditure  of 
energy  in  generating  heat,  it  is  de- 
sirable to  wind  the  wire  directly  on 
the  core.  The  effect  of  unit  length 
of  the  wire  is  then  made  as  great  as 
possible. 

273.  Ring  Magnet— If  the  core 
has  the  shape  of  a  tore  or  anchor 
ring  covered  with  equi-distant  wind- 
ings in  planes  passing  through  the 
axis  (Fig.  248),  the  system  may  be 
regarded  as  formed  of  concentric 
closed  solenoids  having  no  external 
action.  The  elementary  solenoids 
are  not,  however,  all  of  equal  strength,  seeing  that  those  near  the 
outside  of  the  ring  are  longer  than  those  near  the  inside  circum- 
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ference,  although  the  current  passes  round  all  of  them  the  same 
number  of  times. 

But  if  the  section  5"  is  small  compared  with  the  radius  of  the 
ring,  it  may  be  assumed,  without  appreciable  error,  that  the 
strength  of  each  of  the  filaments  is  the  same  as  that  of  the  central 
filament ;  if  «  is  the  niunber  of  turns  of  wire  for  unit  length  of  the 
mean  circumference,  we  have  as  the  approximate  value  of  the  flux 
of  induction  through  a  cross-section  of  the  ring,  the  strength  of  the 
current  being  C,— 

2  =  ^5  =  \».FS  =  [L^im^CS, 

Multiplying  both  sides  by  the  length  /of  the  mean  circumference, 
and  calling  n  the  total  number  of  turns  of  wire,  we  have 


or,  again. 


Ql  =  iJL4imCS ; 


(0. 


274.  The  reasoning  of  §  256  gives  this  expression  directly  :  let  a 
unit  pole  travel  along  an  infinitely  thin  channel  coinciding  with 
the  mean  circumference,  F  being 
the  value  of  the  force  (§  187),  and 
/  the  length  of  the  path  traversed, 
the  work  done  is  Fl ;  on  the  other 
hand,  it  is  equal  to  4nC,  multiplied 
by  the  number  of  turns  of  wire 
passed  through  (§  253) ;  hence 

Fi  =  47rC«i/. 


Replacing    F  by    its    value   -  ^. 

u  o 


Fig.  249. 


(§    192),  we   arrive   at   the   expres- 
sion (i). 

The  quantity  Q  may,  as  we  shall 
see  (§  307),  be  determined  by  experiment. 

275.  If  the  core  is  only  covered  for  a  part  of  its  length  (Fig.  249), 
some  lines  of  force  will  escape  at  the  ends  of  the  coil,  but  generally 
in  so  small  a  number  that  we  can  assume  the  flux  constant  and 
still  apply  the  formula  (i). 

In  this  case  the  magnetisation  of  the  ring  only  depends  on  the 
product  nC  of  the  strength  of  the  current  into  the  number  of  turns 
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of  wire,  and  not  on  the  manner  in  which  these  turns  are  arranged. 
This  product  is  called  the  number  of  ampere-turns^  when  the  cur- 
rent is  expressed  in  amperes,  in  which  case  the  second  member  of 
equation  (i)  should  be  multiplied  by  10.  Dividing  by  the  length  /of 
the  circumference,  we  get  the  number  of  ampere-turns  per  centi- 
metre of  the  ring.  The  same  degree  of  magnetisation  corresponds 
to  the  same  number  of  ampere-turns  per  centimetre  of  length, 
whatever  be  the  section  and  length  of  the  ring.  The  two  terms  of 
the  product  may  be  varied  at  will ;  ten  turns  of  a  wire  which  con- 
veys one  ampere  produces  the  same  effect  as  a  single  turn  which 
conveys  ten  amperes. 

These  consequences  are  not  confined  to  the  special  case  of  an 
anchor  ring  ;  they  apply  to  any  closed  magnetic  circuit  from  which 
no  lines  of  force  escape  at  the  surface,  and  which  may  therefore  be 
considered  as  identical  with  a  tube  of  force.  They  are  not  appli- 
cable to  the  case  of  a  circuit  which  is  not  closed — a  straight  bar, 
for  instance,  which  allows  lines  of  force  to  escape  all  over  its 
surface. 

276.  Magnetic  Resistance  or  Reluctance.— Formula  (i)  of 
§  273, 

may  be  compared  with  that  of  Ohm, 

Ohm's  law,  when  expressed  in  the  form  of  the  last  equation, 
may  be  taken  as  a  statement  that  the  difference  of  electric 
potentials,  E,  between  the  ends  of  a  conductor  is  equal  to  the 
electric  flux,  or  strength  of  current,  multiplied  by  a  factor  depend- 
ing on  the  material  of  the  conductor  and  by  a  geometrical  factor 
l/S,  The  corresponding  magnetic  equation  states  that  the  differ- 
ence of  magnetic  potentials  47rnC  is  equal  to  the  magnetic  flux 
multiplied  by  a  factor  characteristic  of  the  material,  and  by  the 
same  geometrical  factor  as  in  the  other  case. 

This  parallelism  of  formulae  has  led  to  the  somewhat  general 
use  of  similar  terminology  in  reference  to  the  two  classes  of 
phenomena.  The  magnetic  circuit  is  compared  with  the  electric 
circuit :  as  £"  in  the  case  of  the  latter  is  called  electro-motive  force, 
so  47r«C  in  the  former  is  called  magneto-motive  force ^  and,  by 
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analogy  with  electric  resistance,  — ^  is  called  magnetic  resistance. 

It  may  be  remarked  in  passing,  that  the  last  analogy  implies  the 
comparison  of  /*  with  the  reciprocal  of  specific  resistance :  this 
would  be  expressed  by  calling  it  specific  magnetic  conductivity, 
an  idea  already  embodied  in  the  accepted  nzxa^  permeability. 

With  regard  to  these  comparisons,  it  is  to  be  observed  that  there 
is  no  known  magnetic  phenomenon  which  is  physically  analogous 
to  electric  conduction,  whether  in  the  form  of  disruptive  discharge 
through  a  dielectric,  or  in  that  of  conduction  through  metals  or 
electrolytes.  Physically,  the  analogy  between  magnetic  permea- 
bility and  specific  inductive  capacity  is  much  closer  than  that 
between  permeability  and  metallic  conductivity,  and  the  true 
electric  analogue  of  a  magnetised  piece  of  iron  is  rather  a  polarised 
dielectric  than  a  conductor  carrying  a  current  Just  as  every  ter- 
minated magnet  has  two  equal  opposite  poles,  and  as  new  poles  of 
the  same  strength  are  generated  by  dividing  the  magnet  and 
interposing  a  stratum  of  air,  so  any  portion  of  a  polarised  di- 
electric, bounded  by  conducting  surfaces,  has  equal  opposite 
charges  on  its  two  ends,  and  new  charges  of  the  same  magnitude 
make  their  appearance  whenever  the  dielectric  is  divided  by  an 
interposed  conductor.  If  we  were  acquainted  with  liquid  or 
gaseous  bodies  capable  of  assuming  a  high  magnetic  intensity, 
and  thus  comparable  with  liquid  and  gaseous  dielectrics,  the  above 
analogy  would  be  much  more  obvious  and  striking. 

A  further  failure  in  the  analogy  between  the  electric  circuit  and 
the  magnetic  circuit  arises  from  the  fact  that  whereas  the  electric 
resistance  of  a  conductor  is  independent  of  the  strength  of  the 
current,  the  so-called  magnetic  resistance  depends  essentially  upon 
the  magnetic  induction.  It  is,  therefore,  undesirable  to  use  the 
same  word  in  reference  to  both  properties.  In  order  to  retain  the 
advantage  of  the  real  mathematical  parallelism  between  the  laws 
of  the  electric  and  magnetic  circuits,  without  implying  a  closer 
physical  analogy  than  really  exists,  the  term  reluctance  has  been 
employed  instead  of  resistance  in  the  magnetic  case,  and  we  shall 
adopt  it  in  what  follows. 

,  277.  Oalculations  relating  to  the  Magnetic  Circuit— The 
analogies  pointed  out  above  may  be  employed  for  the  discussion 
of  the  conditions  existing  in  a  magnetic  circuit,  and  lead  to  results 
which  are  in  close  accord  with  experiment.  In  making  such 
applications  we  have  to  treat  the  lines  of  magnetic  force  as  always 
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forming  dosed  curves,  whether  they  traverse  magnetic  substances, 
or  air,  or  other  non-magnetic  bodies.  In  circuits  of  complicated 
shapes  there  are  difficulties  in  the  way  of  precise  numerical  cal- 
culation of  exactly  the  same  kind  as  those  which  would  present 
themselves  in  the  application  of  Ohm's  law  to  similar  cases ;  and 
if  a  circuit  includes  relatively  large  portions  of  non-magnetic 
material,  further  difficulties  arise  in  determining  the  course  of 
the  lines  of  force.  Allowing  for  such  considerations,  we  may 
calculate  with  magneto-motive  forces  and  reluctances  in  exactly 
the  same  way  as  with  electro-motive  forces  and  resistances. 

KirchofPs  rules  (§  ii6)  apply  to  the  case  of  divided  circuits. 
Thus  the  fluxes  g,  Q'*  2^  •  •  •  of  the  branches  which  terminate 
at  the  same  point  satisfy  the  equation 

2  +  2'+2"...=o   .   .    .    (2). 

In  a  closed  contour  the  magneto-motive  force  is  equal  to  the 
sum  of  the  products  obtained  by  multiplying  the  flux  of  each 
branch  by  the  corresponding  reluctance.  Thus  if  n  is  the  alge- 
braic sum  of  the  turns,  C  the  strength  of  current,  while  1 1'  T 
.  .  .  represent  the  lengths  of  the  various  segments,  /*/*'/*"... 
the  permeabilities,  S  S  S'  ,  .  ,  the  sections,  and  2  C  2"  .  •  • 
the  fluxes  which  traverse  them — 

4^C=i42+2,^a'+i„-5c"    .    .    .    (3). 

278.  Oonstrnction  of  Electro-Magnets.— The  theory  of  the 
magnetic  circuit  accounts  for  all  the  facts  presented  by  electro- 
magnets, and  enables  us  to  establish  exact  rules  for  tiieir  con- 
struction. It  leads  to  the  same  conclusions  as  the  consideration 
of  the  demagnetising  action  of  the  ends.  It  shows  why  the  force 
exerted  by  an  electro-magnet  upon  its  armature  diminishes  so 
rapidly  when  the  distance  between  them  increases.  As  the  per- 
meability of  air  is  several  hundred  times  less  than  that  of  iron, 
the  interposition  of  a  layer  of  air  is  equivalent  to  a  great  increase 
in  the  length  of  the  core  ;  the  number  of  ampere-turns  remaining 
the  same,  the  induction  is  greatly  decreased.  Hence  the  neces- 
sity of  having  the  surfaces  in  contact  well  worked  and  smooth ; 
even  then  a  joint  always  introduces  an  appreciable  reluctance,  and, 
other  things  being  equal,  an  electro-magnet  with  a  yoke  (Fig.  246) 
is  not  so  good  as  a  bent  electro-magnet  (Fig.  244). 
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In  planning  an  electro-magnet,  it  is  generally  assumed  that  a 
particular  value  of  the  induction  B  is  to  be  obtained  with  the 
wire  used.  Too  high  a  value  must  not  be  taken,  since,  beyond 
a  certain  limit,  the  increased  expenditure  is  out  of  proportion  to 
the  gain  of  magnetisation.  In  the  case  of  an  electro -magnet 
which  is  intended  to  support  a  weight  and  to  act  in  closed 
circuit,  the  weight  to  be  lifted  is  given.  The  polar  surface  is 
then  determined  by  the  equation  (§  224) — 

and  the  number  oi  ampere-turns  per  centimetre  by  the  formula 
^irnC^  _  B 
10/         /i* 

The  value  of  B  being  given,  that  of  /*  is  also  defined  by  the 
curve  of  magnetisation  (§  202)  for  the  iron  in  question. 

The  length,  /,  of  the  circuit  of  soft  iron  is  arbitrary ;  it  is 
economical  to  take  it  as  small  as  possible,  and  give  the  electro- 
magnet a  compact  form  like  that 
in  Fig.  250.  There  must  be  space 
enough  to  contain  the  wire  neces- 
sary. The  volume  of  the  wire  is 
determined  by  the  condition  of 
not  exceeding  a  certain  tempera- 
ture. The  thickness  of  the  wire 
depends  solely  on  the  current  to 

be  used.  Fig.  250. 

The  rule  to  be  followed  is  that 
the  coil  should  have  such  a  surface  that  for  a  given  excess  of 
temperature  over  the  surrounding  medium,  the  rate  of  loss  of 
heat  by  radiation  may  be  equal  to  the  rate  of  production  of  heat 
by  the  current.  Experiment  shows  that,  with  ordinary  coils,  the 
radiation  per  square  centimetre  per  degree  may  be  taken  as  about 
aooi  watt.  If  we  know  (§  271)  the  heat  produced  per  cubic 
centimetre,  it  is  easy  to  calculate  the  necessary  surface,  and  there- 
fore the  number  of  layers  of  wire  for  any  value  of  the  density  of 
the  current. 

For  a  straight  electro-magnet,  the  simplest  course  is  to  consider 
the  core  as  an  ellipsoid,  and  calculate  the  value  of  the  coefficient 
^  (§  193)-     Since  k  is  given,  we  know  the  ratio  of  the  effective 
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force  to  the  field,  and,  multiplying  this  by  o.^ir  times  the  number 
of  ampere-turns,  and  by  ft,  we  get  the  induction. 

279.  Ruhmkorff's  Electro-Magnet.—  In  order  to  obtain  an  in- 
tense field,  the  two  polar  surfaces  are  placed  opposite  each  other, 
so  as  to  prevent  as  much  as  possible  dispersion  of  lines  of  force 


Fig.  251. 

in  the  intervening  space.  This  is  the  arrangement  which  Ruhm- 
korflf  used  in  his  electro-magnet  (Fig.-25 1).  The  two  coils,  s  and  s', 
are  placed  opposite  each  other  with  their  axes  in  the  same  line, 
and  they  are  connected  by  a 'sliding  yoke,  E  e',  by  which  they 


Fig.  252. 


Fig.  253. 


Fig.  254. 


can  be  placed  at  various  distances,  and  clamped  where  required. 
In  most  cases  the  section  of  the  yoke  is  made  too  small,  and  many 
lines  of  force  escape  at  P  and  E. 

In  order  to  get  fields  either  uniform  or  variable,  the  ends  of 
the  cores  are  provided  with  flat  discs  (Fig.  252),  or  conical  (Fig. 
253)  or  bevelled  pieces  (Fig.  254). 
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Fig.  255. 


The  wire  makes  about  1500  turas,  and  can  bear  a  current  of 
2$  amperes  without  being  too  much  heated,  which  gives  37,500 
ampere- turns  as  a  maximum.  In  these  con- 
ditions experiment  shows  that  a  field  of  about 
14,000  units  is  obtained  between  two  poles  in  the 
shape  of  truncated  cones  (Fig.  253),  i  centimetre 
apart. 

.  280.  Polarised  Electro-Magnets.— This  term  is 
given  to  magnets,  the  cores  of  which  are  already 
magnetised  by  a  permanent  magnet  (Fig.  255). 
This  arrangement  is  used  whenever  very  sensitive 
electro-magnets  are  wanted,  which  rapidly  obey 
feeble  currents.  The  magnetisation  curve  (§  202) 
rises  very  slowly  for  weak  currents ;  but  if  the 
soft  iron  is  so  arranged  that  it  has  a  magnetisa- 
tion nearly  corresponding  with  the  point  of  inflec- 
tion, the  least  current  produces  a  considerable 
variation  in  tlie  magnetisation. 

^1.  Transverse  Magnetisation.— Suppose  that  an  iron  or 
steel  wire  is  wound  spirally  on  a  glass  tube,  and  that  a  current  is 
passed  through  a  copper  wire  in  the  axis  of  the  tube  ;  if  C  is  the 
strength  of  the  current,  a  the  external  radius  of  the  tube,  the 
magnetic  force  exerted  by  the  infinite  current  on  any  element 

of  the  iron  vArt  in  the  direction  of  its  axis  is  equal  to  —  (§  246). 

a 

The  iron  wire  becomes  a  solenoidal  filament,  and  exerts  no  force 

at  an  external  point ;  but  if  it  is  uncoiled,  its  ends  have  poles  of 

opposite  kinds. 

The  effect  is  the  same  on  an  iron  wire  traversed  by  a  current. 
The  surface  is  transversely  magnetised,  and  may  be  regarded  as 
formed  of  circular  solenoidal  filaments  perpendicular  to  the  axis. 
As  all  these  solenoids  are  closfed,  there  is  no  external  force.  But 
if  the  wire  were  sawn  longitudinally  along  its  axis,  the  two  edges 
forming  the  limit  of  each  section  would  present  the  properties  of 
two  polar  lines  of  opposite  signs. 

28^.  Magnetisation  of  Steel, — Currents  are  ordinarily  used 
instead  of  permanent  magnets  for  magnetising  steel  bars.  A  ring 
is  formed  of  several  turns  of  stout  wire,  through  which  a  strong 
current  is  passed.  The  ring  is  placed  round  the  middle  of  the 
bar,  and  then  when  the  circuit  is  closed,  it  is  passed  from  one  end 
of  the  bar  to  the  other ;  after  having  been  carried  the  same  number 
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of  times  over  each  half  of  the  bar,  the  ring  is  brought  to  the 
middle  again  and  the  current  is  stopped. 

With  horse -shoe  magnets  a  double  ring  is  used  coiled  in  the 
form  8  ;  the  limbs  of  the  horse-shoe  are  placed  one  in  each  loop, 
and  the  ring  is  moved  backwards  and  forwards  several  times  along 
the  limbs.  The  magnetisation  thus  obtained  is  both  strong  and 
regular. 

283.  Rotatory  Magnetic  Power.— Any  substance,  whether  solid, 
liquid,  or  gaseous,  when  placed  in  a  magnetic  field  acquires  the 
property  of  rotating  the  plane  of  polarisation  of  a  ray  of  light 


Fig.  256. 

which  traverses  it.  The  effect  is  greatest  when  the  direction  of 
the  ray  is  the  same  as  that  of  the  lines  of  force  of  the  field  ;  it 
vanishes  when  these  two  directions  are  at  right  angles  to  each 
other.  The  action  is  less  with  doubly  refracting  than  with  singly 
refracting  substances.  Faraday's  heavy  glass  (borosilicate  of  lead) 
among  solids,  and  bisulphide  of  carbon  among  liquids,  show  this 
effect  in  an  especial  degree. 

The  experiment  is  easily  made  with  a  Ruhmkorff's  electro- 
magnet (Fig.  256) ;  the  iron  cores  are  hollow,  and  rays  of  light 
from  a  lamp,  L,  travel  along  the  axis  p'  P ;  at  P'  is  the  polariser, 
while  P  is  the  analyser.     Suppose  the  light  is  homogeneous  ;  the 
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analyser  being  set  so  as  to  extinguish  the  light,  when  the  current 
is  passed  the  light  reappears,  and  in  order  to  extinguish  it  again 
the  analyser  must  be  turned  through  an  angle  which  can  be  read 
off  from  the  limb  D,  and  is  a  measure  of  the  rotation.  By  re- 
versing the  current,  an  equal  rotation  is  obtained  in  the  opposite 
direction. 

For  a  given  substance  the  direction  of  the  rotation  is  independent 
of  the  direction  in  which  the  rays  travel ;  it  is  the  same  whether 
the  propagation  is  in  the  direction  of  the  lines  of  force  or  in  the 
opposite  direction.  •  It  follows  from  this  that  if  the  ray  turns  back 
again,  and  traverses  the  substance  a  second  time  in  the  opposite 
direction,  the  rotation  is  doubled.     Thus,  by  increasing  the  length 


Fig.  257. 


of  the  path  of  the  ray  by  successive  reflections  (Fig.  257),  the 
rotation  can  be  increased  in  the  same  proportion. 

For  all  diamagnetic  substances  the  direction  of  the  rotation  is 
that  of  the  current  which  produces  the  field.  This  direction  we 
shall  take  as  positive.  For  most  magnetic  substances,  however, 
the  rotation  is  negative. 

284.  Verdet's  Law.— T'iie?  rotation  of  the  plane  of  polarisation 
between  two  points  is  proportional  -to  the  difference  of  magnetic 
potential  between  these  two  points^  or,  in  other  words,  to  the  work 
corresponding  to  the  displacement  of  unit  pole  from  the  first  point 
to  the  second. 

If  V  and  V  are  the  magnetic  potentials  at  the  two  points  in 
question  taken  on  the  path  of  the  ray,  the  angle  d  through  which 
the  plane  of  polarisation  is  turned  is  expressed  by  the  equation 

^  =  a;(F-F'), 

a>  being  the  rotation  which,  for  the  body  in  question,  corresponds 
with  unit  difference  of  potential.  This  quantity  has  been  called 
Verdefs  constant;  it  defines  the  rotatory  power  of  the  body.  For 
the  different  rays  of  the  spectrum  it  varies  nearly  as  the  inverse 
square  of  the  wave  length. 
For  the  ray  D  and  the  temperature  0°,  the  value  of  the  constant 
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is  o'.o43  for  carbon  bisulphide,  and  o'.oi3  for  water.     It  is  less  as 
the  temperature  is  higher ;  for  carbon  bisulphide  we  have 

^t  —  ^o(^  "  000104^  -  0.000014/*). 

285.  Optical  Galvanometer.— The  rotation  of  the  plane  of 
polarisation  furnishes  a  convenient  means  of  measuring  the 
strength  of  a  current  in  absolute  value. 

Let  a  length  e  of  the  substance  be  placed  in  a  uniform  field,  for 
instance  along  the  axis  of  a  long  coil  with  n^  turns  for  unit  length. 
The  difference  of  potential  per  centimetre  is  -F  =  4^«iC  (§  256), 
and  if  6  is  the  observed  rotation  we  have 

6  =  u}47rniCef 

an  expression  which  only  requires  two  measurements,- those  of  e 
and  6, 

Or,  more  simply  still,  let  the  substance  (carbon  bisulphide,  for 
instance)  be  placed  in  a  long  tube  closed  at  both  ends  by  glass 
plates,  and  round  the  middle  let  there  be  a  coil  formed  of  n  turns 
of  any  given  shape  and  size  (Fig.  258).     If  the  tube  is  so  long  that 


Dn 


Fig.  258. 

the  force  due  to  the  coil  at  the  ends  may  be  neglected,  the 
difference  of  potential  between  the  ends  is  ^TrnC,  and  the  rotation 
is  therefore 

6=<i)4irnC, 

The  method  requires  no  measurement  of  the  coil,  nor  accurate 
placing  of  it ;  all  that  is  needed  is  the  number  of  turns  of  wire. 

The  above  formula  assumes  that  the  tube  is  infinitely  long  in 
both  directions.  It  is  easy  to  find  the  required  correction :  the 
coil  remaining  fixed,  the  tube  is  moved  so  that  the  end  A  comes 
into  the  place  of  the  end  B ;  the  correction  will  be  twice  the 
rotation  measured  in  this  new  position. 

286.  Hall's  Phenomenon.— Suppose  a  very  thin  metal  plate 
(Fig.  259)  provided  with  four  electrodes.  A,  B,  a,  b^  the  two  first  of 
which  can  be  connected  with  a  battery,  and  the  two  others  with  a 
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galvanometer.  When  the  current  is  made  between  A  and  B,  the 
electrodes  a  and  b  can  be  moved  about,  and  points  found  by  trial 
such  that  no  current  passes  in  the  galvanometer.  These  two 
points  are  then  at  the  same  potential. 

When  this  adjustment  has  been  made,  if  the  plate  is  placed  in 
a  strong  magnetic  field  at  right  angles  to  the  lines  of  force,  the 
deflection  of  the  galvanometer  shows  that  a  portion  of  the  current 
AB  passes  through  the  galvanometer.  It  is  also  found  that  an 
instantaneous  discharge,  other  things  being  equal,  divides  in  the 
same  way  and  in  the  same  proportion  as  a  continuous  current. 

If  the  current  is  from  A  to 
B,  the  displacement  is  in  the 
direction  of  the  electro-mag- 
netic force  <^,  that  is,  from  a 
through  the  galvanometer  to 
b  in  the  case  of  iron,  cobalt, 
and  zinc ;  and  in  the  con- 
trary direction,  that  is  to  say, 
from  b  through  the  galvano-  Fig.  259. 

meter  to  a^  with  gold,  nickel, 
and  bismuth.    With  platinum  and  lead  there  seems  to  be  no  effect. 

Let  C  be  the  strength  of  the  original  current,  c  the  strength  of 
the  current  in  the  galvanometer,  F  the  intensity  of  the  field  ;  if  V^ 
and  Vf,  are  the  potentials  at  the  points  a  and  ^,  and  R  the  resist- 
ance between  these  two  points,  we  have  from  Ohm's  law — 

Experiment  shows  that  if  e  is  the  thickness  of  the  plate,  and  G  a 
constant,  the  law  of  the  phenomenon  is  given  by  the  formula 


The  following  are  the  values  of  the  constant  G : — 

Bismuth -  8580 

Nickel 

Gold 

Zinc 

Cobalt 

Iron 

Antimony       .... 


- 

14 

- 

0.66 

+ 

0.83 

+ 

2.40 

+ 

7.85 

+ 

14.00 
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The  sign  +  represents  the  case  in  which  the  current  is  in  the 
direction  of  the  electro-magnetic  force. 

The  phenomenon  is  due  to  a 
modification  of  the  lines  of  flow 
of  the  current  under  the  in- 
fluence of  the  magnetic  field. 
Outside  this  field,  if  the  plate 
is  homogeneous,  and  has  the 
same  thickness  throughout,  the 
current  at  a  small  distance  from 
the  electrodes  A  and  B  is  uni- 
formly distributed ;  the  lines  of 
flow  are  parallel  to  ab,  and  the  equipotential  lines  are  perpendi- 
cular to  them  (Fig.  260). 

But  when  the  field  is  set  up,  the  lines  of  flow  and  the  equi- 
potential lines  are  deformed  in  the  case  of  antimony,  as  shown  in 


Fig.  260. 


€1^ 


Fig.  262. 

Figs.  261  and  262  ;  the  potential  of  the  point  a  is  higher  than  that 
of  b  in  the  former  case,  and  lower  in  the  latter. 

Under  the  same  circumstances  the  resistance  of  bismuth  in- 
creases. This  increase  of  resistance  may  serve  to  measure  the 
intensity  of  the  magnetic  field. 
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CHAPTER  XXV. 
INDUCTION. 

287.  Induction  Onrrents. — Whenever  the  flux  of  magnetic  force 
through  a  closed  circuit  is  changed,  the  circuit  becomes  the  seat  of 
a  temporary  current  which  lasts  as  long  as  the  variation  of  the  flux. 
Such  a  current  is  called  an  induction  current  or  induced  current. 
Induction  currents  were  discovered  by  Faraday  in  1831,  and  we 
shall  here  describe  some  of  his  fundamental  experiments. 

288.  Induction  by  Currents.— A  closed  circuit,  ab  (Fig.  263), 
contains  a  galvanometer,  G  ;  a  second  circuit,  parallel  to  the  first 


Fig.  263. 

for  a  great  part  of  its  length,  is  connected  with  a  battery,  and  can 
be  closed  or  broken,  or  the  current  can  be  reversed  at  pleasure. 
The  former  will  be  called  the  induced  or  secondary  circuit,  and  the 
latter  the  inducing  ox  primary  circuit. 

Every  time  the  battery  circuit  is  closed,  the  induced  circuit  AB  is 
traversed  by  a  momentary  current  in  a  contrary  or  inverse  direction 
to  that  in  the  parallel  portion  CD  of  the  inducing  circuit.  Every 
time  the  inducing  circuit  is  broken,  the  secondary  is  traversed  by 
a  momentary  current  in  the  same  direction  as  the  inducing  current, 
that  is,  by  a  direct  current. 

Nothing  is  observable  in  the  induced  circuit  so  long  as  a  steady 
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current  passes  through  the  inducing  circuit,  and  so  long  as  it  re- 
mains at  the  same  distance.  But  when  the  wire  CD  is  brought  near 
AB,  or  when  the  current  in  CD  is  increased,  an  inverse  induced  current 
is  produced  in  ab  ;  while  if  the  wire  CD  is  moved  away  or  the  strength 
of  its  current  is  decreased,  a  direct  induced  current  is  produced. 

In  short,  a  current  which  begins  to  flow,  or  increases  in  strength,  . 
or  is  brought  nearer,  produces  in  an  adjacent  circuit  an  inverse 
induced  current ;  a  current  which  ceases,  or  diminishes  in  strength, 
or  is  moved  away,  produces  a  direct  induced  current.  These 
currents,  which  are  produced  by  the  influence  of  other  currents, 
were  spoken  of  by  Faraday  as  currents  due  to  volta-electric 
induction. 


Fig.  264. 

The  effects  are  stronger  the  nearer  are  the  two  wires,  and  the 
greater  the  length  of  the  parallel  portions.  The  experiment  is 
ordinarily  made  with  two  coils  of  insulated  wire,  one  of  which 
(Fig.  264)  can  be  placed  inside  the  other,  like  A  and  B. 

289.  Induction  by  Magnets.— Suppose  the  coil  b  (Fig.  264)  to 
be  connected  with  a  galvanometer  ;  if  a  bar  magnet  is  inserted  in 
it,  the  effects  are  the  same  as  though  a  second  coil,  A,  carrying  a 
current,  had  been  put  in  in  place  of  the  magnet.  In  order  to  find 
the  direction  of  the  induced  current,  we  may  suppose  the  magnet 
replaced  by  the  equivalent  electro-magnetic  cylinder  (§  256).  In 
like  manner  any  increase  in  the  strength  of  the  magnet  produces 
an  inverse  current,  and  any  diminution  a  direct  current  This  action 
Faraday  called  magneto-electric  induction. 

Both  effects  are  obtained  simultaneously  and  with  far  greater 
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Fig.  265. 


strength  by  placing  a  core  of  soft  iron,  D,  in  the  inducing  coil 
(Fig.  265).  When  the  current  is  made,  the  cylinder  of  soft  iron  is 
magnetised,  and  the  two  actions,  of  the  coil  and  of  the  magnet, 
which  are  evidently  in  the  same  direc- 
tion, are  added  together.  They  are 
also  added  when  the  current  is  broken. 

290.  Induction  by  the  Action  of 
the  Earth. — If  a  closed  circuit  be  dis- 
placed or  deformed  in  the  magnetic 
field  of  the  earth  so  that  the  number 
of  lines  of  force  passing  through  it  is 
altered,  an  induced  current  is  produced, 
the  direction  of  the  current  depending 
upon  whether  the  change  of  the  number 
of  lines  of  force  through  the  circuit  is 
positive  or  negative.  Thus  if  a  coil, 
held  with  its  axis  in  the  line  of  dip,  and 
connected  by  long  wires  with  a  galvanometer,  is  quickly  turned 
through  an  angle  of  180°,  the  galvanometer  needle  is  deflected. 

291.  Self-induction— Extra  Ourrent.— Lastly,  Faraday  showed 
that  any  variation  in  the  strength  of  a  current  produces  in  the 
circuit  itself,  in  which  the  current 
passes,  an  induction  current,  which 
is  superposed  on  the  principal  cur- 
rent, and  always  opposes  the  actual 
variation  of  strength,  tending  to 
weaken  a  current  which  is  increas- 
ing, and  to  strengthen  one  that  is 
decreasing.  This  phenomenon  is 
called  the  induction  of  a  current  on 
itself^  or,  more  briefly,  self-induction^ 
and  the  resulting  current  is  called 
an  extra  current.  The  effect  is 
especially  marked  in  circuits  which 
contain    coils    or   electro-magnets. 

In  this  case  the  spark,  on  breaking  the  circuit,  is  much  stronger 
and  louder  than  the  spark  on  closing  the  circuit,  and  if  the  body 
is  interposed  in  the  circuit,  the  extra  current  may  produce  strong 
physiological  effects.  Faraday  used  the  following  method  for 
showing  the  extra  current  produced  on  making  and  breaking  the 
circuit : — 


'N'M'I'I— K 


Fig.  266. 
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Fig.  267. 


Fig.  268. 


A  coil,  R  (Fig.  266),  is  connected  with  a  battery,  E,  and  a  key, 
K,  by  which  the  circuit  can  be  closed  or  opened,  and  a  galvano- 
meter, G,  is  connected  in  multiple  arc  with  the  coil,  so  that  the 
battery -current  divides  between  it  and  the  coil.  Let  a  be  the 
position  of  equilibrium  of  the  needle  under  the  influence  of  the 
current  which  passes  through  the  galvanometer  when  the  circuit  is 
closed  at  K,  and  a  stationary  condition  is  established.  The  needle 
is  kept  at  the  angle  a  by  means  of  a  stop  (Fig.  267),  which  pre- 
vents it  from  going  back  to  zero  when  the  circuit  is  interrupted. 

On  again  closing  the  circuit, 
the  needle  is  deflected  beyond 
a,  because  the  "  extra  current " 
delays  the  growth  of  the  cur- 
rent in  R,  and  at  first  more  than 
the  normal  proportion  flows 
along  AGB. 

Next,  the  stop  is  placed  at  O 
(Fig.  268),  so  as  to  keep  the  needle  at  0°,  while  a  steady  current 
is  again  made  to  traverse  the  circuit;  when  the  circuit  is  now 
broken  at  K,  the  needle  is  deflected  in  the  opposite  direction, 
because  the  current  in  the  coil  continues  for  an  instant  to  flow 
after  the  battery-circuit  has  been  broken.  If  the  original  direc- 
tions were  axyb  and  agb,  the  current  continuing  along  XY,  after 
K  is  open,  causes  a  current  through  the  galvanometer  from  B  to  A. 

292.  Oharacteristics  of  Induction  Currents.— All  the  phe- 
nomenon of  induction  have  the  common  characteristic  that  they 
correspond  to  a  modification  of  the  magnetic  field  enclosed  by  the 
induced  circuit,  whether  this  field  be  due  to  currents  or  to  magnets, 
or  to  a  current  in  the  circuit  itself.  It  remains  to  establish  the 
numerical  laws  of  these  currents. 

We  will  first  consider  currents  due  to  a  displacement  of  the 
circuit. 

Almost  immediately  after  the  discovery  of  induced  currents,  Lenz 
gave  a  very  simple  rule  for  their  direction,  which  is  this  :  the  direc- 
tion of  an  induced  current  is  always  such  that  by  its  electro-magnetic 
action  it  tends  to  oppose  the  displacement. 

In  investigating  the  conditions  which  determine  the  strength  of 
an  induction  current,  we  may  remark,  in  the  first  place,  that  the 
existence  of  such  a  current  implies  the  existence  of  an  induced 
electromotive  force^  on  which  the  strength  of  the  current  depends 
in  the  way  expressed  by  Ohm's  law.     As  the  conditions  deter- 
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mining  the  magnitude  of  the  electromotive  force  are  decidedly 
,  simpler,  we  shall  examine  them  first. 

Going  back  to  §  130,  we  know  that,  when  work  is  done  at  the 
expense  of  the  energy  of  an  electric  current,  an  inverse  electro- 
motive force  is  generated,  the  magnitude  of  which  is  expressed  by 
the  equation 

where  W  is  the  work  done  in  unit  of  time  as  the  result  of  a  current 
of  strength  C.  If  ^  is  measured  in  watts,  and  C  in  amperes,  e 
is  given  by  this  equation  in  volts. 

We  have  seen  further  (§  252),  that  when  a  conductor  carrying 
a  current  moves  in  a  magnetic  field  so  as  to  cut  lines  of  force, 
work  is  done  equal  to  the  product  of  the 
strength  of  the  current  into  the  number  of 
lines  of  force  cut  through ;  or,  more  gene- 
rally (§  261),  that  when  the  flux  of  magnetic 
force  through  the  area  of  a  circuit  alters, 
work  is  done  equal  to  the  product  of  the 
strength  of  the  current  into  the  increment 
of  the  magnetic  flux. 

Apply  these  considerations  to  a  case  such 
as  that  represented  in  Fig.  269,  where  ab 
and  a'b'  are  parallel  metal  rails  connected 
by  a  cross-bar  CC',  which  can  slide  along 
them  at  right  angles  to  its  own  length,  and 
P  is  a  battery  by  which  a  current  can  be 
sent  through  the  rails  and  cross-bar.  Sup- 
pose the  plane  of  the  rails  and  bar  to  be  per-  p^^  •'  , 
pendicular  to  the  direction  of  a  magnetic  field  ' 
of  intensity  H^  let  the  direction  of  the  current  be  from  A  to  c  and  c' 
to  a'  in  the  figure,  and  the  direction  of  the  magnetic  force  to  be  as 
indicated  by  the  arrow  z.  Then  the  electro-magnetic  forces  will 
tend  to  enlarge  the  area  of  the  figure,  so  as  to  make  it  enclose  a 
greater  number  of  lines  of  force,  and  the  sliding  bar  will  move 
towards  be'.  Let  <^  be  the"  force  tending  to  displace  the  bar : 
while  it  moves  through  a  small  distance  ds^  the  work  done  will  be 
dW^i^ds,  But  (§§  252  and  261)  we  have  also  dW^CdQ,  if  C  is 
the  strength  of  current  and  dQ  the  increment  of  magnetic  flux 
through  the  circuit  caused  by  the  displacement.  Repeating  the 
reasoning  of  §  130,  we  may  write  the  following  equation,  which 
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states  that  the  energy  received  by  the  circuit  in  an  element  of 
time,  dt^  in  consequence  of  the  electromotive  force  E  of  the 
battery,  is  equal  to  the  energy  expended  in  generating  heat  in  and 
doing  work : 

ECdt=ORdt-\-CdQ^ 

If  the  sliding  bar  were  not  allowed  to  move,  that  is,  if  no  work 
were  done,  the  strength  of  the  current  would  be.C^,  and  the  above 
equation  would  become 

ECdt^C^RdL 

O  0 

It  is  evident  that  C  is  not  the  same  as  C^,  and,  as  the  resistance 
is  the  same  in  both  cases,  a  change  in  the  strength  of  the  current 
can  only  be  due  to  a  change  in  the  effective  electromotive  force 
of  the  circuit^in  other  words,  to  the  generation  of  an  additional 
electromotive  force  e.  The  effective  electromotive  force  is  the 
algebraic  sum  of  the  electromotive  forces  of  the  circuit,  and  by 
Ohm's  law  we  may  write 

E  +  e=CR. 

But  if  we  divide  the  first  of  the  above  equations  by  C  and  by  ///, 
we  get 

at 
and  therefore 

e=-^Q-^-Ht^=  -Hlv, 
at  at 

It  is  to  be  noted  that  the  induced  electromotive  force  e  is  inde- 
pendent of  the  strength  of  the  current,  and  therefore  has  the  same 
value  even  if  there  is  no  other  electromotive  force,  and  therefore 
no  current  except  that  due  to  induction.  It  depends  only  on  the 
rate  of  increase  of  the  magnetic  flux  through  the  circuit.  This,  in 
the  case  supposed,  is  equal  to  the  strength  of  the  magnetic  field 
H  multiplied  by  the  distance  /  between  the  rails  and  by  the 

(is 
velocity,  ^  =  -r,  with  which  the  bar  moves. 
dt 

The  negative  sign  in  the  expression  for  e  receives  its  interpreta- 
tion from  Lenz's  law,  of  which,  in  fact,  it  is  the  expression.  It 
indicates  that  the  electromotive  force,  due  to  an  increase  of  the 
magnetic  flux  in  a  given  direction,  would,  if  it  acted  alone  in  a 
circuit,  produce  a  current  causing  a  magnetic  flux  in  the  opposite 
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direction.  Thus  if,  in  the  case  already  considered,  the  battery  is 
replaced  by  a  conducting  wire  R  (Fig.  270),  motion  of  the  cross- 
bar from  A  towards  B  will  produce  a  current  in  the  direction  of  the 
arrows,  that  is,  opposite  to  the  battery 
current  in  the  previous  case.  The  cur- 
rent is  inverted  if  the  motion  is  from  B 
towards  a.  These  effects  can  be  rendered 
visible  by  including  a  galvanometer  be- 
tween A  and  a'. 

293.  General  Law  of  Induction- 
Electromotive  Force. — The  general  law 
of  induction  is  only  a  generalisation  of 
the  foregoing.  Whether  the  circuit 
moves  across  the  lines  of  force,  or 
whether  the  lines  of  force  move  in  refer- 
ence to  the  circuit,  whether  or  not  the 
electro-magnetic  forces  do  work,  that  is 
to  say,  whether  there  is  or  is  not  a  dis- 
placement of  their  points  of  application, 
each  element  of  the  circuit  which  in  the 

time  dt  cuts  a  number  of  lines  of  force  dq^  is  the  seat  of  an 
electromotive  force, 

de^  -^, 
dt' 

whose  direction  is  from  foot  to  head  of  an  observer  who,  looking 
along  the  lines  of  force,  sees  them  pass  from  right  to  left. 

All  these  electromotive  forces  add  up  algebraically,  like  those  of 
a  number  of  galvanic  cells  connected  in  the  same  circuit. 

If  the  conductor  does  not  form  a  closed  circuit,  the  two  electri- 
cities are  accumulated  at  the  opposite  ends  until  a  difference  of 
potential  is  produced  equal  to  the  algebraic  sum  of  the  elemen- 
tary electromotive  forces. 

If  the  circuit  is  closed,  the  total  electromotive  force  is  likewise 
the  algebraic  sum  of  the  electromotive  forces  corresponding  to 
the  different  elements  :  and  since  the  algebraic  sum  of  the  lines  of 
force  cut  by  all  the  elements  is  equal  to  the  variation  dQ  of  the 
flux  of  force  through  the  circuit,  the  electromotive  force  at  the 
time  /  is 

dt 
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If  /?  is  the  resistance  of  the  circuit,  this  electromotive  force  pro- 
duces at  the' moment  in  question  a  current  of  strength 

^  " R  "'^ Rdt' 

The  direction  of  the  current  is  such  that  its  axis  (§  250)  is  in  the 
opposite  direction  to  the  flux  if  dQ  is  positive,  and  in  the  same 
direction  if  dQ  is  negative. 

294.  Ooefficient  of  Self-Indnction.— It  has  been  shown  (§§  244 
et  seq,)  that  the  existence  of  an  electric  current  in  a  conductor 
implies  the  existence  of  magnetic  force  in  the  neighbouring  space. 
Indeed,  in  order  to  ascertain  the  existence,  direction,  and  strength 
of  a  current,  we  usually  examine,  not  the  conductor  itself,  but  the 
magnetic  properties  of  the  space  near  it.  Whatever  the  ultimate 
nature  of  the  phenomenon  which  we  recognise  and  speak  of  as  an 
electric  current  may  be,  it  is  an  incomplete  view  of  it  to  confine 
our  attention  to  the  process  going  on  in  the  conducting  circuit ;  it 
involves  also,  as  an  essential  part,  the  existence  of  the  correlative 
magnetic  field. 

Every  complete  circuit  forms  a  closed  curve,  and  the  correspond- 
ing lines  of  magnetic  force,  which  also  form  closed  curves,  are 
linked  through  it  (see,  for  example,  Figs.  218,  219).  Hence, 
irrespective  of  any  other  magnet  or  circuit,  there  is,  through  the 
area  of  every  circuit  carrying  a  current,  a  flux  of  magnetic  force 
depending  on  the  current  in  the  circuit.  As  already  mentioned 
(§  271),  the  magnetic  field  due  to  a  current  remains  similar  to 
itself  whatever  the  strength  of  the  current,  but  the  force  at  any 
point  of  the  field  is  proportional  to  the  current.  Hence  the  total 
flux  through  the  circuit  is  proportional  to  the  current,  and  may  be 
represented  by 

Q  =  LC, 

where  Z  is  a  factor  depending  on  the  geometrical  characters  of  the 
circuit, — its  shape,  the  area  enclosed,  and  the  number  of  times  the 
current  goes  round  it, — and  on  the  magnetic  permeability  of  the 
surrounding  medium. 

The  coefficient  L  is  called  the  coefficient  of  self-induction  of  the 
circuit.  It  may  be  defined  as  the  magnetic  flux  which,  in  conse- 
quence of  a  current  of  unit  strength  in  the  circuit,  traverses  the 
area  of  the  circuit.  It  is  a  quantity  of  the  same  kind  as  the  co- 
efficient of  mutual  induction  (§§  184,  261)  of  two  circuits^  • 
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295.  Electromotive   Force   due   to   Self-Iiidactioxi.--If  we 

connect  what  has  been  said  in  the  last  paragraph  with  the  result 
arrived  at  in  §  292  as  to  induced  electromotive  force,  we  see  that 
the  self-induction  of  a  circuit  must  give  rise,  in  the  case  of  any 
variation  of  the  current,  to  an  electromotive  force  tending  to  oppose 
the  variation.     In  fact,  the  equations 

^  =  -  ^  and  g  =  ZC 
at 

give,  when  L  is  constant, 

d{LC)  _  _  r  dC 

^ "    ~dr  "    ^  7/  • 

Hence  when  -  is  positive,  that  is,  when  the  current  is  increasing, 
there  is  a  negative  electromotive  force  due  to  self-induction ;  and 

when   -J-   is  negative,  or  the  current  is  decreasing,  the  electro- 
dt 

motive  force  of  self-induction  is  positive.    Whenever  the  strength 

of  the  current  is  constant,  _-   =  o,  the  electromotive  force  of  self- 
dt 

induction  is  nothing. 

These  results  contain  the  proper  interpretation  of  the  pheno- 
menon of  the  "  extra  current "  (§  291). 

296.  Work  Spent  in  EstabHshing  a  Cnrrent— Intrinsic 
Energy  of  a  Oircoit. — If  there  were  no  such  thing  as  self- 
induction,  an  electromotive  force,  E^  applied  to  a  circuit  of 
resistance,  /?,  would  instantly  give  rise  to  a  current  of  strength, 
C  =  ElR.  The  electromotive  force  of  self-induction,  however, 
causes  the  establishment  of  a  current  to  be  a  more  or  less  gradual 
process.  It  is  true  that  in  many  cases  it  is  so  rapid  as  to  need 
delicate  observation  to  detect  that  it  is  not  instantaneous,  but  in 
cases  where  the  coefficient  of  self-induction  has  a  high  value,  the 
growth  of  the  current  occupies  a  very  appreciable  time.  This 
point  is  discussed  more  particularly  in  §  310. 

During  the  variable  period  at  the  conunencement  of  a  current, 
more  energy  is  imparted  to  the  circuit  by  the  battery  than  is  given 
out  by  it  in  the  form  of  heat  or  otherwise.  The  excess  is  conse- 
quently stored  up,  and  goes  to  increase  the  energy  of  the  circuit. 
Take  again  the  equation 

ECdt  =  ORdt  +  CdQ, 
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already  employed  in  §  292.  In  the  paragraph  referred  to,i/j2  was 
an  increment  of  magnetic  flux  through  the  circuit  due  to  a 
deformation  of  the  circuit  in  an  independent  magnetic  field ;  in 
the  present  case,  we  take  it  to  stand  for  an  increment  of  the 
magnetic  flux  due  to  an  increase  in  the  strength  of  the  current  in 
a  circuit  of  constant  size  and  shape.  Expressing  the  total  flux  by 
means  of  the  coefficient  of  self-induction,  we  have  J2  =  ZC,  and 
therefore  dQ  =  LdC,    Hence  we  may  write 

ECdi  -  aRdt  =  LCdC 

In  this  expression,  LCdC  dearly  appears  as  the  excess  of  the 

energy  imparted  to  the  circuit  over  that  given  out  as  heat. 

If  we  put  IV  for  the  total  energy  stored  up  while  the  strength  of 

the  current  changes  from  an  initial  value,  C^y  to  a  final  value,  C, 

we  have 

C 

w=^  JLCdc  =  ma  -  C/). 

If  the  initial  value  C^=o,  this  gives 

PV  =  iZC2 

as  the  value  of  <he  work  expended  in  establishing  the  current,  or 
that  of  the  intrinsic  energy  of  the  circuit. 

297.  Analogy  between  Electro-Magnetic  Energy  and  Elec- 
tro-Static Energy.— -Using,  as  before,  Q  for  the  magnetic  flux,  we 
have  the  three  equivalent  expressions — 

which  may  be  compared  with  the  three  forms  in  which  the  energy 
of  an  electro-static  field  (§55)  may  be  expressed,  namely, 

It  is  to  be  remembered  that,  in  the  latter  case,  C  stands  for  electro- 
static capacity,  and  Q  for  electro-static  charge. 

The  analogy  between  the  energy  of  a  conducting  circuit  and 
that  of  an  electro-static  field  goes  beyond  the  mere  parallelism  of 
the  formulae. 
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The  seat  of  the  energy  of  an  electric  current,  or,  as  we  may  call 
it  more  shortly,  electro -magnetic  enei-gy,  is  not  the  conductor 
along  which  the  current  is  said  to  flow,  but  rather  the  surround- 
ing medium,  the  seat  of  the  magnetic  field,  which,  as  we  have 
pointed  out,  is  implied  in  the  existence  of  the  current  So  long 
as  the  strength  of  current  remains  constant,  the  energy  depends 
only  on  the  geometrical  conditions  of  the  conductor,  and  not  at 
all  upon  its  physical  properties ;  it  does,  however,  depend  on  the 
magnetic  permeability  of  the  medium,  for  this  is  a  factor  of  the 
coefficient  of  self-induction.  In  the  electro-static  case,  the  con- 
ducting boundaries  of  the  field  affect  the  energy  only  by  virtue  of 
their  geometrical  characters  ;  but  the  dielectric  medium  affects  it 
by  virtue  of  its  specific  inductive  capacity. 

In  either  case,  the  distribution  of  energy  in  the  field  might  be 
mapped  or  represented  graphically,  if  we  suppose  drawn  the  tubes 
of  force  and  equipotential  surfaces.  These,  by  their  mutual  inter- 
sections, divide  the  field  into  a  number  of  compartments  or  cells, 
each  of  which  is  the  seat  of  the  same  quantity  of  energy  (§  56). 
As  the  electro-static  charge,  in  the  one  case,  or  the  strength  of  the 
current  in  the  other,  increases,  we  must  imagine  more  energy 
flowing  out  from  the  conducting  surfaces  into  the  medium,  and 
the  number  of  cells  increasing.  They  become  smaller  and  more 
closely  crowded  together  ;  that  is  to  say,  more  energy  is  accumu- 
lated in  a  given  space.  As  the  charge,  or  the  strength  of  the 
current,  diminishes,  energy  returns  from  the  medium  into  the 
conductors,  the  cells  expanding  and  decreasing  in  number  till  all 
are  gone. 

If/ is  the  intensity  of  electro-static  force  at  any  part  of  a  field, 
and  K  the  dielectric  coefficient,  the  energy  in  a  portion  of  the 
field,  whose  volume,  dv^  is  so  small  that  the  force  may  be  taken  as 
constant  throughout,  is 

fl^dv. 
8ir 

The  corresponding  expression  in  the  electro-magnetic  case  is 

where  F  is  the  intensity  of  magnetic  force,  and  /i  the  magnetic 
permeability  of  the  medium  (comp.  §  337). 
298.  Transfer  of  Electric  Energy.— Besides  the  existence  of  a 
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magnetic  field,  another  necessary  condition  of  the  production  of  a 
current  by  a  galvanic  battery,  or  any  equivalent  arrangement,  is  a 
difference  of  potentials  between  different  parts  of  the  circuit,  and 
this  difference  of  potentials  implies  the  existence  of  electro-static 
energy,  which  might  be  represented  by  tubes  of  force  and  equi- 
potential  surfaces.  If  the  current  is  of  constant  strength,  the 
potential  remains  constant  at  each  point  of  the  circuit  and  of  the 
field,  and  consequently  the  equipotential  surfaces  are  stationary, 
but  each  of  them  intersects  the  surface  of  the  conductor  at  the  part 
where  its  potential  has  the  corresponding  value.  The  tubes  of 
force,  which  are  necessarily  orthogonal  to  the  equipotential  surfaces, 
consequently  meet  the  surface  of  the  conductor  obliquely ;  they 
cannot,  therefore  (§  33),  be  in  equilibrium.  Their  ends  run  along 
the  conductor  towards  the  side  on  which  they  meet  the  surface  at 
an  acute  angle,  and  at  the  same  time  they,  as  it  were,  sweep  the 
electro-static  energy  into  the  conductor,  where  it  appears  as  heat. 
The  result  would  be  the  almost  instantaneous  disappearance  of  all 
energy,  were  it  not  for  the  battery,  which  pours  electro-static  energy 
into  the  field  as  fast  as  it  is  absorbed  into  the  conductor.  Part  of 
the  process  going  on  in  a  closed  circuit  is  thus  a  flow  of  electro- 
static energy  from  the  battery  across  the  field  into  the  conducting 
wire  :  this  corresponds  to  the  generation  of  heat  at  the  rate  C^R, 

This  flow  or  transfer  of  electro-static  energy  across  the  field  is 
accompanied  by  the  existence  of  magnetic  force,  and  therefore  of 
magnetic  energy  in  the  field.  The  lines  of  magnetic  force  coin- 
cide with  the  lines  in  which  the  surfaces  of  equal  electro-static 
potential  and  of  electro-static  force  intersect  each  other.  So  long 
as  the  flow  of  electric  energy  remains  constant,  the  distribution  of 
magnetic  force  and  energy  remains  stationary.  A  constant  electro- 
magnetic field  thus  accompanies  and  requires  a  constant  rate  of 
transfer  and  dissipation  of  electric  energy.  For  a  given  form  and 
size  of  circuit,  the  difference  between  what  is  called  a  good  and  a 
bad  conductor  may,  from  our  present  point  of  view,  be  stated  thus  : 
with  a  good  conductor  an  electro-magnetic  field  of  given  intensity 
can  be  maintained  with  a  smaller  rate  of  dissipation  of  electric 
energy  than  with  a  bad  conductor. 

299.  Energy  of  Two  Circuits.— If  two  circuits,  each  carrying 
a  current,  are  in  presence  of  each  other,  the  total  energy  is  the 
sum  of  the  intrinsic  energies  of  the  two  circuits  and  of  the 
energy  due  to  their  co-existence.  If  C  and  C  are  the  strengths 
of  the  two  currents,  L  and  N  the  two  coefficients  of  selif-induc- 
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tion,  and  M  the  coefficient  of  mutual  induction,  the  whole 
energy  is 

W=-\La^  MCC  +  \  NCI 

300.  Qnantity  of  Electricity.— The  quantity,  dm,  of  electricity 
put  in  motion  in  the  circuit  during  the  time,  <//,  by  an  induced 
current  is 

dm^Cdt^-^, 
R 

The  total  quantity,  w,  corresponding  to  a  finite  variation  of  flux, 
is  the  sum  of  all  such  expressions.  If  we  consider  a  variation 
in  which  both  the  initial  and  final  values  of  the  streng^th  of  the 
current  are  zero,  the  variations  of  the  flux  due  to  the  current 
itself  give  a  sum  zero,  and  any  resultant  change  of  flux  is  due  to 
the  external  field.     If  this  be  called  Q^  -  Qj,  we  have 

,«  =  a_-a 

consequently  the  toted  quantity  of  electricity  put  in  motion  by  an 
induced  current,  the  limiting  values  of  which  are  zero,  is  equal 
to  the  quotient  of  the  total  variation  of  magnetic  flux  through  the 
circuit  by  the  resistance  of  the  circuit. 

It  depends  neither  on  the  time  the  variation  has  occupied  nor 
on  the  manner  in  which  it  has  taken  place.  The  induced  flow,  m, 
is  to  be  reckoned  positive  or  negative  in  accordance  with  what  has 
been  already  said  in  §  293. 
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CHAPTER  XXVI. 
SPECIAL  CASES  OF  INDUCTION. 

301.  Applications. — We  proceed  now  to  discuss  the  application 
of  the  general  principles  pointed  out  in  the  last  chapter  to  some 
important  special  cases. 

The  simplest  is  that  in  which,  passing  from  a  stationary  condi- 
tion where  the  flux  through  a  circuit  is  Qi  to  another  stationary 
condition  in  which  the  flux  is  Q^  we  wish  to  determine  the 
quantity  of  electricity  put  in  motion.  The  result  of  the  last 
paragraph  applies  at  once.  If  the  variation  takes  place  very 
quickly,  the  quantity,  m,  of  electricity  traverses  the  circuit  in  a 
momentary  current  or  a  sudden  rush,  and  may  be  easily  measured 

(§  354). 

A  second  equally  simple  case  is  that  in  which  the  variation  of 
flux  takes  place  uniformly.  The  circuit  is  the  seat  of  a  constant 
electromotive  force,  the  value  of  which  is  given  directly  by  the 

formula  arrived  at  in  §  293,  namely,  e=  -  J^,  where  ^  is  the 

at  at 

rate  of  increase  of  flux. 

A  more  complicated  problem  is  that  of  determining  the  strength 
of  the  current  at  each  instant  during  the  variable  period.  This  is 
always  given  by  the  equation  ECdt  =  C^Rdi  +  CdQ^  but  the  solu- 
tion of  problems  of  this  kind  often  involves  mathematical  difliculties 
that  we  cannot  attempt  to  deal  with.  We  must,  therefore,  in  some 
cases,  only  give  the  results. 

302.  Momentary  Onrrent  due  to  the  Displacement  of  a 
Circuit -- Movable  Oircnit  in  a  Uniform  Field.— Consider  a 
closed  circuit  of  any  given  shape  ;  let  5  be  its  surface,  which  we 
will  suppose  is  plane.  If  the  circuit  is  in  a  uniform  field  of 
intensity,  /%  and  its  plane,  which  at  first  is  perpendicular  to  the 
field,  is  turned  half  round,  the  total  variation  of  flux  is  -  2SFy  and 

^s8 
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if  R  is  the  total  resistance  of  the  circuit,  the  quantity  of  electricity 
put  in  motion  is 

Suppose  the  case  of  the  earth's  field.  If  the  rotation  is  about 
a  vertical  axis,  the  horizontal  component,  H^  alone  comes  into 
play.  The  circuit,  at  first  perpendicular  to  the  meridian,  being 
turned  half  round,  we  have 

m^ -R' 

If  the  rotation  is  about  a  horizontal  2ox!\s^  the  plan^'at  first  being 
horizontal,  we  need  only  consider  the  vertical  component,  Zy  and 
we  have 

^  -25Z 

Combining  these  two  equations  we  get  (§  228) 

^  =  !?^  =  tan  /. 
.        m,      H 

This  method  was  used  by  Weber  to  determine  the  magnetic  dip. 
The  apparatus  (Fig.  271)  employed  for  this  purpose  is  known  as 
Weber^s  Inclinometer. 


303.  Measurement  of  a  Magnetic  Field.— By  means  of  the 
same  method,  and  using  a  very  small  coil  movable  about  an  axis 
in  its  plane,  the  intensity  of  a  variable  field  may  be  measured. 
The  plane  of  the  coil,  at  first  perpendicular  to  the  direction  of  the 


Digitized  by 


Google 


360  special  Cases  of  Induction.  [§  303- 

field,  is  suddenly  turned  through  180°,  and  the  resulting  current  is 
measured  by  the  angle  of  throw  of  the  galvanometer  (§  354). 
Thus,  if  F  is  the  intensity  of  the  field,  and  R  the  total  resistance, 

rp      Rm 

A  measurement  of  the  surface  of  the  coil  may  be  dispensed  with 
by  observing  the  effect  of  suddenly  reversing  the  coil  in  a  field  of 
known  intensity,  that  of  the  earth,  for  example. 

304  Measurement  of  the  Normal  Component  at  the 
Surface  of  a  Magnet. — Suppose  that  a  small  coil  is  applied  to 
the  surface  of  a  magnet,  as  a  proof  plane  might  be,  and  that  it  is 
then  turned  half  round,  that  is,  through  an  angle  of  180°.  The 
current  will  give  twice  the  flux  which  traverses  the  coil,  and  divid- 
ing by  the  surface,  we  should  have  the  mean  value  of  the  normal 
component  for  the  portion  of  the  surface  covered  by  the  coil. 

Another  method  may  be  adopted.  Suppose  that  the  bar  is 
cylindrical,  and  is  surrounded  by  a  ring  connected  with  a  galvano- 


M    M' 
Fig.  272. 

meter.  If  the  ring  is  moved  from  M  to  m',  the  deflection  of  the 
galvanometer  measures  the  flux  cut  during  the  displacement 
This  flux  divided  by  the  area  of  the  cylindrical  surface  comprised 
between  M  and  m'  gives  the  mean  value  of  the  component  of 
magnetic  force  normal  to  the  surface  of  the  magnet. 

If  the  ring  were  pulled  off  the  bar  and  were  carried  to  an 
infinite  distance,  the  current  would  measure  the  total  flux  from 
the  part  of  the  bar  beyond  the  point  M.  If  the  ring  fits  closely 
round  the  cylinder,  this  is,  by  Gausses  theorem  (§  41),  the  flux 
which  traverses  the  section  M  of  the  magnet. 

305.  Induced  Current  produced  by  a  Variation  of  the 
External  Pield— Case  of  Two  Coils.— Suppose  the  circuit 
stationary  and  the  variation  of  magnetic  flux  to  be  produced  in 
the  external  field.     Let  Q  be  the  flux  through  the  circuit ;  if  this 

flux  is  suddenly  withdrawn,  we  have  an  induced  flow,  m  =  ^;   if 

R 
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the  flux  is  restored,  there  is  an  equal  flow  in  the  opposite  direction ; 
if  the  direction  of  the  flux  is  reversed  without  changing  its  value, 
we  get  twice  the  flow, 

This  is  the  case  of  a  current  induced  in  a  closed  circuit,  A,  by 
breaking,  making,  or  reversing  the  current  in  a  neighbouring 
circuit,  B.  Let  C  be  the  strength  of  the  steady  current  in  B,  and 
M  the  value  of  the  flux  due  to  B  which  would  pass  through  A  if  B 
were  traversed  by  unit  current,  or,  in  other  words,  let  M  be  the 
coefficient  of  mutual  induction  of  the  two  circuits  (§  261),  then 
Q  =  il/C,  and  the  value  of  the  induced  flow,  corresponding  either 
to  breaking  or  making  the  inducing  circuit  B,  is 


»f=  ± 


MC 

R  ' 


In  both  cases  the  same  quantity  of  electricity  is  put  in  motion  ; 
but  the  law  according  to  which  the  intensity  varies  is  not  the 
same.  The  time  occupied  by  the  cessation  of  the  inducing  current, 
even  when  it  is  prolonged  by  the  spark  (§  312),  is  usually  less 
than  that  which  corresponds  to  making.  Hence  the  electromotive 
force  of  the  direct  current  is  usually  much  greater  than  that  of  the 
inverse  current,  but  its  duration  is  less. 

306.  Coefficient  of  Mutual  Induction.  —  Suppose  a  long 
uniformly  wound  coil,  B,  containing  «i  turns  per  unit  length,  and 


Fig.  273. 

of  section  S,  to  be  surrounded  about  the  middle  (Fig.  273)  by 
another  coil,  A,  composed  of  n  turns  of  wire. 

The  flux  in  the  interior  of  the  coil  B  is  4'jrniS  (§  256),  and  as 
this  is  enclosed  n  times  by  the  coil  A,  the  coefficient  of  mutual  in- 
duction for  this  special  case  is 

Jkl=4irninS. 
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307.  Detennination  of  Ooafldcnts   of  MagnetisatioiL — 
Suppose  that  the  coil  B  contains  a  long  cylinder  of  soft  iron,  NS, 


Fig.  274. 

placed  parallel  to  the  axis  (Fig.  274).    Let  S  be  the  section  of  the 
cylinder,  and  C  the  strength  of  the  current  in  the  coil  B. 

The  intensity  of  the  field  inside  the  coil  is  /"  =  4ir«iC,  and  the 
induction  in  the  interior  of  the  cylinder  B  =  ^F,  The  total  flux  g» 
which  traverses  the  n  turns  of  the  coil  A  is 

Q-^  nF{S  -  S' ^- ^S!\ 

If  the  current  is  reversed,  the  induced  current  will  be  proportional 
to  twice  2,  and  from  this  ^  can  be  deduced. 

If  the  coil  B  is  wound  directly  on  the  iron  rod,  we  have  5"  =  5*, 
and  therefore 

Q  =  nBS  =  n[t.FS  =  4irninfiSC. 

The  result  is  the  same  whatever  be  the  form  and  size  of  the 
windings  of  the  coil  A,  provided  that  neither  the  inner  coil  nor  the 
core  produce  any  external  flux.  Tliis  condition  is  strictly  fulfilled 
with  an  annular  coil  (§  273),  and  very  approximately  with  a  coil 
and  core  which  both  project  a  long  way  on  each  side  of  the  outer 
coil.  In  all  cases  this  coil.  A,  if  wound  directly  on  the  core,  will 
measure  the  flux  of  induction  which  traverses  the  corresponding 
section. 

308.  Gonstaiit  Current. — Let  us  return  to  the  case  considered 
in  §  292.  If  the  sliding  bar  move  with  uniform  velocity,  2/,  and 
if  /  is  the  distance  between  the  rails,  and  //  the  component  of  the 
field  perpendicular  to  the  plane  of  the  rails,  we  have  already  seen 
that  the  electromotive  force  is 

e^lvH, 
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and,  'URn  die  resistance  of  the  drcuit)  the  strength  of  the  indiiced 
current  is 

^      e       IH 

The  direction  of  the  current  is  that  shown  by  the  arrows  in 
^^%'  275,  it  being  assumed  that  the  direction  of  the  field  is  from 
front  to  back,  and  that  the  bar  moves 
away  from  Aa'. 

For  unit  field  and  a  velocity  of  i  centi- 
metre per  second,  the  electromotive  force 
per  centimetre  in  length  of  the  bar  is  one 
C.G.S.  unit  or  io~*  volts..  A  bar  a 
metre  long,  moving  at  right  angles  to 
its  own  length  and  to  the  vertical  com- 
ponent of  the  earth's  fiel4  with  a  unifonn 
velocity  of  20  metres  per  second,  would 
give  an  electromotive  force  for  Z  =  0.438 
(§  232),  of 

100  X  0.438  X  2000  =  87600  C.G.S. 
=  8.76  X  10"*  volts. 

309.  Faraday's  Pise.— A  second  ex- 
ample of  a  uniform  electromotive  force  is  furnished  by  Faraday's 
disc  (§  267).  Suppose  that  the  two  brushes,  one  of  which  presses 
against  the  circumference  of  the  disc,  and 
the  other  against  the  axis,  are  connected 
by  a  wire  of  resistance,  /?,  and  suppose 
the  disc  is  made  to  rotate  uniformly 
(Fig.  276). 

Let  a  be  the  radius  of  the  disc,  »  the 
angular  velocity,  and  H  the  component  of 
the  magnetic  field  parallel  to  the  axis :  the 
radius  OA,  fixed  as  to  its  position  in  space, 
but  movable  relatively  to  the  disc,  cuts  in 
each  unit  of  time  a  flux  equal  to  \c^viH  ^ 
hence  the  resulting  current  has  a  constant  strength, 


Fig.  276. 
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strengths  of  the  cnnent    From  the  above  equation  we  obtain 

.9502. 


—1  =  1-1  =0.6321. 

Co  " 


^  =  ,-^=.8647. 


Ck=.,-i  = 


g=.-i=.98.7. 


According  to  the  fonnula,  the  ratio  C\C^  never  becomes  =  i 
exactly  in  any  finite  time,  but  in  most  cases  il  attains  so  nearly 
this  value  in  a  very  short  time,  usually  less  than  a  second,  unless 
the  circuit  includes  the  coils  of  electromagnets,  that  the  subsequent 
change  is  imperceptible. 

311.  Cessation  of  a  Onrrent.— Suppose  that,  when  a  current 
has  attained  a  steady  strength,  the  electromotive  force  is  with- 
drawn from  the  cirpuit,  the  resistance,  however,  remaining  un- 
changed. The  equation  from  which  we  started  in  §  310  will  still 
apply  if  we  give  to  -fi"  the  value  corresponding  to  the  conditions  of 
the  case,  namely,  o.    We  then  get 

dC 
Dividing  by  C  and  L  and  rearranging  the  terms 

f-f"'- . 

We  again  count  time  from  the  instant  when  the  current  begins  to 
change  ;  consequently,  for  /  =  o  we  have  the  current  =  C^  =  EjR. 
Integrating  from  C^  to  C,  and  from  o  to  /,  we  get 


log. 


-5/  = 


/ 


which  is  equivalent  to 


C^Cj- 


If,  as  before,  we  put  Ci,  Cj  .  .  .  for  the  strength  of  the  current 
at  intervals  of  time  equal  to  once,  twice^ ....  the  time-constant, 
X,  after  the  electromotive  force  has  ceased  to  act,  we  get 


£t  =  i 

Ct      t 


=  0.3679. 
=  .1353- 


cj  =  i  =  *^°'*9^- 
g  =  i  =  .0183. 
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The  gradual  growth  and  cessation  of  a  current  in  a  circuit  Of  con- 
stant self-induction  are  represented  graphically  in  Fig.  278  (§  313). 

The  case  here  supposed  might  be  furnished  by  a  circuit  in  which 
the  current  was  due  to  the  motion  of  a  Faraday's  disc  (§  309) 
or  other  equivalent  arrangement :  if  the  motion  of  the  disc  were 
suddenly  stopped,  the  electromotive  force  would  cease  to  act,  but 
the  resistance  would  be  unaltered,  and  the  current  would  die  out 
according  to  the  law  stated.  The  more  usual  case  of  stopping  a 
current  is  by  increasing  the  resistance  to  a  practically  infinite 
amount  while  the  electromotive  force  continues  to  act.  The 
change  of  resistance  may  occur  very  quickly,  but  it  is  never 
absolutely  sudden,  and  often,  even  after  the  metallic  circuit  has 
been  interrupted,  conductivity  is  maintained  for  a  short  but  per- 
ceptible time  by  a  spark  caused  in  a  manner  that  we  shall 
explain  immediately. 

If  the  resistance  were  suddenly  increased  from  R  to  /?i,  the 
current  would  change  from  the  initial  value  Q  =  E\R  to  Ci^E/Ri^ 
its  value  at  any  instant  during  the  period  of  change  being  given 
by  the  formula 

C=  Ci  +  (C^  -  Ci)e'^iy 

where  Xj  =  LfRi  is  the  time-constant  corresponding  to  the  new 
resistance  /?i.  If  the  change  of  resistance  takes  place  gradually, 
the  resulting  variation  of  the  current  is  much  more  complicated ; 
but,  other  things  equal,  it  is  obvious  that  the  more  rapidly  the 
resistance  of  a  circuit  is  increased,  the  more  rapidly  the  strength 
of  the  current  will  diminish. 

312.  Spark  on  Breaking  Circnit.— A  rapid  fall  of  current 
strength,  however,  has  an  effect  that  we  have  now  to  consider. 
We  have  seen  (§  293)  that  the  electromotive  force  of  induction 
is  always  numerically  equal  to  the  rate  of  change  of  the  magnetic 
flux  through  the  circuit ;  therefore,  in  the  case  we  are  now  con- 
sidering, the  electromotive  force  of  induction  is 

When  the  strength  of  the  current  is  falling,  dC/d/  is  negative, 
and  therefore  the  resulting  electromotive  force  is  positive, — that 
is,  it  acts  in  the  direction  of  the  existing  current,  which  it  tends  to 
maintain. 

By  Ohm's  law,  the  strength  of  the  current  at  any  instant  multi- 
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plied  by  the  resistance  of  the  circuit  gives  the  effective  electro- 
motive force ;  consequently  we  have  c  =  C/?i,  and,  transforming 
the  expression  by  substituting  for  C  its  value  already  found,  we 
may  write 

If  /  is  very  small,  e  ^  will  not  differ  much  from  unity  even  when 
/?!  is  great.  Therefore,  at  the  first  instant  after  the  resistance  has 
been  suddenly  increased  from  the  value  R  to  R^y  the  electromotive 
force  tending  to  maintain  the  current  is  approximately  repre- 
sented by 

and  may  therefore  be  many  times  as  great  as  the  primary  electro- 
motive force,  Ey  of  the  circuit. 

This  shows  us  the  cause  of  the  spark  often  seen  on  breaking  the 
circuit  of  an  electromagnet  In  such  cases  the  induced  electro- 
motive force  tending  to  maintain  the  current  is  sufficient  to  cause 
a  discharge  through  the  small  space  of  air  which  at  the  first 
instant  separates  the  ends  of  the  metallic  circuit,  and  the  incan- 
descent particles  of  metal  and  air  which  constitute  the  spark  act 
for  an  instant  as  a  conductor,  and  a  momentary  electric  arc  is 
established. 

313.  Quantity  of  the  Extra  Current.— The  electromotive  force 
due  to  self-induction  affects  not  only  the  strength  of  the  current 
at  each  instant  while  it  is  rising  or  falling,  but  also,  as  a  conse- 
quence, the  quantity  of  electricity  that  traverses  the  circuit  in  any 
given  time.  This  quantity  is  the  algebraic  sum  of  the  quantity 
that  would  pass  in  the  time  in  question  if  self-induction  had  no 
effect,  and  of  that  which  would  pass  in  the  same  time  if  the 
electromotive  force  of  self-induction  acted  by  itself  This  latter 
quantity  is  easily  found  by  applying  the  result  given  in  §  300, 
namely,  that  the  quantity  of  electricity  traversing  a  circuit  in  con- 
sequence of  induction  is  equal  to  the  change  of  magnetic  flux 
through  the  area  of  the  circuit  divided  by  the  resistance.  In  the 
case  of  self-induction,  the  change  of  magnetic  flux  due  to  a  change 
in  the  strength  of  the  current  from  Cj  to  C^  is  /.(Cj-  Cj),  and  the 
quantity  of  electricity  is 
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Quantity  of  the  Extra  Current 


Z^ 


Suppose  the  current  to  be  risingr  according  to  the  law  discussed 
in  §  310,  and  that  Q  and  Q  are  the  strengths  after  intervals  /j  and 
/g  respectively  from  the  instant  at  which  the  electromotive  force 
began  to  act.    We  then  have 

Q  =  ^/i  T  e-T)  and  Q  =  c/i  -  ^"x), 

and  for  the  difference, 

Q  -  Cj  =  C„ Ke'x  -  e  - x). 

Consequently"  the  total  quantity  of  the  extra-current  in  the  interval 
from  /j  to  /g  is 

As  an  important  special  case,  suppose  ti  =  0  and  /j  very  great  ; 
then  ^  " X  =  I  and  e'  x  —  o.     In  this  case,  therefore,  we  get 

The  quantity  of  electricity  which  would  have  traversed  the 
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Fig.  278. 

circuit  in  the  same  time  in  the  absence  of  self-induction  is  Cj^ 
Consequently,  the  actual  quantity  which  passes  in  any  long  in-; 
terval  /  from  the  instant  at  which  the  electromotive  force  begins 
to  act  is 

,     m^C,{t-\). 

The  product  \C^  gives  the  total  quantity  of  the  "  extra-current." 
In  Fig.  278  the  curve  OMB  represents  the  growth  of  the  current, 
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and  BND  the  way  in  which  it  dies  away  when  the  electromotive 
force  ceases.  Time  is  represented  byjthe  abscissae  in  terms  of  the 
time-constant  X,  taken  as  unity.  The  point  o  denotes  the  instant 
of  applying  the  electromotive  force,  and  c  the  instant  at  which  it 
is  withdrawn.  The  ultimate  strength  which  the  current  would 
attain  is  represented  by  the  ordinate  OA  ;  after  the  lapse  of  seven 
times  the  time-constant,  the  strength  of  the  current  differs  from 
this  by  less  than  one  part  in  a  thousand,  and  it  would  be  im- 
possible to  represent  any  further  increase  on  a  diagram  of  this 
size.  The  extra-current  on  making  contact  is  represented  by  the 
area  between  OMB  and  the  horizontal  line  through  A;  similarly, 
the  extra-current  corresponding  to  the  cessation  of  the  electro- 
motive force  is  represented  by  the  area  between  the  curve  BNi), 
which  represents  the  dying  out  of  the  current,  and  the  axis  of 
time.  This  curve  is  the  same  as  that  for  the  increasing  current, 
but  its  position  is  reversed,  as  represented  in  the  figure.  After  the 
withdrawal  of  the  primary  electromotive  force,  the  electromotive 
force  of  self-induction  is  the  only  one  acting  in  the  circuit,  so  that, 
in  this  case,  the  whole  quantity  that  passes  is  given  by  the  formula 

»«'  =  -  \C^  \e  ^x  -  e  "V, 

where  /i  and  t^  are  both  counted  from  the  instant  at  which  the 
primary  electromotive  force  ceases  to  act  In  the  figure  the  value 
of  m.  is  represented  by  the  area  below  the  curve  bn  which  stands 
on  the  part  of  the  base  corresponding  to  the  interval  of  time  /g  -  /i. . 
If  we  put  A  =s  o,  and  make  t^  very  great,  the  above  formula 
becomes 

mf  =  XC^,  or  »/  =  -  m. 

Hence,  when  the  resistance  of  the  circuit  remains  constant,  the 
total  quantity  of  the  extra -current  due  to  the  cessation  of  the 
primary  is  equal  and  opposite  to  that  of  the  extra-current  due  to 
the  commencement  of  the  primary,  or  the  sum  of  the  two  is  zero. 
This  is  also  true  in  a  more  general  form  which  we  may  state  as 
follows :  If  a  given  electromotive  force  is  applied  to  a  circuit  of 
invariable  resistance  for  any  given  period  and  then  withdrawn,  the 
total  quantity  of  the  resulting  current  is  the  same  as  if  the  circuit 
had  no  self-induction.  In  such  a  case,  self-induction  affects  the  rate 
of  rise  or  fall  of  the  current,  but  not  the  total  quantity.  This  result 
is  of  much  importance  in  many  practical  cases  and  methods  of 
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electrical  measurement  An  obvious  consequence  is  that  the 
quantities  conveyed  by  two  or  more  conductors  in  parallel  arc 
connecting  the  same  two  points,  when  a  momentary  current  is 
sent  through  them,  is  independent  of  the  self-induction  of  the 
several  branches. 

314.  Energy  of  the  Brtra-Ourrent.~The  work  done  against 
the  electromotive  force  of  self-induction,  while  an  elementary 
quantity  of  electricity  dm  traverses  the  circuit,  is  equal  to  the 

product  oidm  into  the  electromotive  force  z  ^  ;  but  ^/w  =  G//,  so 

that  the  work  done  in  the  element  of  time  dt  is 

dW^LCdCy 

and  the  work  done  while  the  strength  of  the  current  varies  from 
nothing  to  any  given  value  C  is  the  integral  of  this  expression,  or 

W^\LC\ 
as  already  shown  in  §  296. 

As  was  there  pointed  out,  this  work  is  spent  by  the  battery  in 
imparting  magnetic  energy  to  the  medium  surrounding  the  con- 
ducting circuit.  Properly  speaking,  it  has  not  passed  out  from  the 
conductor  into  the  medium  :  it  rather  represents  energy  which, 
though  it  has  left  the  battery,  has  not  yet  reached  the  external 
conductor.  When  the  primary  electromotive  force  ceases  to  act, 
the  energy  of  the  field  flows  in  upon  the  conductor,  causing  the 
temporary  continuation  of  the  current  which  we  recognise  as  the 
extra-current,  and  being  converted  into  heat. 

From  this  point  of  view  we  see  that  a  circuit  of  great  self-induc- 
tion is  a  circuit  in  which  a  relatively  large  quantity  of  energy  is 
poured  into  the  field  from  the  battery  while  the  strength  of  the 
current  is  rising  to  a  given  value. 

315.  Self-induction  in  Parallel  Circuits.— If  two  conductors 
whose  coefficients  of  self-induction  are  L\  and  Zg,  and  whose 
resistances  are  A^i  and  R^  are  employed  to  connect  the  same  two. 
points  of  a  circuit,  we  know  (§117)  that  the  total  current  ultimately 
divides  between  them  in  the  inverse  ratio  of  their  respective  re- 
sistances ;  but  this  proportion  does  not  hold  good  while  the  currents 
are  varying  in  strength.  Seeing  that  the  conductors  are  in  contact 
at  each  end,  the  total  electromotive  acting  in  each  of  them  is  the 
same  :  this  is  expressed  by  the  equation 
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When  the  currents  have  become  steady,  the  second  term  on  each 
side  vanishes,  and  we  get  C\Rx  =  c^R^  the  relation  stated  above. 
But  at  the  first  instant,  neither  Ci  nor  c^  has  as  yet  reached  a  finite 
value,  and  the  equation  becomes 


dci  __  J   dc^ 
'  dt       ^  dt 


that  is  to  say,  the  currents  in  the  two  branches  begin  to  rise  at 
rates  which  are  inversely  proportional  to  the  coefficients  of  self- 
induction  and  independent  of  the  resistances.  As  the  currents 
increase,  their  relative  strengths  are  infiuenced  more  and  more  by 
the  resistance,  and  less  and  less  by  the  self-induction  of  the  two 
conductors. 

'  In  the  case  of  a  current  which  rises  in  strength  from  any  given 
value  (which  may  be  zero)  to  some  higher  value,  and  then  falls  to 
the  same  strength  again,  like  that  resulting  from  the  discharge  of 
a  condenser,  or  from  the  closing  or  opening  of  a  neighbouring 
circuit,  the  effect  of  self-induction  during  the  increase  of  strength 
is,  in  each  branch  of  a  divided  circuit,  equal  and  opposite  to  that 
during  decrease.  Consequently  the  ultimate  quantity  of  electricity 
traversing  each  branch  in  such  a  case  is  the  same  as  if  there  were 
no  self-induction,  and  is  determined  by  the  resistances  only. 

316.  Induction  in  Oonductors  which  are  not  Linear.— Any 
variation  of  magnetic  flux  produces  induction  currents  not  only  in 
linear  conductors,  like  wires,  but  also  in  conductors  which  are  not 
linear.  Gambey,  as  long  ago  as  1824,  observed  that  the  oscilla- 
tions of  a  bar  magnet  are  rapidly  damped  when  the  magnet  is 
placed  over  a  plate  of  copper.  This  phenomenon  was  studied  by 
Arago,  and  was  at  first  attributed  to  a  particular  form  of  magnet- 
ism developed  by  motion,  and  called  magnetism  of  roteUion,  It 
was  only  properly  explained  after  Faraday's  discovery  of  induction. 

The  relative  displacement  of  a  magnetic  pole  and  of  a  metal 
plate  determines  induction  currents.  Let  us  suppose  that  lines  are^ 
drawn  on  a  surface  representing  at  each  point  the  direction  of  the 
current ;  these  lines  .are  evidently  closed  curves,  some  of  them 
enclosing  others,  but  without  ever  intersecting.  On  the  other 
hand)  the  space  between  two  infinitely  near  lines  may  be  regarded 
as  a  closed  linear  current,  which  is  equivalent  to  a  magnetic  shell 
of  the  same  contour  (§  254). 

Let  the  surface  of  the  conductor  be  thus  subdivided  into 
infinitely  narrow  belts  by  lines  of  flow,  and  let  each  of  these  belts 
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be  replaced  by  the  corresponding  magnetic  shell ;  all  the  currents 
which  rotate  about  a  point  are  equivalent  to  a  complex  shell,  the 
density  of  which  at  each  point  is  evidently  the  sum  of  the  densities 
of  the  superposed  shells.     Fig.  279  represents  the  lines  of  flow  in 


the  case  of  an  unlimited  plate,  moving  from  left  to  right  below  a 
south  pole,  whose  projection  would  be  at  the  centre  of  the  figure. 

There  is  a  flux  of  magnetic  force  directed  upwards  through  the 
plate,  and  this,  though  constant  as  regards  space,  is  increasing 
relatively  to  the  plate  in  the  part  which  is  on  the  left  of  the  central 
line,  and  decreasing  in  the  part  to  the  right  of  the  central  line. 
Consequently  (§§  292,  293),  the  part  of  the  plate  on  the  left 
becomes  the  seat  of  closed  currents  circulating  like  the  hands  of 
a  watch,  and  the  part  on  the  right  the  seat  of  closed  currents 
circulating  in  the  opposite  direction,  as  indicated  in  the  figure. 
The  former  are  equivalent  to  a  number  of  magnetic  shells  super- 
posed with  their  negative  (south)  faces  upward,  and  the  latter  to 
similar  shells  with  their  positive  faces  upward.  The  mutual  forces 
exerted  between  the  circulating  currents  (or  the  equivalent  magnetic 
shells)  and  the  fixed  pole  are  such  as  to  oppose  the  existing  motion 
of  the  plate. 
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The  experiment  may  be  easily  made  by  means  of  a  disc  which 

is  made  to  rotate  between  the  poles  of  an  electromagnet  (Fig.  280). 

The  disc,  which  before  the  passage  of  the  current  turns  easily, 
offers  a  considerable  resistance  as  soon 
as  the  electromagnet  is  excited.  The 
effect  is  greater  the  greater  the  con- 
ductivity of  the  disc,  but  it  is  almost 
wholly  destroyed  if  the  continuity  of 
the  material  is  broken  by  a  number  of 
radial  saw-cuts  (Fig.  281). 

In  like  manner,  if  a  cube  of  copper, 
c,  is  suspended  between  the  two  poles, 
B  and  A,  of  an  electromagnet  by  a 
twisted  thread,  the  cube,  if  left  to  itself, 
spins  round  rapidly,  but  it  stops  the 

moment  the  current  is  turned  on  (Fig.  282). 

It  is  clear  that  a  pole  which  can  rotate  about  an  axis  concentric 

with  the  disc  must  follow  the  motion  of  the  disc    This  was 


Fig.  580. 


Fig.  23 1. 


Fig.  282. 


Arago's  first  experiment :  a  magnetic  needle  is  suspended  hori- 
zontally above  a  copper  disc  mounted  on  the  vertical  axis  of  a 
whirling  table  ;  when  the  disc  is  made  to  rotate,  the  needle  follows 
its  motion,  though  more  slowly. 

317.  Damping  the  Vibrations  of  Magnets.— The  phenomenon 
in  the  form  originally  observed  by  Gambey  is  used  for  deadening 
or  damping  the  oscillations  of  compass-needles  and  galvanometer- 
needles. 

The  forces  called  into  play  act  as  though  there  were  a  frictional 
resistance  to  the  relative  motion  of  the  needle  and  the  conductor, 
the  effect  at  each  instant  being  proportional  to  the  strength  of 
the  current,  and  therefore  to  the  relative  velocity. 
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31&  PoucaiQt  Onrrents. — The  energy  absorbed  is  found  again 
m  the  form  of  heat  developed  by  the  current  in  accordance  with 
Joule's  law.  Foucault,  who  first  observed  this,  made  the  experi- 
ment in  a  very  striking  form.  By  means  of  a  system  of  toothed 
wheels,  D,  worked  by  a  handle,  a  stout  disc  of  pure  copper  is  made 
to  rotate  between  the  branches,  ab,  of  a  powerful  electromagnet 
(Fig.  283). 

As  soon  as  the  current  passes,  a  considerable  effort  is  required 
to  keep  up  the  motion  of  the  disc,  and  this  soon  rises  to  a  very 
high  temperature.  This  ex- 
periment furnishes  thus  a 
beautiful  illustration  of  the 
transformation  of  mechani- 
cal work  into  heat. 

The  term  Foucault  cur- 
rents is  applied  to  the  in- 
duced currents  produced  in 
the  core  of  an  electro-magnet 
whenever  the  strength  of 
the  current  in  the  sur- 
rounding wire  varies. 

The  heat  which  results 
from  this  cause  is  consider- 
able when  the  wire  is  tra- 
versed by  a  rapid  succession 
of  currents  either  in  the  same  or  in  opposite  directions. 

The  currents  which  cause  this  heating,  and  the  loss  of  work  which 
is  the  consequence,  are  greatly  diminished  by  constructing  the  core 
of  a  bundle  of  separate  wires,  or  of  a  number  of  thin  plates  which 
are  insulated  from  each  other  by  varnish  or  by  paper,  and  are 
arranged  parallel  to  the  axis,  and  therefore  perpendicular  to  the 
windings,  and  therefore  to  the  direction  in  which  induced  currents 
tend  to  be  set  up. 

As  these  currents  are  thus  suppressed,  any  heating  effects  which 
still  remain  are  due  to  the  work  of  magnetisation  or  hysteresis 
(§  201). 

319.  Electromagnetic  Screens.— Let  us  suppose  that  a  pole  is 
rapidly  brought  near  an  infinite  conducting  surface.  The  currents 
induced  in  the  plate  produce  a  magnetic  flux  which,  for  all  points 
behind  the  plate  in  respect  to  the  pole,  is  in  the  opposite  direction 
to  that  from  the  pole.    Theory  shows  that  if  the  plate  had  no 


Fig.  283. 
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resistance,  the  magnetic  forces  at  any  point  would  be  always  equal 
and  in  opposite  directions,  that  there  would  therefore  be  no 
inductive  action  behind  the  plate,  which  would  thus  play  the 
part  of  an  absolute  screen.  Experiment  shows,  in  fact,  that 
the  magnetic  force  is  lessened,  and  the  more  so,  the  better  the 
plate  conducts,  and  the  more  rapidly  the  changes  of  magnestic 
force  occur. 
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CHAPTER  XXVII. 
SPECIAtr  CASES  OF  INDUCTION. 

ALTERNATING  CURRENTS  AND  ELECTRICAL  OSCILLATIONS. 

320.  Cnxrents  varying  Harmonically.— Consider  the  case  of  a 
coil  wound  in  a  narrow  groove,  and  rotating  uniformly  about  a 
vertical  diameter  in  a  uniform  magnetic  field 
like  that  of  the  earth  (Fig.  284).  Let  H  be 
the  hprizontal  component  of  the  magnetic 
field,  and  S  the  area  enclosed  by  the  coil : 
then,  when  the  plane  of  the  coil  is  perpen- 
dicular to  the  meridian,  the  magnetic  fiux 
through  the  coil  is  //5 ;  and,  when  the  coil 
has  been  turned  through  an  angle  a  from 
this  position,  or  whei>  its  axis  makes  an 
angle  a  with  the  meridian,  the  magnetic  flux 
is  2  =  ^S  cos  a. 

If  ft)  be  the  velocity  of  rotation,  and  T  the 
period,  or  the  duration  of  one  complete 
revolution,  we  have  at  time  /,  measured  from 
an  instant  at  which  the  axis  of  the  coil  is  in 
the  meridian 


a  =  ft)/  s 


"f 


Fig.  284. 


The  electromotive  force  due  to  the  varia- 
tion of  the  flux  through  the  coil  is  given  at  each  instant  by  the 


Hence,  seeing  that  //  and  S  are 


corresponding  value  of  -  -Jj . 

at 
constant,  we  may  write 

E  =  -  NS'^^f  =  -V^'  sin  a  ^  =  «//i-  sin  »/  =^,  ffS  sin  ??/. 
a^  at  II 

The  magnetic  flux  through  the  coil  varies  most  rapidly  when  its 
instantaneous  value  is  zero  ;  this  is  when  the  plane  of  the  coil  is 
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parallel  to  the  meridian,  and  therefore  a  is  a  right  angle.  At  this 
instant,  therefore,  the  induced  electromotive  force  is  a  maximum, 
and  if  we  denote  this  by  E^^  we  have  for  the  electromotive  force  at 
any  time  / 


E  ^  E^sma^  E  sin  W  =  £" 


7Mt 


In  such  a  case  the  electromotive  force  is  said  to  vary  harmonically, 
A  variation  of  this  kind  is  expressed  graphically  by  the  ordinates 
of  the  sine-curve  OAB  (Fig.  285).     In  this  figure  the  distance  OB 


Fig.  285. 

represents  half  the  period  T',  and  the  maximum  ordinate  represents 
E^^  the  amplitude. 

If  self-induction  produced  no  effect,  the  current  would  be  pro- 
portiopal  at  every  instant  to  the  existing  electromotive  force,  or 
C  =  E\R.  The  maximum  strength  of  current  would  be  EJR^  and 
the  current  at  any  instant  would  be 

C=_sm_, 

that  is,  the  current  would  also  vary  harmonically  in  the  same 
period  as  the  electromotive  force,  and  might  be  represented  by  a 
similar  sine-curve,  having  the  same  period  and  the  same  nodes  as 
.  the  curve  OAB. 

321.  Effect  of  Self-induction. — From  what  has  been  said  already 
(§§  3'o>  311)  as  to  the  way  in  which  self-induction  retards  the  rise 
or  fall  of  the  current  when  a  steady  electromotive  force  is  suddenly 
applied  or  removed,  it  is  easy  to  infer  that,  in  the  case  we  are  now 
considering,  the  changes  of  current-strength  will  lag  behind  those 
of  electromotive  force,  and  that  the  maximum  strength  of  current 
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due  to  a  rapidly  alternating  electromotive  force  will  be  smaller  than 
that  which  an  equal  electromotive  force  would  produce  if  it  alter- 
nated more  slowly.  We  will  accordingly  assume  that  the  strength 
of  the  current,  when  the  effects  of  self-induction  are  appreciable, 
still  varies  harmonically  in  the  same  period  as  the  electromotive 
force,  but  that  the  maximum,  value  is  less  than  E  //?,  and  that  it  is 
retarded  in  phase  relatively  to  the  electromotive  force.  This 
assumption  is  expressed  by  the  equation 

C=a5'sin2T(|,-<^)    ....    (I), 

where  <z  is  a  proper  fraction  and  <^  represents  the  retardation  of 
phase.    We  have  now  to  investigate  the  conditions  on  which  these 
two  quantities  depend. 
To  simplify  notation  we  will  write 

C  =  aEjR,    <a  =  2t/7;     and/  =  2t<^. 
The  last  equation  then  becomes 

C=Q  sin  («/-/), 
and  the  electromotive  force  of  self-induction 

Z^^ZC^o,  cos  («/-/). 

Now  the  effective  electromotive  force  at  any  instant  is  the  excess 
of  the  applied  electromotive  E  over. the  electromotive  force  of  self- 
induction,  and  it  is  equal  to  the  strength  of  the  current  at  the  same 
instant  multiplied  by  the  resistance  of  the  circuit ;  or,  in  symbols 

E-L^f=C/^, 
at 

Re-writing  this  equation  with  the  values  already  adopted,  we  get 

E^  sin  w/  =  C^R  sin  (w/  -  /)  +  LCjia  cos  {tat  -  p)    .    .    .    (2). 

If  we  put  t  —  Oy  the  applied  electromotive  force  vanishes,  while 
for  /  =  JT'  it  has  a  maximum  value  =  E^,  In  these  two  cases, 
equation  (2)  takes  the  respective  forms 

o  =  -  ^  sin/ +  /.w  cos/    ....     (3), 


and 


f  != /e  cos/ +Zw  sin/     ....     (4). 
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From  (3)  we  get  at  once 

tan/  =  -w  =  Xw;    ....     (5), 
while,  by  squaring  (3)  and  (4)  and  adding,  we  get 


or 


whence 


^"  =  §-7mP  =  §<=-^'  •  •  •  •  <^)^ 


I       ^^  I  =  cos p. 


Using  these  results  in  the  original  expression  for  the  current- 
strength  (equation  i),  we  have 

=  -^-^  sin  («/-/)    ....  (74 

It  thus  appears  that,  besides  causing  the  phase  of  the  current  to 
lag  behind  that  of  the  electromotive  force,  the  effect  of  self-induc- 
tion is  equivalent  to  dividing  the  electromotive  force  by  JT+U^^ 
Or  to  multiplying  it  by  cosp,  or  again  to  increasing  the  resistance 
in  the  ratio  R :  J/^  +  ZV.  The  quantity  last  written,  which 
forms  the  denominator  of  the  expression  {7d\  is  sometimes  called 
the  apparent  resistance,  or  the  impedance  of  the  circuit.  If  a 
right-angled  triangle  be  drawn  with  the  sides  about  the  right  angle 
proportional  to  /?  and  Z.«  respectively,  the  hypothenuse  will  repre- 
sent the  impedance.  At  slow  speeds  of  rotation,  or  when  the  self- 
induction  is  small,  this  reduces  to  the  simple  resistance  /? ;  as  the 
speed  and  self-induction  increase  it  becomes  more  and  more  nearly 
independent  of  the  resistance,  and  approaches  to  Lv. 

322.  Geometrical  BepresentatioiL—The  problem  we  are  con- 
sidering admits  of  a  very  simple  geometrical  treatment.  Let  o 
(Fig.  286)  be  the  projection  of  the  axis  of  rotation  on  the  horizontal 
plane,  which  we  take  as  the  plane  of  the  figure,  OH  the  direction 
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of  the  field,  and  OB  the  direction  at  a  given  instant  of  the  plane 
of  the  coil.  We  suppose  the  direction  of  rotation  to  be  that  of 
the  hands  of  a  clock. 

Let  the  length  OB  represent  the  maxi- 
mum value  of  the  electromotive  force  due 
to  the  field,  that  is,  E^  —  (aHS ;  draw  OA 
so  as  to  make  an  angle  with  OB  equal  to 
the  retardation  p  or  2t<^  measured  in 
the  opposite  direction  to  the  rotation  ; 
then  if  ba  be  drawn  perpendicular  to  OA, 
the  length  intercepted,  or  OA  =  OB  cos/, 
represents  the  maximum  effective  electro- 
motive force.  Lastly,  draw  oc  so  as  to 
complete  the  parallelogram  OBAC,  the 
angle  AOC  being  a  right  angle  again 
measured  in  the  opposite  direction  to  the 
rotation. 

Now  let  the  whole  figure  rotate  in  its  own  plane  about  the  point 
O,  and  consider  the  projection  at  any  instant  of  the  three  straight 
lines  OA,  OB,  OC,  upon  the  direction  OH  of  the  field.  The  projec- 
tion of  OB  represents  the  instantaneous  value  of  the  impressed 
electromotive  force  due  to  the  field  ;  the  projection  of  OC  represents 
the  electromotive  force  of  self-induction  ;  and  that  of  OA,  which 
is  equal  to  the  difference  of  the  other  two,  gives  the  effective 
electromotive  force,  that  is  to  say,  the  product  of  the  strength  of' 
the  current  at  the  instant  considered,  into  the  true  resistance  R 
of  the  circuit. 

It  is  evident  that  the  phase  of  the  electromotive  force  of  self- 
induction  must  be  one-quarter  of  a  vibration  behind  that  of  the 
effective  electromotive  force,  or  what  comes  to  the  same  thing, 
behind  that  of  the  current,  since  the  maxima  of  one  concur  with 
the  zero-values  of  the  other,  and  reciprocally.  This  is  expressed 
in  Fig.  286  by  the  angle  AOC  being  an  angle  of  90°. 

323.  Average  and  Effective  Starengtli  of  a  Ourrent.— The 
average  strength  of  a  variable  current,  for  an  interval  of  time  /, 
is  the  quotient  by  /  of  the  total  quantity  of  electricity  which  has 
traversed  any  given  section  of  the  circuit  in  this  time. 

If  the  current  is  represented  by  a  curve  as  a  function  of  the  time, 
the  quantity  of  electricity,  CV//,  which  corresponds  to  the  interval 
of  time  j^m'  (Fig.  28^)  is  represented  by  the  area  of  the  infinitely 
narrow  quadrilateral  M  P  p'  m',  and  that  which  ^  corresponds  to  a 
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finite  time  ab  by  the  area  below  the  curve  comp^psed  between  the 
corresponding  two  ordinates  aa'  and  bb'.     If  this  area  is  divided 

by  the  time  ab,  we  have 
the  average  strength  of 
current^  or,  more  shortly, 
the  average  current. 

It  is  manifest  that  if  the 
current  varies  harmoni- 
cally, the  average  current 
corresponding  to  an  entire  period  is  zero ;  and  the  same  applies 
to  any  interval  of  time  divided  into  two  equal  parts  by  an  instant 
at  which  the  sign  of  the  current  is  reversed.  The  mean  strength 
for  a  half  period  from  zero  to  zero  is 


O 

Cg  being  the  maximum  current. 

If  the  ordinates  of  the  curve  (Fig.  287),  instead  of  being  equal  to 
the  currents,  were  taken  equal  to  the  squares  of  the  currents  at 
each  instant,  the  area  aa'  bb'  multiplied  by  the  resistance  R  of  the 
circuit,  would  represent  the  energy  transformed  into  heat  in  the 
time  /.  The  quotient  of  this  area  by  /  would  be  the  mean  square 
of  the  current,  and  the  square  root  of  the  quotient  would  give  the 
strength  of  the  constant  current,  which  would  develop  the  same 
quantity  of  heat  in  the  circuit. 

We  shall  call  this  the  effective  strength  of  the  current  =  Q  It  is 
given  directly  by  the  electrodynamometer,  or,  still  better,  by  the 
electrometer.  With  a  current  varying  harmonically,  the  effective 
strength  for  any  whole  number  of  half-periods  is 

it  is  equal  to  the  maximum  divided  by  ^. 

The  term  effective  electromotive  force  is  applied  to  the  square  root 
of  the  mean  square  of  the  electromotive  force.   It  is  in  like  manher 

Dividing  E^  by  C^  we  have  the  apparent  resistance '-^^.  Accord^ 
ingly  ih^  apparent  resistance  may  be  defined  as  the  factor  by  which 
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the  effective  current  must  be  multiplied  to  give  the  effective  electro- 
motive force  :  it  is  the  same  as  impedance  (§  321). 

324.  Work  done  by  an  Alternating  Current.— We  have  seen 
(§  126)  that  the  power  of  an  electric  circuit,  or  the  rate  of  doing 
work  by  the  current,  is  equal  to  the  product  of  the  strength  of  the 
current  into  the  electromotive  force.  In  the  case  of  alternating 
currents,  both  electromotive  force  and  current-strength  vary  from 
one  moment  to  the  next,  but  at  a  particular  instant  we  may  write 
for  the  power 

p^  EC  =  EJC  sin  w/  sin  (w/  -  p\ 

=  \^o^o  [cos/  -  cos  (2«/  -/)]. 

Now,  during  half  a  period,  that  is  while  /  changes  to  /  +  ^7*, 

the  angle  2vt  -  p  =  ^  -  P  changes  by  2t,  and  its  cosine  goes 

through  all  possible  values,  positive  and  negative,  the  mean  value 
being  nothing.  Hence,  the  average  rate  of  doing  work,  during 
any  space  of  time  which  is  a  multiple  of  the  half-period,  is 

P  =  iE^C^cosp  =  E^C^cosp    ....    (8). 

Hence  t^e  power  of  an  alternating  current  is  equal  to  the  pro- 
duct of  the  effective  electromotive  force  and  effective  current  into  the 
cosine  of  the  difference  of  phase. 

Referring  to  §  321,  we  see  that  C^  cosp  =  E^  cos^pjRy  and  that 
R^ 

P  =  itE^         ^ 

^  ^  /ea  +  zV 

The  multiplier  of  ^E/  in  this  expression  is  a  maximum  for*  a 
given  speed  of  rotation  (w  constant),  when 

T 
In  this  case  the  rate  of  working  is 

E^ 
/>  =  Zf. 

4/e' 

and 

tan/=  I,  or/  =  45%- 

that  is,  the  difference  of  phase  between  electromotive  force  and 
current  is  |  of  a  complete  period. 
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325,  Case  of  Soft  Iron.— Suppose  a  soft  iron  core  surrounded 
by  a  coil  of  wire  between  the  ends  of  which  a  difference  of 
potential  is  maintained  which  varies  as  the  ordinate  of  a  sine 
cur\'e. 

In  order  to  simplify  the  problem,  we  will  assume  that  the 
magnetic  induction  is  at  each  instant  proportional  to  the  (existing 
strength  of  the  current.  This  simplification,  which  is  justifiable  as 
a  first  approximation,  amounts  to  disregarding  hysteresis  and 
the  variations  of  permeability ;  in  other  words,  it  amounts  to 
replacing  the  closed  curve,  which  represents  a  complete  cycle 
of  magnetisation,  by  a  simple  straight  line  passing  through  the 
origin  (Fig.  174). 

;  If  n  is  the  number  of  turns,  and  R  the  magnetic  reluctance 
(§  276),  we  have  at  each  instant  for  the  relation  (§  273)  between 
the  strength,  C,  of  the  current  and  the  total  flux  of  induction,  g, 

Rj2  =  47r//C. 

Consequently,  supposing  the  strength  of  current  to  be  unity,  and* 
remembering  that  the  flux  is  encircled  n  times  by  the  wire,  we  get 
for  Ly  the  coefficient  of  self-induction. 


7  —  4^^^  _  4^^^*^/* 

^■"  R  ~    r~' 


and  by  putting  this  value  into  the  formulas  (5),  (6),  and  (7)  of 
§  321,  we  get  the  retardation  of  phase  and  the  strength  of  current. 

The  high  value  of  fi  causes  the  self-induction  to  be  great,  and 
consequently,  for  high  frequencies,  the  retardation  is  nearly  90% 
and  therefore  cos/  differs  but  little  from  zero,  and  formulas  (6)  and 
(8)  show  that  the  current  and  rate  of  doing  work  are  very  small. 

A  coil  with  a  soft  iron  core  placed  in  a  circuit  carrying  a  rapidly 
alternating  current  has  thus  the  curious  property  of  choking  the 
current,  but  without  the  expenditure  of  energy  which  would  take 
place  with  a  simple  resistance. 

326.  Action  on  an  Adjacent  Circuit.— A  harmonically  varying 
current  causes  a  harmonically  varying  electromotive  force  to  koX 
on  an  adjacent  circuit,  and  therefore  gives  rise  to  a  current  which 
is  also  harmonic,  and  of  the  same  period  as  itself,  but  which  differs 

in  phase.  The  difference  of  phase  can  never  be  less  than  - ,  nor 
greater  than  — .     For  the  siecondary  electromotive  force  lias  a 
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retardation  of  -  in  respect  of  the  primary  current,  and  self-in- 
4 

duction  produces  a  further  lag  comprised  between  o  and  - . 

Professor  Elihu  Thomson  has  shown  that,  under  these  con- 
ditions, there  is  always  repulsion  between  the  two  circuits.  Fig. 
288  represents  one  of  his  ex- 
periments. An  electromagnet 
is  traversed  by  a  powerful 
alternating  current ;  when  a 
ring  is  brought  near  one  end 
and  left  to  itself,  it  is  strongly 
repelled. 

The  electrodynamic  force 
at  each  instant  is  proportional 
to  the  product  of  the  strength 
of  the  current  equivalent  to  the 
electromagnet  and  that  induced 
by  it  in  the  ring.  From  Ampere's 
law,  the  two  currents  attract  if 
they  are  in  the  same  direction, 

and  repel  if  they  are  opposite.  In  Figs.  289  and  290,  two  sine 
curves,  A  and  a',  have  been  traced  with  the  same  period,  but  with  am- 
plitudes which  are  as  4 :  i.     The  ordinates  of  the  curve  B  are  taken 


Fig.  288. 


Fig.  289. 

equal  to  the  products  of  the  corresponding  ordinates  of  A  and  A',  and 
are  drawn  above  the  line  if  the  product  is  positive,  and  below  if  it  is 

negative.     When  the  difference  of  phase  is  equal  to  -  (Fig.  289), 

4 
the  attraction  and  repulsion  are  equal  both  in  intensity  and  in  dura- 
tion, and  the  resulting  effect  is  therefore  nothing.    But  if  the  differ- 

2B 
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ence  of  phase  exceeds  - ,  and  this  is  what  always  takes  place 

4 
(Fig.  290),  repulsion  preponderates  over  attraction,  and  the  more 

so  the  greater  the  difference  of  phase. 

A 


Fig.  290. 

Professor  E.  Thomson  has  planned  several  arrangements  in 
which  the  effect  of  repulsion  may  give  rise  to  a  continuous  rotatory 
^  motion.     In  that  shown  in  Fig.  291, 

a  copper  disc,  B,  mounted  on  a  spindle, 
rotates  rapidly  when  it  is  placed  ex- 
centrically  in  reference  to  the  alternat- 
ing pole,  and  when  another  disc,  A, 
partly  screens  the  first.  If  the  disc  A 
is  itself  movable,  it  will  turn  in  a  con- 
trary direction  to  the  disc  B. 

327.  Distribution  of  Alternating 
Currents  in  Conductors.— In  the 
case  of  alternating  currents  the  ap- 
parent resistance  greatly  exceeds  the  real  resistance ;  this  latter 
is  itself  increased  by  the  fact  that  the  current  is  not  distributed 
uniformly  throughout  the  whole  section  of  the  conductor,  but  is 
concentrated  near  the  surface. 

Experiment  shows,  in  fact,  that  a  current  at  starting  is  first 
formed  on  the  surface,  and  that  it  only  gradually,  though  very 
quickly,  reaches  the  deeper  layers.  If  its  direction  is  reversed  at 
very  short  intervals,  the  current  never  fully  reaches  the  centre. 
The  case  may  be  compared  with  that  of  an  infinitely  long  tube 
filled  with  liquid,  which  is  rapidly  moved  to  and  fro  lengthwise. 
If  the  liquid  is  a  perfect  fluid,  it  will  remain  at  rest ;  if  it  is  viscous, 
the  layers  in  contact  with  the  sides  of  the  tube  will  share  the 


Fig.  291. 
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motion  of  the  tube,  but  the  inner  layers  will  oscillate  with  an 
amplitude  which  decreases,  and  with  a  retardation  of  phase  which 
increases,  from  the  periphery  to  the  axis. 

The  results  in  the  electrical  case  are  in  full  agreement  with 
what  has  been  already  stated  (see  especially  §§  296-298,  and  314) 
as  to  the  seat  of  electric  and  magnetic  energy.  It  has  been  pointed 
out  that  the  energy  of  an  electric  current  enters  the  conductor 
from  the  surrounding  non-conducting  medium.  It  is  a  necessary 
consequence  of  this  that  it  arrives  first  at  the  outer  layers,  and  that 
its  penetration  to  the  inside,  though  a  rapid,  is  not  an  instantaneous 
process. 

What  we  recognise  as  an  electric  current  is,  in  one  aspect,  the 
process  by  which  energy,  whether  electric  or  magnetic,  passes  from 
the  field  and  generates  heat  in  the  conductors.  Whenever  the 
result  of  a  current  in  a  conductor  would  be  a  diminution  of  the 
energy  of  the  field,  such  a  current  takes  place.  If  energy  is  poured 
into  the  field  in  any  way  as  fast  as  it  is  removed  by  the  conductors, 
the  condition  known  as  that  of  a  steady  current  is  set  up,  but  in  all 
cases  the  ultimate  distribution  of  the  current  among  the  available 
conductors  is  such  that  the  total  energy  is  a  minimum.  The 
electric  energy  corresponding  to  a  given  strength  of  current  is 
proportional  to  the  difference  of  potentials  between  the  ends  of  the 
conductor,  or,  what  comes  to  the  same  thing  under  the  conditions 
specified,  to  the  resistance — and  this  is  least  if  the  current  makes 
use  of  the  whole  cross-section,  distributing  itself  so  that  the  current- 
density  is  uniform.  On  the  other  hand,  the  magnetic  energy  is 
least  when  the  current  is  confined  to  the  outer  skin  of  the  con- 
ductor ;  for  it  is  easily  proved,  by  an  adaptation  of  the  reasoning 
employed  in  §  19  in  relation  to  spheres,  that  a  current  distributed 
uniformly  on  the  surface  of  a  circular  cylinder  exerts  no  magnetic 
force  at  an  internal  point,  and  that  at  external  points  it  acts  as 
though  it  were  concentrated  in  the  axis.  It  follows  that  the 
external  magnetic  field  is  the  same  whether  the  current  is  con- 
fined to  the  surface  of  a  conductor,  or  uniformly  distributed  through 
the  cross-section  ;  whereas,  in  the  former  case  the  magnetic  field 
inside  the  conductor  itself  is  nothing,  and  in  the  latter  case  the 
internal  magnetic  force  is  proportional  to  the  distance  from  the 
axis.  The  magnetic  energy  of  the  conductor  itself  is  greater  the 
greater  the  magnetic  permeability,  and  hence  the  effect  in  question 
is  more  marked  with  iron  than  with  copper. 

For  a  frequency  of  80  periods  per  second-  the  virtual  increase  of 
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resistance  due  to  concentration  of  the  current  near  the  surface  is 
I  per  cent,  in  a  copper  wire  i  centimetre  in  diameter,  and  8  per 
cent,  in  a  wire  of  2  centimetres  diameter.  For  large  diameters  the 
conducting  power  of  a  cylindrical  conductor  increases  almost  as 
the  perimeter  instead  of  as  the  section.  Hence  we  have  the 
practical  conclusion,  that  for  very  strong  alternating  currents 
tubes  should  be  used,  and  not  solid  conductors. 

328.  Influence  of  Capacity. — A  difference  of  potential  cannot 
exist  between  two  conductors  without  correlated  electrostatic 
charges.  Each  element  of  a  wire  in  which  a  current  is  estab- 
lished acts  as  a  capacity,  and  the  assumption  we  have  hitherto 
made  that  at  each  instant,  every  section  of  the  conductor  is 
traversed  by  the  same  quantity  of  electricity,  is  strictly  true  only 
when  the  current  has  reached  the  steady  state. 

If  a  condenser  is  connected  in  circuit  with  a  coil  revolving  in  a 
magnetic  field,  as  described  in  §  320,  or  with  any  other  equivalent 
source  of  alternating  electromotive  force,  it  acquires  alternate 
positive  and  negative  charges,  the  difference  of  potentials  of  the 
coatings  varying  harmonically,  and  the  period  being  the  period  of 
revolution  of  the  coil.  The  difference  of  potentials  of  the  coatings 
is  equivalent  to  an  electromotive  force  opposing  that  due  to  the 
rotation  of  the  coil.  Calling  the  potential-difference  at  any  instant 
F,  the  strength  of  current  at  the  same  instant  C,  and  the  capacity 

of  the  condenser  S^  the  charge  is  SV^  and  its  rate  of  change,  5—,  , 

at 

is  equal  to  the  strength  of  the  current.   Writing,  as  before,  E^  sin  w/ 

for  the  instantaneous  electromotive  force,  we  have 

J5'^sin«/=C7e-l-Z^+  V. 
at 

To  express  that  V  varies  periodically  in  the  same  period  as  the 
electromotive  force,  we  may  write 

V=  F^sin(a)/-  r), 

where  V^  is  the  maximum  value  and  r  is  a  constant  determining 
the  difference  of  phase  between  the  electromotive  force  and  the 
charge  of  the  condenser.  From  this  expression  for  V  we  get  for 
the  strength  of  current 

C^S^^^=S^V,cos{i.t-r\ 
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and  for  the  rate  of  variation  of  the  current 

^=-5cu2K,sin(«/-r). 

Using  these  values  in  the  original  equation,  we  may  write  it  as 
follows  : — 

E^  sin  «/  =  \RSia  cos  (w/  -  r)  +  (i  -  I.Sw^)  sin  («/  -  r)]  V^. 
If  we  now  make  w/  -  r  first  =  o,  and  then  =  -,  this  gives 

E^  sin  r  =  RSm  V^    and    ^^  cos  r  =  ( i  -  SL^^)  V^ 

respectively.   The  potential-difference  at  tkne,  /,  therefore  becomes 
E„  sin  r 

or 

.f^cosr 

and  the  retardation  of  phase  r  is  determined  by  the  equation 

The  simultaneous  strength  of  current  is  given  by  the  equation 

C  =  6'^^=  ^^  sin  r .  cos  («/  -  r), 
at        R 

The  product  RS  in  the  case  of  a  condenser  has  a  significance 
similar  to  that  of  the  ratio  -  in  the  case  of  a  coil :  if  the  surfaces 

of  a  charged  condenser  of  capacity  5,  are  connected  through  a 
conductor  of  resistance,  7?,  the  difference  of  potentials  falls  to  the 

fraction  -  =  — ^— -  of  its  initial  value  in  the  time  A**y.     This  pro- 
e    2.718...  ^ 

duct  is,  consequently,  called  the  **  time-constant "  of  the  condenser. 

If  we  denote  it  by  i/,  using,  as  before,  X  for  the  corresponding 

value  L\Ry  we  may  write 

Via 
tanr=   — \- ^ 
I  —  Avw- 
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and  remembering  that  (a  stands  for  2t/  7*,  where  T  is  the  period  of 
rotation  of  the  coil,  we  see  that  if 

T  =  2irN/xJ, 

the  angle  denoted  by  r  becomes  a  right  angle,  and  the  expression 
for  the  current-strength  becomes 

C^-/  sin  w/. 
A' 

That  is  to  say,  under  the  specified  conditions,  the  self-induction 
and  capacity  of  the  circuit  exactly  neutralise  each  other's  effects, 
both  the  strength  of  the  current  and  its  phase  being  the  same 
as  they  would  be  in  a  simple  circuit  of  resistance,  i?,  without 
self-induction. 

329.  Electrical  Oscillations. — When  the  surfaces  of  a  charged 
condenser  are  suddenly  connected  by  a  conductor  of  small  resist- 
ance, the  electric  energy  is  converted  into  heat,  but  the  process  is, 
comparatively  speaking,  a  gradual  one,  and  involves  the  charging 
of  the  condenser  a  large  number  of  times  in  succession,  and 
alternately  in  opposite  directions  ;  the  energy  represented  by  each 
charge  being  a  constant  fraction  of  that  of  the  preceding  one.  In 
fact,  a  series  of  electric  oscillations  of  gradually  decreasing  ampli- 
tude is  set  up. 

In  order  to  follow  out  the  theory  of  the  process,  we  will,  in  the 
first  instance,  suppose  the  resistance  of  the  conductor  to  be  in- 
appreciable. Denoting  the  charge  of  a  condenser  by  g,  and  its 
capacity  by  ^S",  the  electrostatic  energy  is  ^Q^jS  (§55).  When  the 
coatings  are  connected  by  a  conductor  of  self-induction,  Z,  the 
electrostatic  energy  disappears,  giving  rise  to  a  current  and  an 
amount  of  electromagnetic  energy  represented  (§  296)  by  ^LC\ 
This  in  its  turn  dies  away,  reproducing  the  original  amount  of 
electrostatic  energy  in  the  form  of  a  reversed  charge  of  the 
condenser.  This,  as  soon  as  it  is  formed,  begins  to  diminish 
again,  giving  rise  to  an  inverse  current  and  reproducing  electro- 
magnetic energy  ;  and  so  the  process  goes  on,  the  original  energy 
of  the  condenser  being  transformed  into  the  electromagnetic  and 
electrostatic  forms  alternately. 

From  the  principle  of  conservation  of  energy  we  conclude  that 
the  total  energy,  electrostatic  and  electromagnetic  together,  is 
constant,  or 

i^-  +  ^/X^  =  constant 
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Differentiating  with  respect  to  time,  we  get 

which  simply  means  that  an  increase  of  one  kind  of  energy  is 
accompanied  by  an  equal  decrease  of  the  other  kind.  But 
C  =  dQldt,  and  therefore  dC\dt  =  d'^Qjdt^ :  consequently,  the  last 
equation  may  be  written 

dH  LS'^' 

Let  us  compare  this  with  the  formula  that  expresses  the  accelera- 
tion of  a  particle  of  mass,  m^  which,  when  displaced  from  a 
position  of  stable  equilibrium,  is  urged  back  by  a  force  propor- 
tional to  the  displacement,  or,  namely,  the  formula 

where /stands  for  the  restoring  force  corresponding  to  unit  dis- 
placement. This  equation  states  that  the  acceleration  is  propor- 
tional to  displacement  and  in  the  opposite  direction.  We  know 
that,  under  the  conditions  here  specified,  the  motion  of  the  particle 
is  simply  harmonic,  and  may  be  represented  by 

X  =  x^  cos  «/, 

if  x^  is  the  amplitude  and  /  denotes  time  reckoned  from  an  instant 
when  the  particle  is  at  the  positive  extremity  of  its  path.  The 
velocity  is 

dx  • 

V  =  —  =  —  iox^  sm  «/, 
dt  "  ' 

and  the  acceleration 

d^x 

-^  =  -  (^x^  cos  «/  =  -  Q^X. 

Equating  this  with  the  expression  given  above,  we  get 

./ 

or,  for  the  periodic  time,  we  have 


m' 


2«-;y/ 
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All  these  mechanical  results  have  strict  analogues  in  the 
electrical  case.  The  charge,  2,  of  a  condenser  may  be  taken 
as  a  measure  of  the  displacement  from  the  condition  of  electrical 

equilibrium  ;  -^  then  becomes  the  rate  of  change  of  electric  dis- 

placement,  and  might  be  called  electric  velocity  ;  and  -^  becomes 

acceleration  of  electric  displacement.  The  expression  we  obtained 
above  for  this  quantity  shows  it  to  be  directly  proportional  to 
the  electric  displacement,  Q,  Hence,  following  the  mechanical 
analogy,  and  putting  Q^  for  the  initial  charge  of  the  condenser,  we 
may  write 

2  =  2^  cos  w/ ; 

C  =  ^^^  =  -  wQ^  sin  w/  ; 
^  =  -  ^^Qo  cos  w/  =  -  ^'(2- 
From  this,  by  the  origmal  expression  for  -7^  ,  we  get 
w^  =         .    or  T  —  27r  JLS  =  2t  J\v^ 

if,  as  before,  we  use  X  and  v  for  the  two  time-constants. 

330.  Comparison  with  Experiment.— These  equations  repre- 
sent the  discharge  of  a  condenser,  under  the  conditions  stated,  as 
giving  rise  to  an  endless  series  of  oscillations  of  the  same  ampli- 
tude taking  place  in  the  periodic  time  7'^  =  2ir  VXv,  the  geometric 
mean  of  the  electromagnetic  and  electrostatic  time-constants  of 
the  system  x  2v. 

For  two  reasons,  however,  these  results  do  not  accurately  agree 
with  what  takes  place  in  real  cases.  On  the  one  hand,  the  true 
seat  of  the  changes  which  we  have  spoken  of  as  electrostatic  and 
electromagnetic  oscillations  is  not  the  conductor  connecting  the 
surfaces  of  the  condenser,  but  the  dielectric  medium  of  the  con- 
denser and  that  by  which  the  conductor  is  surrounded.     Any 

1  This  may  be  called  the  natural  oscillation-period  of  the  circuit,  and  it  may 
be  noted  that  the  condition  pointed  out  at  the  end  of  §  328,  under  which  a  con- 
denser can  neutralise  the  effects  of  self-induction  in  the  case  of  an  alternating 
electromotive  force,  is  the  condition  of  equality  between  the  period  of  the 
electromotive  force  and  the  oscillation-period  of  the  circuit. 
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change  of  condition,  such  as  those  accompanying  electric  charge 
and  discharge,  produced  at  one  part  of  this  medium,  is  pro- 
pagated with  a  definite  velocity  to  more  and  more  distant  parts, 
and  consequently  a  series  of  electrical  alternations,  such  as  we 
have  been  discussing,  gives  rise  to  a  series  of  waves  which  travel 
outwards  in  all  directions  into  the  surrounding  space.  Electric 
energy  is  thus  radiated  away  from  the  oscillating  system,  and  the 
energy  of  the  latter  is  consequently  diminished  in  proportion. 
The  process  is  closely  analogous  to  the  gradual  loss  of  energy  by 
a  vibrating  tuning-fork  consequent  upon  its  radiation  of  sound- 
waves into  the  air. 

We  shall  return  presently  (§  333)  to  the  subject  of  electric 
radiation. 

Another  respect  in  which  the  conditions  assumed  in  §  329  differ 
from  those  of  actual  experiment  is  that  they  take  no  account  of  the 
resistance  of  the  conductor.  In  certain  cases  this  resistance  may 
be  so  small  that  the  formulae  we  have  arrived  at  represent  the 
results  with  fair  accuracy,  but  it  can  never  be  got  rid  of  altogether. 
The  existence  of  resistance  causes  a  certain  amount  of  electric 
energy  to  be  converted  into  heat  at  every  oscillation,  just  as  friction 
does  in  the  case  of  ordinary  mechanical  vibrations.  The  electric 
energy  which  is  thus  expended  in  an  element  of  time  dt  is,  in 
agreement  with  Joule's  law. 


Radt^i^i^^ 


Adding  this  term  to  the  equation  from  which  we  started  in  §  329, 
we  get  after  simplification, 

^^R,dQ       Q   ^ 
dt'^      L      dt       LS 

This  equation  may  be  taken  as  a  statement  in  mathematical 
language  that  the  rate  of  generation  of  electromagnetic  energy, 
together  with  the  rate  at  which  electric  energy  is  expended  in 
generating  heat,  is  equal  to  the  rate  of  decrease  of  electrostatic 
energy  ;  or,  again,  as  a  statement  that  the  electromotive  force  due 
to  self-induction,  together  with  that  required  to  maintain  the  exist- 
ing current,  is  equal  and  opposite  to  the  difference  of  potentials 
between  the  surfaces  of  the  condenser.  The  discussion  of  the 
equation  would  involve  more  elaborate  mathematical  processes 
than  we  can  enter  upon  here  :  we  must,  therefore,  be  content  with 
merely  stating  the  most  important  conclusions  to  which  it  leads. 
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The  character  of   the  discharge  depends  essentially  on    the 
relative  magnitudes  of  the  electromagnetic  time-constant  -^  —  \ 

and  the  electrostatic  time-constant  ^^S"  —  v.  If  X  is  less  than  \y^ 
the  charge  of  the  condenser  decreases  continuously  by  a  constant 
fraction  of  its  existing  amount  at  any  instant  in  a  given  interval  of 
time.  On  the  other  hand,  if  X  is  greater  than  Ji/,  the  discharge  is 
oscillatory,  the  amplitude  of  the  oscillations  decreasing  in  geomet- 
rical progression,  and  the  period  depending  on  the  two  time- 
constants  as  expressed  by  the  formula 


7'  = 


J\v 


2t 


V     ^       ^X       \  LS 


/?2 


As  R  diminishes,  this  expression   approaches  more  and  more 
nearly  to  the  value  7*  =  2t  ^L6'  previously  obtained.     Further,  as 


Fig.  29a. 


R  occurs  in  1/  as  a  multiplier,  and  in  X  as  a  divisor,  it  is  the  deter- 
mining factor  in  the  relative  magnitude  of  these  two  quantities,  and 
therefore  in  the  nature  of  the  discharge.  One  and  the  same  con- 
denser will  give  an  oscillatory  discharge  when  the  surfaces  are 
connected  by  a  conductor  of  small  resistance,  and  a  continuous 
discharge  when  the  resistance  is  increased. 

The  general  character  of  an  oscillatory  discharge  is  indicated  in 
Fig.  292.    The  ordinates  of  the  sinuous  curve  represent  successive 
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values  of  the  electric  charge.  The  periodic  time  is  denoted  by  the 
distance  along  the  axis  ot  between  two  points  where  the  curve  cuts 
it  in  the  same  direction.  In  the  discharge  of  a  Leyden  jar,  the 
oscillations  may  occupy  from  io"*toio"*ofa  second,  according 
to  the  size  of  the  jar  and  the  nature  of  the  discharging  conductor. 
The  intermittent  character  of  the  discharge  can  be  directly  ob- 
served by  examining  it  by  reflection  in  a  rapidly  revolving  mirror, 
or  by  photographing  it  by  means  of  a  moving  camera. 

A  continuous  discharge  would  be  represented  graphically  by  a 
curve  such  as  bnc  (Fig.  278,  §  313),  the  time-constant,  v  =  RS^ 
being  indicated  by  one  of  the  horizontal  divisions. 

As  an  example,  take  the  case  of  a  Leyden  jar  of  diameter 
10  centimetres,  with  tinfoil  coatings  extending  to  a  height  of  12.5 
centimetres,  and  glass  of  thickness  0.2  centimetre.  If  the  in- 
ductive capacity  of  the  glass  were  six  times  that  of  air,  the  capacity 
of  the  jar  would  be  1125  X,  if  A'  denotes  the  inductive  capacity 
of  air.  Suppose  the  jar  discharged  by  connecting  the  coatings  by 
a  copper  wire  i  metre  long  and  of  0.2  centimetre  radius,  bent  into 
an  approximate  circle.  If  the  specific  resistance  of  the  copper  be 
taken  as  1600,  the  resistance,  R^  of  the  wire  would  be  1.273  x  loV. 
The  self-induction,  /,,  would  be  about  1430ft.  In  both  these 
formulae  ft  denotes  the  magnetic  permeability  of  air.  The  time- 
constant  of  the  discharging  circuit  would  therefore  be  X  =  L\R  = 
1.123X  io"3,  and  the  period  of  oscillation,  derived  from  the  simple 
formula, 

r=2TVZ3; 

becomes  7968  VAjlu  Now,  although  there  is  no  means  of 
ascertaining  with  certainty  the  separate  values  of  K  and  ft,  we 
know  that  the  product  denotes  the  reciprocal  of  the  square  of 
a  velocity,  which  for  air  is  3xioi<*  centimetres  per  second  (see 
§§  337  and  372).     We  have  thus  finally  the  value 

^^_7968  66xio-^ 

3  X  10'" 

The  period  of  oscillation  given  by  the  more  complete  formula  is 
not  appreciably  different.  The  amplitude  decreases  in  the  ratio 
^  ;  I  =  2.72  :  I,  in  the  time  2X  =  2.25  x  io'3  seconds ;  or  the 
amplitude  decreases  in  the  ratio  named  in  the  time  occupied  by 
2.25  X  ^o     —  g^^Q  oscillations.     It  is  as  though  the  amplitude  of 

2.66  X   lO"^  or 


Digitized  by 


Google 


39^  Special  Cases  of  Induction  [§  33o- 

vibration  of  a  tuning-fork  sounding  "  middle  C  "  (236  vibrations  per 
second)  decreased  in  the  ratio  2.72  :  i  in  just  over  half  a  minute. 

331.  Effects  of  an  Instantaneous  Discharge— Lodge's  Ex- 
periments.— Very  sudden  discharges  give  rise  to  phenomena 
which,  at  first  sight,  seem  inconsistent  with  familiar  electrical 
experience,  but  which  are  explained  when  we  consider  that,  in  the 
case  of  rapidly  varying  currents,  the  properties  of  a  conductor 
depend  essentially  upon  its  self-induction,  and  only  to  a  small 
extent  upon  its  resistance.  These  effects  may  be  compared  with 
those  produced  by  the  sudden  application  of  mechanical  forces. 
A  block  of  gun-cotton  placed  on  a  steel  plate  bums  quietly  if  it 
is  lighted  with  a  match  ;  it  smashes  the  plate  if  it  is  exploded  by 
fulminating  powder.  In  both  these  cases  the  same  quantity  of 
gas  is  developed,  and  the  same  energy  put  into  play ;  but  in  the 
second  case  the  explosion  is  so  sudden  that  the  resistance  of  the 
air  becomes  comparable  with  that  of  steel. 

Many  of  these  effects  have  long  been  known,  but  they  have  only 
been  set  in  their  proper  light  by  the  experiments  of  Professor 
Lodge. 

1.  The  conductor  by  which  a  charged  Leyden  jar  or  battery 
is  discharged  is  capable  of  giving  a  strong  spark  to  any  conductor 
brought  near  it ;  this  is  what  is  called  a  lateral  discharge.  Hence 
arises  the  necessity,  which  has  long  been  known,  of  having  glass 
handles  to  discharging  rods  (§  60). 

If  the  two  branches  of  the  discharger  are  connected  by  a  wire, 
covered  with  silk,  bent  backwards  and  forwards  several  times, 
sparks  pass  not  only  at  the  points  where  the  wire  is  connected, 
but,  notwithstanding  the  insulation,  wherever  the  loops  of  the 
wire  cross  each  other. 

2.  If  a  long  copper  wire  7  to  8  millimetres  in  diameter  is 
used  for  discharging  the  jar,  and  if  this  wire  is  led  round  a 
large  room,  not  only  does  it  everywhere  give  lateral  discharges, 
but  gas  or  water  pipes  connected  with  it  give  sparks  to 
any  conductor  brought  near  them,  whether  insulated  or  not.  If 
taken  at  the  end  of  a  gas  jet,  these  sparks  ignite  the  gas  as  it 
issues. 

The  induction  on  all  adjacent  bodies  is  often  so  strong  that 
they  become  capable  of  giving  sparks  without  being  connected 
with  the  discharging  wire. 

3.  Two  Leyden  jars,  M  and  N  (Fig.  293),  are  joined  in  cascade 
with  the  two  poles,  A,  of  a  Holtz  machine,  for  instance ;  the  two 
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outer  coatings  are  connected  by  a  continuous  wire,  L,  and  with 
two  spark  knobs,  B.  Whenever  a  spark  passes  at  A,  a  spark  also 
passes  at  B,  if  the  distance  of  the  two 
knobs  is  not  too  great.  The  limiting 
distance  depends  on  the  wire  L,  but 
it  may  be  greater  than  that  of  the 
knobs  A.  The  greater  part  of  the 
discharge  of  the  external  armatures, 
a  discharge  which  takes  place  sud- 
denly and  without  preparation^  as 
in  the  case  of  the  discharge  at  A, 
passes  through  the  air  in  preference 
to  the  wire  L,  although  the  resistance 
of  the  air-break  may  be  many  million 
times  as  great. 

4.  The  internal  coating  of  a  Leyden     ,' 
jar  is  connected  with  one  of  the  poles  of 
the  machine,  the  other  coating  being 
connected  by  a  long  conducting  wire  L, 
with  the  second  pole  (Fig.  294).   Every 
time  a  spark  passes  at  A,  sparks  are 
the  two  coatings  along  the  surface  of 
is  self-discharged.    When  the  difference 
of  potential  between  the  two  coatings 
has    reached    the    value    which    cor- 
responds   to   the   striking   distance,   a 
powerful  spark  passes  between  the  two 
knobs  ;  this  sets  up  for  a  short  time  a 
path  of  feeble  resistance,  across  which 
electricity  oscillates  froAi  one  armature 
to  another.     When  the  spark  ceases, 
the    path    closes    suddenly,    and    the 
moving   electricity  strikes    across    the 

gap  between  the  two  coatings  by  an  action   like  that  of  the 
hydraulic  ram. 

332.  Hertz's  Experiments. — Hertz  obtained  still  more  rapid 
oscillations  by  means  of  a  discharger  or  vibrator  fomied  of  two 
spheres  or  of  two  plate?,  Aa',  connected  by  a  nearly  continuous 
brass  rod,  C  (Fig.  295). 

If  the  two  spheres  are  suddenly  raised  to  the  potentials  +  V  and 
-  V,  and  the  system  is  left  to  itself,  equilibrium  is  attained  after  a 


Fig.  293. 

seen   to  strike  between 
the  glass,  and  the  jar 


Fig  294. 
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series  of  oscillations  the  duration  of  which  is  determined  by  the 
formula  already  given  (§  329), 

T  ^  2-K  JSL, 

which,  according  to  the  dimensions  of  the  apparatus,  may  vary 
between  i  and  30  thousand  millionths  of  a  second. 


Fig.  295. 

To  get  an  instantaneous  charge  of  the  vibrator,  a  break  is  left 
at  c  between  the  two  parts  of  the  connecting  rod,  and  these  are 

provided  with  two  small  knobs 
which  are  connected  with  the 
poles  of  a  powerful  induction 
coil,  B  (§  419). 

When  induction  takes  place 
on  the  secondary  wire  of  the 
coil,  the  two  arms  of  the  vibra- 
tor which  form  the  ends  of 
the  wire  are  raised  to  different 
potentials,  and  at  the  same 
instant  a  spark  strikes  between 
the  knobs  a  and  d.  This,  as 
was  explained  above,  r/taJbes  a 
path  for  the  oscillations,  and 
the  vibrator  now  discharges 
itself  independently,  as  if  it 
were  insulated  from  the  coil. 
The  same  succession  of  pheno- 


FiG.  296. 


mena  takes  place  at  each   to  and  fro  motion  of  the  secondary 
current  of  the  coil. 
The  duration  of  these  oscillations  is  so  small  that  the  effects  of 
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their  propagation  can  be  detected;  If  a  conductor,  such  as  abed 
(Fig.  296),  with  a  break  at  M,  is  connected  by  a  wire  of  any  length 
with  one  of  the  branches  of  a  vibrator,  sparks  are  obtained  at  M 
if  the  point  of  attachment,  o^  is  unsymmetrical  with  respect  to  the 
interval ;  they  disappear  if  the  point  of  attachment  is  exactly  at  e. 
In  this  case  the  two  parts  into  which  the  wave  divides  arrive  at  the 
same  time  at  the  knobs  a  and  iS,  and  cannot,  therefore,  produce  the 
difference  of  potential  which  is  necessary  for  a  spark.  On  the 
other  hand,  the  spark  is  stronger  the  nearer  the  point  of  attach- 
ment is  to  one  of  the  knobs.  Experiment  shows,  moreover,  that 
there  is  a  certain  size  of  the  circuit  for  which  the  spark  is  a 
maximiun  ;  it  is  that  for  which  the  time  which  the  waves  take  to 
traverse  the  wire  is  equal  to  half  the  natural  period  of  oscillation 
of  the  vibrator  ;  the  impulse  increases  at  each  oscillation,  and  the 
circuit  acts  like  a  resonator, 

333.  Propagation  of  Vibratory  Motion.— When  the  vibrator 
works  well,  sparks  can  be  taken  from  every  piece  of  metal,  large 
or  small,  insulated  or  not,  contained  in  the 
room  where  the  vibrator  is,  or  in  the  adja- 
cent ones.  They  strike  between  two  coins 
or  two  keys  which  are  brought  near  together ; 
they  can  be  taken  from  water  or  gas  pipes 
when  the  point  of  a  penknife  is  presented. 
Dr.  Hertz  used  a  wire  bent  in  the  form  of 
a  circle,  one  end  provided  with  a  small  knob, 
and  the  other  with  a  point  whose  distance  fig.  297. 

from  the  knob  could  be  varied  at  will  (Fig. 
297).      The  intensity  of  the  action  at  any  point  is  indicated  by 
the  length  and  brightness  of  the  spark.    The  effect  is  greatest  for 
a  particular  size  of  the  circuit,  namely,  that  which  causes  it  to  act 
as  a  resonator. 

Near  the  vibrator,  the  resonator  gives  sparks  of  7  to  8  milli- 
metres ;  and  sparks  of  only  a  few  hundredths  of  a  millimetre,  but 
still  visible,  at  distances  of  15  to  20  metres.  A  stone  or  brick  wall 
or  a  door  does  not  stop  the  action  ;  a  metal  surface,  according  to 
its  thickness  and  conducting  power,  reflects  the  vibrations  and 
acts  like  a  more  or  less  perfect  screen. 

The  question  arises,  whether  this  action  is  instantaneously  trans- 
mitted in  the  medium,  or  whether  it  has  a  finite  velocity.  In  the 
first  case,  all  points  should  be  at  the  some  moment  in  the  same 
phase  as  the  source  ;  in  the  second,  the  propagation  must  take 
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place  in  the  form  of  waves.  If  F  is  the  uniform  velocity  of  pro- 
pagation, and  T  the  period,  the  wave-length, 

X=  VT, 

is  the  distance  through  which  the  effect  is  propagated  during  a 
complete  vibration.  At  points  distant  by  A,  2X,  3X  .  .  .  the 
electrical  disturbance  is  the  same  at  each  instant  as  that  of  the 
source,  except  as  to  amplitude ;  at  points  distant  by  JX,  f  X,  fX, 
the  motion  is  in  the  contrary  direction.^ 

In  order  to  render  these  waves  manifest  Hertz  changed  them  by 
reflection  into  stationary  vibrations.  It  is  known  that  if  waves  are 
reflected  from  a  plane  surface,  the  reflected  waves  interfering  with 
the  direct  waves  give  stationary  vibrations  separated  by  fixed 
nodes.  In  order  to  see  this,  we  need  only  draw  a  sine  curve  and 
fold  it  back  on  itself  about  any  perpendicular  to  its  axis  (Fig.  298). 


Fig.  298. 


The  points  where  the  ordinates  of  the  two  curves  are  equal  are 
always,  if  we  do  not  take  account  of  the  sign,  at  distances  o,  JX, 
|X  .  .  .  from  the  reflecting  surface.     If  the  reflection  takes  place 

1  Let  us  imagine  two  wires  stretched  parallel  to  each  other,  one  belonging 
to  a  primary  and  the  other  to  a  secondary  circuit  If  the  former  is  traversed  by 
an  alternating  current,  and  the  latter  is  at  a  distance  from  the  inductor  equal  to 
one  wave-length,  it  will  be  acted  upon  in  the  same  way  as  if  it  were  in  contact, 
except  as  regards  intensity.  But  if  it  is  at  a  distance  of  half  a  wave-length, 
the  induced  electromotive  force  will  at  each  instant  be  in  the  opposite  direction 
to  that  which  would  be  produced  close  to  the  primary  conductor.  In  such  a 
case,  the  usual  laws  as  to  the  direction  of  the  induced  currents  would  be  re- 
versed. The  experimental  proof  of  this  fact  would  be  the  most  direct  proof 
that  the  propagation  occupies  time ;  but  if  the  velocity  were  that  of  light,  the 
wave-length  for  an  alternating  current  of  100  periods  in  a  second  would  be  3000 
kilometres,  and  the  two  wires  would  have  to  be  placed  1500  kilometres  apart. 
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Fig.  299. 


with  change  of  sign,  the  distances  o,  ^X,  |X  correspond  to  the 
nodes,  the  distances  JX,  |X  .  .  .  to  the  loops. . 

This  is  exactly  what  takes  place  when  waves  from  an  electrical 
vibrator  strike  against  a  metal  wall  parallel  with  the  vibrator. 
There  is  a  node  at  the  wall,  and  others  follow  at  equal  distances. 
For  a  vibrator  whose  period  is  thirty  thousand-millionths  of  a  second, 
the  interval  between  the  nodes  is  about  5  metres.  The  wave- 
length in  this  case  is  10  metres,  which  makes 
the  velocity  of  propagation  300,000  kilometres  ; 
that  is  to  say,  exactly  the  velocity  of  light. 

334.  Bays  of  Electrical  Porce.— True  rays 
of  electrical  force  may  be  obtained  by  placing 
a  small  vibrator  along  the  focal  line  of  a  para- 
bolic cylinder  (Fig.  299). 

The  field  in  which  the  phenomenon  can  be 
perceived,  and  in  which  sparks  can  be  obtained 
with  the  resonator,  is  bounded  by  two  ver-  , 
tical  planes  which  pass  through  the  edges  of  i 
the  mirror,  and  are  parallel  to  the  axis  of  the 
parabola.  This  forms  Vi  parallel  electric  beam^ 
identical  with  the  luminous  beam  which  a 
source  of  light  would  give  if  put  in  the  place  of  the  vibrator. 

If  this  beam  is  received  upon  a  mirror  identical  with  the  first, 
the  well-known  experiment  of  the  two  conjugate  mirrors  may  be 
repeated,  and  it  may  be  shown  that  the  vibratory  motion  is  con- 
centrated on  the  focal  line  of  the  second  mirror. 

The  ray  may  also  be  reflected  at  a  vertical  plane,  and  the  angle 
of  reflection  proved  to  be  equal  to  the  angle  of  incidence. 

The  radiation  can  be  transmitted  through  a  prism  with  vertical 
edges ;  in  this  case  it  is  deflected  towards  the  base  of  the  prism, 
and  the  refractive  index  of  the  substance  for  the  wave-length  used 
can  be  deduced  from  the  amount  of  deviation. 

Lastly,  a  flat  grating  formed  of  parallel  copper  wires  intercepts 
the  beam  if  the  wires  are  parallel  to  the  vibrations,  and  allows 
them  to  pass  if  they  are  perpendicular.  It  thus  acts  like  a  tour- 
maline on  a  ray  of  polarised  light 

The  analogy  between  the  motion  produced  in  the  ether  by  elec- 
trical oscillations  and  by  luminous  phenomena  appears  complete, 
and  we  are  led  to  the  conclusion  that  they  only  differ  as  to  their 
respective  periods  of  vibration,  and  therefore  in  their  wave-lengths. 
The  wave-length  of  visible  rays  is  about  0.00005  centimetre ;  that  of 
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thermal  rays,  as  observed  by  Langley,  is  0.003  centimetre ;  the 
smallest  wave-length  .which  has  hitherto  been  observed  for  electrical 
rays  is  about  50  centimetres,  that  is  to  say,  a  million  times  as  great 
as  for  the  visible  rays. 

335.  Propagation  along  Wires.— A  straight  insulated  wire 
fixed  perpendicularly  to  the  centre  of  a  metal  plate  placed  close 
to  one  of  the  knobs  of  the  discharger  is  traversed  by  waves  which, 
reflected  from  the  end  of  the  wire,  give  rise  to  stationary  vibrations. 
The  distance  from  one  node  to  another  is  constant  whatever  be 
the  nature  of  the  wire,  and  this  value  is  the  same  as  for  air.  It 
follows  from  this  that  the  propagation  takes  place  through  the  air, 
and  not  through  the  wire. 

We  might  infer  from  the  extreme  rapidity  of  the  oscillations  that 
the  phenomenon  does  not  penetrate  beyond  the  surface  of  the  wire 
(§  327).  Hertz  demonstrated  this  directly  by  the  following 
arrangement  (Fig.  300).     The  wire  is  cut  at  A,  and  the  gap  is 


Fig.  300. 

enclosed  in  a  kind  of  cage  made  of  metal  wires  stretched  between 
two  discs,  a  and  j8.  The  disc  a  is  in  contact  with  the  wire ;  the 
disc  /S  is  supported  by  a  tube  y5,  which  surrounds  the  wire,  but 
does  not  touch  it.  As  the  waves  arrive  in  the  direction  of  the 
arrow,  there  is  no  spark  at  A  if  the  tube  is  connected  at  h  with 
the  wire ;  the  electrical  action  stops  at  the  outer  surface.  The 
sparks  reappear,  however,  if  the  tube  is  insulated  at  d;  in  this 
case  the  oscillations  travel  through  the  dielectric  between  the  wire 
and  the  inner  surface  of  the  tube. 

336.  The  Electromagnetic  Field.— The  mutual  relations  be- 
tween electrical  and  magnetic  phenomena,  and  especially  pheno- 
mena such  as  those  discussed  in  the  latter  part  of  the  present 
chapter,  afford  strong  confirmation  of  the  view,  already  referred  to 
several  times  in  the  course  of  this  work,  that  electric  and  magnetic 
forces  do  not  emanate  directly  from  electrified  conductors  or  from 
wires  conveying  currents,  but  that  they  are  the  result  and  mani- 
festation of  a  special  state,  or  rather  states,  of  the  dielectric  medium 
surrounding  the  bodies  on  which  the  forces  are  exerted.     The  fact 
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that,  if  the  charges  and  currents  remain  of  the  same  strength,  the 
resulting  effects  depend  upon  the  physical  nature  of  the  dielectric 
medium  in  which  they  are  produced,  and  not  at  all  on  the  physical 
nature  of  the  conductors,  may  itself  be  taken  as  proving  the 
essential  truth  of  the  view  in  question.  The  intervention  of 
conductors  in  bringing  about  the  required  condition  of  the  medium 
seems  to  be  essential ;  but,  when  once  this  condition  exists,  the 
function  of  conductors  is  purely  geometrical  in  localising  and 
bounding  the  electric  and  magnetic  fields. 

At  any  part  of  a  dielectric  medium,  electric  and  magnetic  force 
may  exist  either  separately  or  simultaneously,  and  in  the  latter 
case  the  effects  of  one  are  not  affected  by  the  existence  of  the 
other.  Otherwise  expressed,  an  electric  or  magnetic  field  may 
exist  independently  of  each  other,  or  they  may  be  superposed 
without  the  direction  or  intensity  of  either  being  modified  by  the 
coexistence  of  the  other. 

But  this  mutual  independence  of  the  two  fields  applies  only  to 
the  steady  state  of  each.  The  movement  of  lines  of  electric  force 
is  accompanied  by  magnetic  force,  which  at  any  point  is  per- 
pendicular to  the  plane  containing  the  tangent  to  the  line  of  elec- 
tric force  through  that  point  and  the  direction  of  motion  ;  and, 
reciprocally,  the  movement  of  lines  of  magnetic  force  is  accom- 
panied by  electric  force  at  right  angles  to  the  direction  of  motion 
and  to  that  of  the  magnetic  force. 

A  complete  theory  of  electricity  and  magnetism  would  require 
as  its  basis  such  a  conception  of  the  structure  of  dielectric  media 
as  would  afford  a  mechanical  explanation  of  the  properties  of 
electric  and  magnetic  fields  and  of  their  mutual  relations.  Various 
more  or  less  satisfactory  attempts  to  form  a  conception  of  this 
kind  have  been  made,  but,  without  discussing  them,  we  may  say 
that  the  evidence  seems  conclusive  that  the  phenomena  we  are 
studying  are  due  to  special  conditions  of  the  medium  occupy- 
ing the  field,  although  we  cannot  say  definitely  what  these  con- 
ditions are. 

Electric  and  magnetic  force  can  act,  not  only  through  ordinary 
matter  in  any  of  its  forms,  solid,  liquid,  or  gaseous,  but  also  through 
what  we  are  accustomed  to  speak  of  as  a  perfect  vacuum.  We 
must  suppose,  therefore,  that  the  electromagnetic  medium  is 
something  different  from  ordinary  matter,  existing  where  matter 
is  not,  and,  indeed,  extending  throughout  space  to  the  faithest 
limits  of  which  we  have  any  cognisance. 
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Even  where  ordinary  matter  exists,  say  atmospheric  air,  its 
mechanical  properties  are  not  such  as  can  explain  the  electric 
and  magnetic  forces  which  act  through  it.  Hence,  the  required 
medium  must  be  something  to  which  the  property  of  impenetra- 
bility, a  property  inseparable  from  our  common  idea  of  matter, 
does  not  apply.  We  must  think  of  the  medium  as  existing 
throughout  space,  and  retaining  everywhere  essentially  the  same 
properties,  whether  the  space  is  otherwise  vacuous  or  occupied  by 
any  kind  of  matter.^  When  an  electric  field  is  filled  with  air, 
glass,  or  any  other  dielectric,  we  must  suppose  that  the  properties 
of  the  field  depend  essentially  on  the  electromagnetic  medium 
coexisting  with  the  ordinary  matter,  though  the  properties  of  the 
medium  are  modified  quantitatively  by  the  nature  of  the  ordinary 
matter  with  which  it  is  associated. 

337.  Electricity  and  Optics.— In  order  to  explain  the  propa- 
gation of  light  across  stellar  space,  and  to  account  for  the  pro- 
perties of  light  as  ascertained  by  experiment,  men  of  science 
have  long  recognised  the  necessity  of  supposing  some  medium, 
the  so-called  "  luminiferous  ether,"  possessing  mechanical  pro- 
perties difierent  from  those  met  with  in  ordinary  matter,  to  exist 
throughout  all  transparent  substances  and  to  extend  through 
space. 

After  imagining  one  intangible,  all-pervading  ether,  in  order  to 
explain  optical  phenomena,  it  seems  highly  artificial  and  com- 
plicated to  imagine  a  second  intangible  medium  to  account  for 
the  phenomena  of  electricity  and  magnetism.  It  turns  out,  how- 
ever, that  these  two  hypotheses  mutually  support  each  other ;  that, 
in  fact,  the  mechanical  properties  which  must  be  attributed  to  the 
ether,  in  order  to  explain  the  transmission  and  properties  of  light, 
are  just  those  which  the  electromagnetic  medium  must  possess  in 
order  to  produce  the  effects  of  electricity  and  magnetism.  We 
may  say,  therefore,  that  the  unknown  electromagnetic  medium 
has  been  found  in  the  long-admitted  luminiferous  ether. 

It  appears,  indeed,  that  in  studying  optics  and  electricity  we  are 
really  investigating  the  properties  of  the  ether  from  two  different 
sides.     In  optics,  we  are  dealing  with  effects  due  to  vibrations  of 

I  If  we  think  of  matter  as  made  up  of  discrete  molecules,  the  electro- 
magnetic medium  may  be  imagined  to  occupy  the  space  between  the  mole- 
cules, so  that  it  may  not  be  necessary  to  suppose  penetration  in  the  ultimate 
sense. 
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enormous  rapidity ;  ^  whereas  in  electricity  we  observe  the  effects 
of  very  much  slower  vibrations,  or  of  steady,  non-vibratory  con- 
ditions of  the  ether.  Such  at  least  seems  to  be  the  fair  inference 
from  what  is  known  so  far. 

Without  attempting  to  give  a  complete  account  of  the  evidence 
in  favour  of  the  statements  we  have  just  made,  we  will  endeavour 
to  explain  the  nature  of  some  of  the  chief  steps  in  the  argument  in 
favour  of  regarding  electrical  and  optical  phenomena  as  different 
manifestations  of  the  same  agency. 

The  fundamental  property  that  must  be  ascribed  to  the  lumini- 
ferous  ether  is  that  of  receiving  and  transmitting  energy  in  the 
form  of  vibrations  ;  hence  it  must  have  inertia  and  elasticity,  and 
thus  be  capable  of  possessing  energy  either  in  the  kinetic  or 
potential  form.  The  kinetic  energy  of  a  portion  of  the  ether 
possessing  inertia  m^  and  moving  with  velocity  r,  is  of  course 
—  \m(^.  Comparing  the  ether  with  an  ordinary  elastic  material 
possessing  the  same  properties  in  all  directions,  we  may  express 
the  potential  energy  of  a  given  portion  of  it  as  follows  : — Consider 
a  rectangular  block  of  an  elastic  material  having  one  face,  call  it 
M,  held  fast,  while  a  force  /  is  applied  uniformly  all  over  the 
parallel  face  N.  For  definiteness,  suppose /to  be  parallel  to  M 
and  N,  and  to  another  pair  of  the  faces  of  the  block.  If  «  is  the 
area  of  one  of  the  faces  M,  the  intensity  of  the  applied  force,  or 
the  stress^  tending  to  deform  the  block  is/  =^7^.  The  result  will 
be  that  every  point  of  the  face  M  will  move  relatively  to  N  in  the 
direction  of  the  force  through  a  distance  X,  say,  producing  a  strain 
(in  this  case  a  shear),  s  ==  X//,  if  we  put  /  for  the  distance  between 
the  surfaces  M  and  N.  The  applied  force  /  will  be  proportional 
to  the  displacement  X,  and  during  its  application  work  will  be  done 
equal  to  the  product  of  its  average  value  into  the  final  value  of  the 
displacement ;  this  is  easily  seen  to  be 

i/X  =  \pa.ls  =  \ps.v^ 

where  v  —  a  I  represents  the  volume  of  the  elastic  block. 

The  work  done  in  producing  the  strain  is  stored  up  as  potential 
energy  in  the  strained  material,  and  from  the  above  it  appears 
that  the  energy  per  unit  volume  of  a  uniformly  strained  elastic 
substance  is  equal  to  half  the  product  of  the  stress  into  the  strain. 

1  About  600  million  million  vibrations  per  second  for  the  mean  rays  of  the 
spectrum. 
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The  criterion  of  perfect  elasticity  is  that  the  ratio  of  stress  to  strain 
is  constant,  and  this  constant  ratio  is  taken  as  the  measure  of  the 
elasticity.  Denoting  it  by  N^  we  may  write  the  potential  energy 
of  unit  volume  of  an  elastic  substance  in  the  three  alternative 
forms 

In  the  case  of  electrical  energy,  it  seems  natural  to  regard  the 
energy  of  an  electrostatic  field  as  potential,  and  the  energy  corre- 
sponding to  the  movement  of  lines  of  force,  that  is,  the  magnetic 
energy  of  a  current,  as  kinetic.  We  will  consider  first  electrostatic 
energy.  If  the  charge  of  a  field  of  capacity  S  is  2»  ^^'^  the 
difference  of  potential  between  the  boundaries  is  F  —  V\  the  total 
energy  may  be  written 

\{v-r)Q  =  \{y-  F')'5=t|\ 

To  obtain  expressions  for  the  energy  of  unit  volume,  we  will 
consider  the  energy  of  a  portion  of  a  field  bounded  by  area  a  of 
two  parallel  plane  surfaces  at  a  distance  /  from  each  other.  The 
energy  in  this  case  is 

where  v  is  the  volume  of  the  field  =  aL  If  we  put  /  for  the 
intensity  of  electric  force  in  the  field,  or  ( F  -  F')//,  and  express 
the  charge  as  Q  =  <r^,  where  «"  is  surface-density,  we  get  the  three 
following  expressions  for  the  energy  of  unit  volume  of  the  field — 

The  electric  force /per  unit  area  of  the  field,  and  <r  the  charge  per 
unit  area,  may  be  looked  upon  as  representing  respectively  electric 

stress  and  electric  strain,  and  their  ratio,  ^,  then  appears  as  the 

electric  elasticity  of  the  field.     From  this  point  of  view,  the  three 
shapes  in   which  we  have   written   the  expression    for    electric 
energy  per  unit  volume  correspond  exactly  with  the  three  forms 
of  the  expression  for  elastic  energy  per  unit  volume. 
As  we  have  said,  if  the  energy  of  an  electric  field  is  assimilated 
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to  the  potential  energy  of  elastic  strain,  the  energy  of  a  current 
must  be  of  the  nature  of  kinetic  energy,  and  must,  therefore,  be 
expressible  in  a  form  comparable  with  \mu'^^  where  i^is  a  velocity. 
An  electric  current  implies  the  motion  of  lines  of  force  (§  298),  and 
the  strength  of  a  current  is  an  expression  for  the  number  of  lines 
which  pass  a  given  section  of  the  circuit  in  unit  of  time.  We  may, 
therefore,  take  u  as  equal  to  or  proportional  to  C  It  remains  to 
consider  what  we  are  to  take  as  representing  the  inertia  tn.  To 
investigate  this  point  we  will  again  choose  a  case  that  admits  of 
easy  calculation.  Consider  the  energy  of  a  length  /  of  an  electro- 
magnetic cylinder  (§  256)  of  cross-section  ^,  having  ;i  turns  of  wire 
per  unit  length,  through  which  a  current  of  strength  C  is  flowing. 
The  energy  is  (§  296)  \LC^^  and  Z,  the  coefficient  of  self-induction, 
is  the  magnetic  flux  through  the  circuit  multiplied  into  the  electric 
flux  round  the  circuit,  both  for  the  case  of  unit  current.    This  gives 

(§  273) 

Z  =  ^ .  4«'«/i .  nly 

ft  being  the  magnetic  permeability  of  the  medium  inside  the  coil. 
The  energy  may,  therefore,  be  written 

iZC2  =  i^.4ir/i.(;/C)2. 

Here  al  is  the  volume  of  the  electromagnetic  field  considered.  The 
energy  of  unit  volume  is  therefore 

\.^Ty..(nC)\ 

where  «C  is  the  effective  electric  flux  round  unit  length,  and  may  be 
taken  as  the  measure  of  electric  velocity.  In  this  case  4irAt  appears 
as  the  electric  mass  or  inertia  of  unit-volume,  or  more  simply  as 
the  electric  density  of  the  medium. 

We  may  sum  up  the  results  of  this  discussion  by  saying  that 
electrostatic  energy  and  electromagnetic  energy  may  be  expressed 
as  respectively  the  potential  and  the  kinetic  energy  of  the  medium 

occupying  the  field,  if  4^  be  taken  as  a  measure  of  the  electric 

elasticity  of  the  medium,  and  4ir/A  as  a  measure  of  its  electric 
density. 

We  began  by  recalling  that  the  luminiferous  ether,  in  order  to 
fulfil  its  function  of  transmitting  light,  must  possess  elasticity  and 
density.     The  velocity  with   which  vibrations  travel  through  an 
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elastic  medium  is  equal  to  the  square  root  of  the  ratio  of  the 
elasticity  to  the  density  of  the  medium.  If,  then,  the  values  of  the 
elasticity  and  density  that  we  have  arrived  at  for  the  medium 
concerned  in  electric  and  magnetic  phenomena  are  the  values  of 
the  elasticity  and  density  of  the  luminiferous  ether,  we  should  expect 
the  velocity  of  light  to  be  equal  to 


v 


Now,  although,  as  has  been  said,  no  means  is  known  of  measur- 
ing the  separate  values  of  K  and  /n,  the  product  AT*  is  measurable 
in  various  ways,  and  many  experiments  agree  in  indicating  for 
its  value  for  air  i  4-  9  x  io»>  /^centiniA^  ^gg  386-390).    The  square 

root  of  the  reciprocal  of  this,  or  3  x  10^®  centimetres  per  second,  is 
almost  exactly  the  mean  of  the  best  determinations  of  the  velocity 
of  light  in  air. 

For  other  transparent  media,  the  value  of  the  magnetic  per- 
meability, jLt,  does  not  differ  to  any  important  extent  from  its  value 
for  air,  therefore  the  difference  of  the  velocity  of  light  in  different 
media  must,  if  our  theory  is  right,  depend  upon  differences  of 
specific  inductive  capacity,  K,  That  is,  if  u  is  the  velocity  of  light 
in  air  and  1/  its  velocity  in  another  medium,  and  K  and  K'  the 
corresponding  inductive  capacities,  we  ought  to  have 


The  numbers  that  are  recorded  as  the  values  of  the  specific  induc- 
tive capacity  for  various  substances  are  really  comparative  values 
referred  to  air,  and  therefore  give  at  once  the  ratio  K'lK,  On 
the  other  hand,  the  undulatory  theory  of  light  indicates  that  the 
ratio  «/«'  of  the  velocities  in  air  and  any  other  medium  is  the 
index  of  refraction^  «,  of  light  from  air  into  this  medium.  We 
thus  come  to  the  ftirther  conclusion  that  the  dielectric  coefficient 
of  a  transparent  substance  (that  is,  its  relative  specific  inductive 
capacity  compared  with  air)  should  be  equal  to  the  square  of  the 
index  of  refraction  of  light  from  air  into  that  substance. 

In  many  cases  this  conclusion  is  closely  verified  by  direct  ex- 
periment ;  in  other  cases  there  is  considerable  discrepancy,  but, 
considering  the  enormous  rapidity  of  the  vibrations  of  light,  it  is 
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quite  conceivable  that  the  virtual  elasticity  of  the  ether  in  reference 
to  them  may  not  be  the  same  as  that  which  comes  into  play  in 
the  case  of  the  statical  processes,  or  of  the  relatively  slow  vibra- 
tions that  have  been  employed  in  determinations  of  dielectric 
coefficients.  On  the  whole,  it  may  be  said  that  comparisons  of 
indices  of  refraction  and  dielectric  coefficients  have  affi)rded  a 
remarkable  confirmation  of  the  general  truth  of  our  theory. 
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CHAPTER  XXVIII. 
GALVANOMETERS. 

338,  Galvanometer. — A  galvanometer,  in  the  strict  sense  of  the 
word,  is  an  instrument  which  serves  to  measure  the  intensity  of  a 
current  by  the  action  which  it  exerts  on  a  magnetic  needle. 

It  consists  essentially  of  a  frame  on  which  wire  is  coiled  in  a 
vertical  plane,  and  of  a  magnetic  needle  suspended  horizontally  at 

the  centre  of  the  coil 


(Fig.  301).     The  plane 

of  the  wire  is  placed  in 

V^^         J  I  the  magnetic  meridian, 

and  therefore  the  needle 
Fig.  301.  's  parallel  to  it  in  its 

position  of  equilibrium. 
The  field  due  to  the  earth  and  that  due  to  the  current  near  the 
middle  of  the  coil  are  thus  at  right  angles. 

Let  us  suppose  that  the  field  due  to  the  current  is  uniform  in  the 
region  which  is  occupied  by  the  needle,  and  let  G  be  its  strength 
for  unit  current ;  it  will  be  GC  for  a  current  of  strength  C,  and 
under  the  action  of  the  two  fields  the  needle  will  come  to  rest  in 
a  position  which  makes  an  angle  a  with  its  original  direction.  If 
//  is  the  horizontal  component  of  the  magnetic  force  of  the  earth 
and  M  the  moment  of  the  needle,  the  angle  a  is  given  by  the 
equation  of  equilibrium 

Mil  sin  a  =  MGC  cos  a, 
from  which 

C  =  r^tan  a. 

Thus,  in  the  case  in  which  the  two  fields  are  uniform  and  at 
right  angles,  the  deflection  is  independent  of  the  magnetic  moment 
A/  of  the  needle,  and  therefore  of  its  shape  and  magnetisation, 
and  //le  tangent  of  the  deflection  is  proportional  to  the  strength 
of  the  current. 
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This  condition  that  the  field  be  uniform  is  of  prime  importance 
for  the  galvanometer.  It  dispenses  with  any  empirical  graduation. 
It  is  easily  realised  if  small  needles  and  small  angles  of  deflection 
are  used.  This  is  the  case  with  all  galvanometers  of  modem 
construction.  The  inconveniences  of  small  deflections  are  amply 
compensated  by  the  accuracy  with  which  they  can  be  measured 
by  the  method  of  reflection  (§  80). 

The  scale  reading  gives  directly  tan  2a.  It  the  deflection  does 
not  exceed  3  to  4  degrees,  the  error  may  usually  be  neglected 
which  arises  from  taking  2  tan  a  =  tan  2a,  and  therefore  in  assum- 
ing that  the  current  -  strength  for  a  fixed  distance  of  the  scale 
is  proportional  to  the  displacement  ;ir  -  /  of  the  image.  For  a 
deflection  of  2*  the  error  due  to  this  assumption  is  less  than  ^^. 

339.  Absolute  Measnrement  of  Currents— Tangent  Galva- 
nometer.— The  absolute  measurement  of  current-strength  depends 
on  the  measurement  of  G  and  H,  We  know  how  H  is  obtained 
(§  231).  The  value  of  the  quantity  G^  which  we  will  call  the 
galvanometer-constant^  is  deduced  from  the  dimensions  of  the 
coil  of  wire.  This  requires  that  the  windings  should  be  accurately 
circular,  and  wound  with  such  regularity  that  the  radius  can  be 
exactly  measured.  The  radius  should,  moreover,  be  very  large  in 
comparison  with  the  dimensions  of  the  needle,  if  we  are  to  assume 
that  the  field  in  which  the  needle  hangs  is  uniform. 

A  much  more  uniform  field  is  obtained  by  using  two  equal 
circular  coils,  placed  parallel  to  each  other  at  a  distance  equal  to 
their  common  radius  (§  251). 

A  current  of  unit  strength  going  once  round  a  circle  of  radius  a, 
produces  a  magnetic  force  which,  at  any  point  on  the  axis  of  the 
circle,  is  directed  along  the  axis,  and  at  distance  x  from  the 
centre  is  equal  to 

,  /'^''i,,/  (§  249 ;  compare  Fig.  217). 

The  values  which  this  expression  assumes  for  various  values  of 
X  are  shown  graphically  in  Fig.  302,  by  the  ordinates  of  the  curve 
AjCBi.  The  value  x—o  corresponds  with  the  centre  of  the  circle  ; 
the  force  here  is  greatest,  and  is  represented  by  the  maximum 
ordinate  OiAi.  As  x  increases,  the  magnetic  force,  as  shown  by 
the  curve,  decreases,  at  first  slowly,  then  more  and  more  rapidly 
until  x  becomes  =  \a^  after  which  the  rate  of  decrease  of  force 
again  gets  slower  and  the  representative  curve  becomes  less  steep. 
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At  the  point  of  greatest  steepness,  c,  the  curve  changes  from 
being  concave  towards  the  axis  to  being  convex,  and  at  this  point 
there  is  no  curvature  either  way.  In  other  words,  at  a  distance 
along  the  axis  equal  to  half  the  radius  of  the  circle,  the  magnetic 
force  decreases  for  a  little  way  at  a  uniform  rate.  Hence,  if  two 
equal  circles  or  circular  coils  are  placed  so  that  their  axes  coincide, 
and  at  a  distance  apart  equal  to  their  common  radius,  the  magnetic 
field  on  the  axis  at  a  point  half-way  between  the  circles  is  uniform, 
since  the  decrease  of  force  corresponding  to  a  small  increase  of 
distance  from  one  circle  is  compensated  by  the  equal  increase 
of  force  due  to  decrease  of  distance  from  the  other.     The  curve 


PiQPa,  which  represents  the  magnetic  force  due  to  two  equal 
circular  currents  placed  as  described  above,  exhibits  this  result. 
The  ordinates  of  this  curve  are  the  sums  of  the  corresponding 
ordinates  of  the  curves  AjCBi  and  AgCBg  representing  the  forces 
due  to  each  of  the  two  circles  acting  separately.  For  a  distance 
on  either  side  of  the  middle  point  equal  to  one-tenth  of  the 
common  radius,  the  force  decreases  only  by  about  one  part  in 
3000,  so  that,  with  two  circles,  each  of  25  centimetres  radius,  the 
magnetic  force  is  almost  exactly  uniform  for  a  distance  of  2.5 
centimetres  on  each  side  of  the  middle  point. 

Fig.  303  represents  a  galvanometer  constructed  upon  this 
principle,  which  is  due  to  Helmholtz.  With  an  instrument  of  this 
kind,  having  in  all  n  turns  of  wire  arranged  in  two  equal  coils  of 
mean  radius  a^  with  a  distance  2  x  =  a  between  the  mean  planes  of 
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the  coils,  the  magnetic  field  at  the  centre  due  to  a  current  of  unit 
strength  in  the  wire  is 

G    =      yr-     =    4.496   -  . 

{a'  +  x'fk      ^^^    a 

If  the  circles  are  accurately  set  with  their  common  axis  per- 
pendicular to  the  magnetic  meridian,  the  field  =  CG  due  to  the 
current  is  at  right  angles  to  the  earth's  horizontal  field,  H^  and  the 


Fig.  303. 


resultant  force  makes  with  the  meridian  an  angle,  a,  given  by  the 
relation 

CG 


tan  a  = 


~H' 


and  the  axis  of  a  small  delicately  suspended  magnet  at  the  centre 
of  the  instrument  sets  itself  in  this  direction.  The  strength  of 
a  current  which  causes  a  deflection,  a,  of  the  magnet  is  therefore 


C  =  :^tana  = 


-    ^-   tan  a  =  0.2224  -  H  tan  a. 
4.496«  n 


For  example,  suppose  there  are  60  turns  of  wire,  30  on  each 
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circle,  that  the  mean  radius  is  20  centimetres,  and  //=  0.1825  • 
then  the  current  which 'deflects  the  magnet  through  45*  is 

C  —  0.01353  (C.G.S.)  =  0.1353  ampere. 

If  the  deflections  are  observed  by  the  method  of  reflection,  with 
a  scale  at  a  distance  of  i  metre,  a  movement  of  the  reflected  ray 

through  I  centimetre  indicates  an  angle  a,  such  that  tan  2a  =  —  . 

In  such  a  case  we  may  take  tan  a  =     —  ,  and  the  strength  of  the 
current  is 

ii253  =  .cxx>6765  ampere. 
200 

In  the  case  of  a  single  circle  with  the  magnet  hung  at  the 
centre,  the  value  of  x  in  the  above  formula  =  o,  and  the  field  at 
the  centre  due  to  a  unit  current  is  given  by  the  simpler  formula 

and  the  strength  of  a  current  which  produces  a  deflection,  a, 
becomes,  in  C.G.S.  measure, 

C  = tan  a. 

2nn 

340.  Sine  Galvanometer. — Fig.  304  represents  a  sine  galvano- 
meter. The  circle  is  set  at  first  in  the  plane  of  the  magnetic 
meridian,  and,  when  a  current  passes,  it  is  turned  about  a  vertical 
diameter  in  the  direction  of  the  deflection,  until  it  has  again  the 
same  position  in  regard  to  the  needle.  This  condition  is  indicated 
when  the  pointer  a^  fixed  to  the  needle  has  the  same  position 
as  at  first  on  the  graduated  circle  A.  Let  a  be  the  angle  through 
which  the  instrument  has  been  turned,  read  off"  on  the  horizontal 
limb,  c,  then  the  force  due  to  the  current,  MGCy  balancing  the 
action  of  the  earth,  M/J  sin  a,  we  have 

MGC  =  Afll  sin  a, 
whence 

C  =  7^  sm  a. 

Cr 

The  current-strength  is  proportional  to  the  sine  of  the  angle 
through  which  the  instrument  is  turned,  whence  the  name  of  the 
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apparatus.  It  is  not  necessary  that  the  field  due  to  the  current 
should  be  uniform. 

By  this  apparatus  current-strengths  greater  than  H\G  cannot 
be  measured. 

341.  Shape  of  the  Ooil. —  In  ordinary  galvanometers,  no  attempt 
is  made  to  calculate  the  constant  G  directly ;  sensitiveness  is  the 
only  character  looked  to.     This  is  greater  according  as  the  value 

of  tan  a  is  greater  for  the  same  current.    The  sensitiveness  is  then 

/-• 
measured   by  the  ratio  -r>,  and 

therefore  is  greater  as  G  in- 
creases and  H  is  less. 

The  magnetic  field  at  the  centre 
due  to  unit  current  in  a  circle  of 

radius   a  is  —  ;    the   length  of 

wire  being  iira^  the  field  due  to 
unit-length  of  the  wire,  or  the 

specific  effect,  is  -g ,  and  therefore 

varies  inversely  as  the  square 
of  the  radius.  We  are  thus 
led  to  diminish  as  much  as  pos- 
sible the  radius  of  the  windings 
and  therefore  the  length  of  the 
needle. 

The  shape  to  be  given  to  the 
coil,  so  as  to  get  the  greatest 
advantage  from  the  wire  used, 
is  determined  by  the  condition 
that  the  specific  effect  is  to  be 
the  same  at  all  parts  of  the  outer  surface ;  for,  if  it  were 
otherwise,  there  would  be  an  advantage  in  transferring  some 
of  the  wire  from  the  position  which  it  occupies  to  another  where 
the  specific  effect  is  greater.  This  leads  to  the  adoption  for 
the  meridian  section  of  the  coil  of  a  figure  approximately  like 
that  obtained  by  squeezing  a  circle  along  its  vertical  diameter 

(Fig.  305)- 

For  a  circle  of  radius  r  the  magnetic  force  along  the  axis  at  a 

point  O,  distant  p  =  OP  from  the  circle  (Fig.  305)  is  — 3-  (§  249), 


Fiu.  304. 
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and  the  force  due  to  unit-length  of  wire  is  -3 .     The  condition  just 

stated,  that  this  quantity  is  to  be  constant  (  =  J*,  ^^^ )  ^^  ^ 
points  on  the  surface  of  the  coil,  may  be  written 

p«  =  m  sin  e. 

For  d  —  90°,  this  evidently  gives  p  —  N, 

The  figure  gives  successive  curves  for  values  of  A^,  which  increase 
in  arithmetical  progression ;  the  dotted  parts  of  the  curve  corre- 


FiG.  305. 

spond  to  the  central  space  left  for  the  magnet,  which  is  hung  at  o, 
with  its  axis  perpendicular  to  the  plane  of  the  figure.  In  practice, 
the  cross  section  of  the  coil  has  not  the  exact  shape  represented  in 
the  figure,  but  is  a  rectangle  agreeing  as  nearly  as  may  be  with  the 
theoretical  shape.  In  any  case,  the  magnet  is  at  the  centre  of  a 
long  coil,  so  that  the  small  part  of  the  field  in  which  it  moves  may 
be  regarded  as  uniform. 

Considerations  similar  to  those  of  §  271  show  that  the  action 
exerted  by  a  coil  of  given  shape  is  independent  of  the  size  of  the  wire 
if  the  density  of  the  current  is  constant.     But  in  the  case  of  a  given 
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electromotive  force,  the  current  depends  on  the  resistance  of 
the  wire,  and  the  external  action  is  a  maximum  when  the  re- 
sistance of  the  galvanometer-coil  is  equal  to  that  of  the  rest  of 
the  circuit. 

342.  Compensating  Magnet. — Two  methods  may  be  employed 
either  separately  or  simultaneously  to  diminish  the  value  of  H. 

The  effect  of  the  earth  may  be  compensated  by  that  of  a  magnet 
which  produces  in  the  place  occupied  by  the  needle  a  sensibly 
uniform  field  in  the  opposite  direction  to 
that  of  the  earth.  This  magnet,  which  is 
called  the  compensating  or  adjusting  mag- 
net^ is  usually  supported  on  a  rod  (Fig. 
306),  to  which  it  is  fixed  by  a  clamping 
screw,  whereby  it  can  be  set  at  any  desired 
height,  and  by  means  of  a  tangent  screw, 
the  rod  itself,  along  with  the  magnet,  may 
be  turned  about  its  axis. 

The  direction  of  equilibrium  of  the 
needle  is  that  of  the  resultant  of  the  two 
fields.  Thus,  if  OA  (Fig.  307)  is  the  direc- 
tion of  the  terrestrial  field,  OB  that  of  the 
field  of  the  magnet,  oc  will  be  the  direc- 
tion of  the  needle.  It  will  be  seen  that 
when  the  two  fields  are  nearly  equal,  the 
resultant  makes  an  angle  of  nearly  90*  with  the  common  direc- 
tion. In  this  case,  the  direction  of  the  resultant,  and  therefore 
the  position  of  equilibrium  of 
the  needle,  is  powerfully  in- 
fluenced by  variations  of  the 
earth's  field. 

343.  Astatic  Needlea— 
The  second  method  consists 
in  using  a  system  of  astatic  needles  (§  173).  The  force  of  the 
earth  on  the  system  may  be  reduced  at  will.  On  the  other 
hand,  if  only  one  of  the  needles  is  placed  inside  the  coil  and 
the  other  outside,  the  force  due  to  the  coil  is  slightly  increased, 
as  the  force  which  it  exerts  on  both  needles  is  in  the  same 
direction  (Fig.  306). 

But  a  more  symmetrical  apparatus  and  greater  directive  force  is 
obtained  by  using  two  coils,  one  over  the  other  (Fig.  308),  and 
placing  one  of  the  needles  in  the  middle  of  each. 

2D 
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If  the  current  passes  in  opposite  directions  on  the  two  coils,  the 

effects  are  obviously  concordant 
344.  Damping. — When  a  current  corresponding  to  a  permanent 

deflection  a  is  started  in  a  galvanometer,  the  needle  receives 
an  impulse  which,  neglecting  passive  resist- 
ances, would  cause  it  to  pass  beyond  its  posi- 
tion of  equilibrium  by  an  angle  a,  so  that 
the  first  throw  would  be  equal  to  2a,  The 
needle  then  continues  to  oscillate  until  it 
has  expended  its  energy  against  passive  re- 
sistances. 

The  oscillations  may  at  once  be  reduced  to 
a  very  small  amplitude  if  the  current  is  broken 
after  a  time  equal  to  one-third  of  the  period  of 
a  single  swing  of  the  needle.  From  the  laws 
of  simple  harmonic  motion,  the  needle  will  in 


this 


time  have  traversed  the  arc  - ,  and  ac- 

2' 


Fig.  308. 


quired  just  sufficient  velocity  to  bring  it  to  a. 
The  circuit  is  then  closed  again  and  the 
needle  remains  practically  at  rest. 

An  analogous  method  is  used  to  bring  it  back  to  zero  with  no 
velocity  ;  the  circuit  is  broken  during  the  first  third  of  the  oscilla- 
tion, it  is  made  again  during  the  second,  and  is  then  permanently 
broken. 

Even  with  these  precautions  the  needle  would  oscillate  for  a 
long  time  before  coming  perfectly  to  rest  if  the  oscillations  were 
not  damped.  This  may  be  effected  either  by  increasing  the 
resistance  of  the  air,  by  light  vanes  attached  to  the  magnet  and 
oscillating  with  it,  or  by  causing  the  motion  of  the  magnet  to 
generate  induction  currents  in  the  conductors  which  surround  it ; 
these  currents,  according  to  Lenz's  law  (§  292),  tend  to  oppose  the 
motion.  When  the  resistance  of  the  circuit  is  small,  the  currents 
produced  in  the  wire  itself  are  sufficient  to  damp  the  motion ;  in 
galvanometers  of  high  resistance  the  needle  is  sometimes  sur- 
rounded by  a  mass  of  copper. 

Whether  the  damping  is  due  to  the  resistance  of  the  air  or  to 
induced  currents,  experiment  shows  that  the  amplitude  of  oscilla- 
tion decreases  as  the  terms  of  a  geometrical  progression.  We 
may  infer  from  this  that  the  retarding  causes  are  at  each  instant 
proportional  to  the  velocity  of  the  needle.     If  a^,  a^,  04,  .  .  .  are 
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the  successive  amplitudes,  we  have 

^=?Li  =  ^=  constant. 

Oj  a2  ttg 

Let  the  value  of  this  constant  be  called  ^,  e  being  the  base  of 
the  Napierian  logarithms.  The  quantity  X,  or  the  Napierian 
logarithm  of  the  ratio  of  two  consecutive  amplitudes,  is  called  the 
logarithmic  decrement  of  the  oscillations,  and  is  taken  as  a  measure 
of  the  damping.  The  duration,  /,  of  the  damped  oscillation  is  a 
little  gn^eater  than  the  duration,  T^  of  the  oscillation  of  the  same 
system  without  damping. 

By  gradually  increasing  the  damping,  the  oscillations  may 
ultimately  be  suppressed,  and  an  aperiodic  or  dead-beat  motion 
obtained ;  the  needle,  when  removed  from  its  position  of  equih- 
brium,  returns  thither  with  a  velocity  which  increases  at  first, 
passes  through  a  maximum,  and  finally  becomes  zero,  when  the 
needle  attains  its  position  of  equilibrium. 

345.  Shunts. — The  limits  within  which  a  galvanometer  may  be 
used  may  be  greatly  extended  by  means  of  shunts.  This  term  is 
applied  to  a  branch  circuit  connecting  the  two  binding  screws  of 
a  galvanometer,  whereby  a  known  fraction  only 
of  the  current  is  allowed  to  pass  through  the  gal- 
vanometer. 

Let  g  be  the  resistance  of  the  galvanometer, 
s  that  of  the  shunt,  C  the  total  current,  and  c  the 
current  in  the  galvanometer  which  produces  the 
observed  deflection ;  then,  from  the  law  of  com- 
pound circuits  (§  117), 


The  factor =  w,  by  which  the  galvano- 
meter current  must  be  multiplied  to  get  the  total 
current,  is  called  the  multiplying  power  of  the 
shunt.  Galvanometers  are  usually  provided  with 
three  shunts,  which  have  respectively  the  multiplying  powers  10, 

100,  1000,  and  the  resistances  of  which  are  therefore  -,  — ,  - 

9    99    999 
that  of  the  galvanometer. 
The  wire  of  the  galvanometer  being  attached  to  the  terminals 


Fig.  309. 
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G  and  g',  and  those  of  the  battery  either  to  the  same  terminals,  or 
to  others,  P  and  P'  (Fig.  309),  if  one  of  the  holes,  A,  B,  C,  is  stopped 
with  a  plug,  the  corresponding  shunt  is  introduced.  When  the 
plug  is  placed  at  O,  the  galvanometer  is  "  short-circuited,"  and  is 
thus  protected  against  the  passage  of  an  accidental  current. 

346.  Differential  Galvanometer. — If  two  identical  wires  are 
coiled  close  togetlier,  their  effects  are  added  together,  if  currents 


Fig.  31a 

in  the  same  direction  are  passed  through  both ;  but  their  com- 
bined effect  is  the  difference  of  their  separate  effects,  if  the  cur- 
rents are  in  opposite  directions,  and  therefore  vanishes  when  the 
currents  in  opposite  directions  are  equal. 

A  differential  galvanometer  should  satisfy  two  conditions :  the 
two  circuits  should  exert  equal  effects  on  the  needle,  and  should 
have  the  same  resistance.  The  first  condition  can  be  tested  by 
connecting  the  two  coils  in  series,  but  so  that  the  current  traverses 
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them  in  opposite  directions  ;  the  second  by  connecting  the  coils  in 
parallel,  so  that  the  currents  again  circulate  in  opposite  directions  ; 
the  needle  should  be  stationary  in  both  cases. 

347.  Thomson's  Galvanometer.—The  gene-  ^^^^ 
ral  plan  of  this  is  represented  in  Figs.  305  to  308. 
It  has  either  one  or  two  coils.  The  one-coil 
galvanometer  is  not,  in  general,  astatic. 
The  galvanometer  with  two  coils  is  repre- 
sented in  Fig.  310.  It  has  usually  a  con- 
siderable resistance — from  8000  to  10,000 
ohms,  or  even  more.  The  needles  are  about 
8  milUmetres  in  length,  and  usually  consist 
of  a  series  of  small  parallel  bars  (Fig.  311),  thus  giving  a  greater 
magnetic  moment  for  the  same  weight. 


tic.  I:   •,,i,i,i/->^?^=' 


Fig.  311. 


Fig.  312. 

The  small  mirror  is  fixed  to  one  of  the  sets  of  needles,  or,  better 
still,  between  the  two  coils,  between  which  a  sufficient  space  is  left. 
The  damping  is  effected  by  a  thin  plate  of  mica,  that  moves  with  the 
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Fig.  313. 


needle.  The  two  coils  can  be  connected  in  series  or  in  parallel  cir- 
cuit, or  the  instrument  can  be  used  as  a  differential  galvanometer. 
Thomson's  galvanometers  attain  the  highest 
degn^ee  of  sensitiveness.  With  a  current  of  a  thou- 
sandth of  a  microampere,  deflections  of  50  milli- 
metres are  obtained  on  a  scale  at  a  distance  of  a 
metre. 

348.  Wiedemann's  Oalvanometer.  —  Fig.  312 
represents  a  galvanometer  of  the  form  intro- 
duced by  Professor  G.  Wiedemann.  The  needle 
is  a  horse-shoe  magnet  which  oscillates  in  a 
cavity  in  a  solid  sphere  of  copper  (Fig.  313).  By 
this  means  a  damping  effect  is  obtained  suffi- 
cient to  make  the  instrument  aperiodic  The  coil 
is  divided  into  two  parts,  which  may  be  moved 
along  a  divided  scale,  and  thus  the  sensitiveness 
may  be  varied  at  pleasure.  There  may  be  several 
sets  of  coils  with  wires  of  various  thicknesses.  The 
mirror  is  placed  in  a  small  chamber  with  a  glass 
front,  and  can  be  turned  in  any  direction  without  its  being  neces- 
sary to  twist  the  rest  of  the  instrument. 

By  means  of  an  external  magnet, 
the  strength  and  direction  of  the 
field  can  be  modified  at  pleasure, 
as  in  Thomson's  galvanometer. 

If  the  instrument  is  to  be  used 
as  a  ballistic  galvanometer,  the 
copper  sphere  is  removed,  to 
allow  oscillation  to  take  place 
freely. 

349.  Deprez  and  d'Arsonval's 
Galvanometer.  —  A  rectangular 
coil  (Fig.  314),  movable  about  a 
vertical  axis  formed  by  two  metal 
wires  by  which  the  current  enters 
and  leaves,  is  placed  between  the 
poles  of  a  horse-shoe  magnet,  and 
a  cylinder  of  soft  iron,  which  be- 
comes magnetised  by  induction,  is 
When  the  current  passes,  the  coil  tends 


Fig.  314. 


supported  inside  the  coil. 

to  set  itself  with  its  plane  perpendicular  to  the  field  (§  261),  and 
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takes  such  a  position  that  the  deflecting  couple  due  to  the  electro- 
magnetic forces  balances  the  torsion  of  the  suspending  wire.  The 
damping  is  produced  by  induction  currents  due  to  the  motion  of 
the  coil  in  the  field,  and  as  the  field  is  very  strong,  the  apparatus 
is  nearly  dead-beat  when  the  circuit  is  closed  by  a  low  resistance. 
The  damping  effect  is  often  increased  by  coiling  the  wire  on  a 
light  silver  frame. 

The  deflections  are  read  by  means  of  a  small  mirror  attached 
to  the  coil.  If  S  is  the  total  effective  surface  enclosed  by  the  coil, 
and  H  the  average  strength  of  the  field,  and  T  the  coefficient  of 
torsion  of  the  wire,  the  equation  of  equilibrium  is 

S//C  cos  a  =  Ta 
from  which  is  deduced 

C-        Ta 
SH  cos  o 

For  small  deflections  a  is  equal  to  sin  a,  and  the  current  is 
sensibly  proportional  to  the  tangent  of  the  deflection. 

350.  Electrodynamometer.— In  electrodynamometers  the  cur- 
rent is  measured  by  the  force  which  two  conductors  exert  on  each 
other.  Other  things  being  equal,  the  action  is  proportional  to 
the  product  CC  of  the  two  currents,  or  to  the  square  of  the 
current  if  the  two  conductors  are  each  traversed  by  the  same 
current.  In  the  latter  case  the  direction  of  the  force  is  not 
changed  when  the  direction  of  the  current  is  reversed. 

The  apparatus  usually  consists  of  two  coils,  one  fixed,  the  other 
movable,  the  movable  coil  being  placed  inside  the  fixed  coil  so 
that  the  centres  coincide  and  the  axes  are  at  right  angles  to  each 
other. 

Under  the  influence  of  the  current  the  axes  tend  to  set  parallel, 
and  the  moment  of  the  couple  which  acts  on  the  movable  coil  is 
equal  to  the  product  of  its  magnetic  moment  into  the  intensity  of 
the  field  due  to  the  fixed  coil.  For  a  current  C,  the  moment  of 
the  movable  coil  formed  of  n  turns  of  wire  enclosing  a  total  surface 
S  =  nvr^  is  equal  to  SC ;  the  strength  of  the  field  is  GC,  G  being 
the  constant  of  the  fixed  coil.  The  moment  of  the  couple  is  there- 
fore SGC\  In  Weber's  electrodynamometer  the  movable  coil  is 
supported  by  a  bifilar  suspension,  which  at  the  same  time  serves 
to  convey  the  current.  The  angle  of  deflection  o  represents  the 
equilibrium  between  the  electrodynamic  couple  and  that  of  the 
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suspension,   so  that  if  T  is   the   coefficient   of  torsion   of  the 
bifilar, 

SGC^  cos  a  =  7"  sin  a 
and  therefore 

C«=-gtana: 

the  square  of  the  current  is  proportional  to  the  tangent  of  the 
deflection. 

351.    Pellat's  Absolute  Electrodynamometer.— In   Pellafs 
absolute  electrodynamometer  (Fig.  315)  the  movable  coil  is  fixed 
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Fig.  315. 

at  the  end  of  a  balance-beam,  so  that  its  axis  is  vertical,  and  it 
is  placed  in  the  uniform  field  due  to  a  long  regularly  wound  coiL 
If  «i  is  the  number  of  turns  per  centimetre  of  the  fixed  coil, 
we  have 

G  =  4ir«i, 

and  the  moment  of  the  couple  which  acts  on  the  beam  is  ^imvSC^, 
This  is  counterpoised  by  the  weight  of  a  mass,  ^,  placed  at  a 
distance,  a,  from  the  knife-edge  ;  we  have  tlius 


pga  =  47r«i5C2, 


from  which  we  can  deduce 


where 


27rrV  ^ 


5£ 


a  constant  which  is  determined  once  for  all  by  direct  measurements 
352.  Balance  Electrodynamometers.— The  strength  of  a  cur- 
rent may  also  be  deduced  from  the  square  of  the  attraction  or 
repulsion  exerted  between  two  parallel  coils  kept  at  a  fixed 
distance.  In  an  apparatus  of  this  kind,  one  of  the  coils  is  sus- 
pended to  the  beam  of  a  balance,  and  the  force  between  it  and 
the  fixed  coil  is  weighed. 
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Electrodynamometers  are  not  capable  of  such  a  high  degree  of 
sensitiveness  as  is  readily  obtainable  with  a  galvanometer.  But 
they  have  the  advantage,  as  compared  with  galvanometers,  that 
their  indications  are  independent  of  the  external  magnetic  field, 
and  when  two  coils  are  traversed  by  the  same  current,  they  are 
independent  also  of  changes  in  the  direction  of  the  current 
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CHAPTER  XXIX. 
ELECTROMAGNETIC  MEASUREMENTS. 

353.  Ordinary  Measurements— Measurement  of  the  Strength 
of  a  Onrrent. — The  measurements  most  frequently  met  with  in 
practice  are  those  of  current^  of  quantity^  of  electromotive  force^  of 
resistance^  and  of  capacity. 

The  absolute  measurement  of  the  strength  of  a  current  b 
made  directly  by  a  tangent  galvanometer,  or  by  the  absolute 
electrodynamometer.    The  tangent  galvanometer  gives  (§  339) 

C  =  —  tan  a. 

6- 

According  to  this  formula  the  strength  of  the  current  depends 
upon  the  constant  G^  which  has  to  be  calculated  from  the  dimen- 
sions of  the  instrument,  and  //,  which  has  to  be  determined  by  a 
separate  experiment. 

The  electrodynamometer  has  the  advantage  of  not  requiring 
this  latter  determination,  which  is  always  a  matter  of  some 
difficulty ;  on  the  contrary,  when  associated  with  a  tangent  gal- 
vanometer which  is  traversed  by  the  same  current,  it  furnishes 
one  of  the  best  methods  of  obtaining  the  value  of  the  horizontal 
component. 

Currents  are  most  frequently  measured  by  a  calibrated  galvano- 
meter. For  this  purpose  the  deflection  produced  by  a  known 
current  must  be  ascertained.  The  same  current  is  passed  simul- 
taneously through  a  tangent  galvanometer,  and  through  the  gal- 
vanometer to  be  calibrated,  which  may  be  shunted  if  necessary. 
Let  a  and  o!  be  the  simultaneous  deflections  observed  on  the  two 
instruments  ;  G'  the  field  due  to  unit-current  in  the  galvanometer 
under  examination,  and  H'  the  horizontal  component  at  the  place 
where  the  needle  hangs,  we  have 

FT  //' 

C=^tana  =  ^tana'; 

Cr  Gt 


Digitized  by 


Google 


§  354-]  Ballistic  Galvanometer.  427 

an  equation  which  gives  the  constant  by  which  the  indication  of 
the  latter  galvanometer  must  be  multiplied  to  obtain  the  value  of 
the  current  either  in  C.G.S.  units  or  in  amperes. 

With  galvanometers  of  high  sensitiveness,  the  calibration  may 
be  effected  more  directly.  It  is  only  needful  to  observe  the  deflec- 
tion produced  when  the  galvanometer  is  joined  up  in  a  circuit  of 
very  high  resistance,  with  a  cell  of  known  electromotive  force. 

Suppose  we  are  using  a  Daniell's  cell,  that  the  total  resistance 
of  the  circuit  is  30,000  ohms,  and  that  the  galvanometer  shunted 
to  one- thousandth  gives  a  deflection  of  100  scale  divisions. 

The  total  current  is  — '-^  amperes,  but  only  one-thousandth  of 
30,000       ^  ^ 

this  passes  through  the  galvanometer.  Hence  one  division  corre- 
sponds to  a  current  of 

^^57 =  3.6  lo-w  amperes  =  3.6  10-"  C.G.S. 

30,000  X  1000  X   100        "^  r  J- 

The  resistance  of  the  coil  is  not  needed,  as  it  is  negligible  in 
comparison  with  the  total  resistance  of  the  circuit.  If  the  resist- 
ance of  the  galvanometer  is  g^  its  effective  resistance  when  shunted 
to  the  mih  is  gjm^  and  is  therefore  usually  a  small  part  of  the 
resistance  of  the  circuit 

354.  Measnrement  of  a  Quantity  of  EIectricity>-Ballistic 
Qalvanometer. — When  a  discharge  traverses  a  galvanometer,  the 
needle  is  thrown  from  its  position  of  equilibrium  through  a  cer- 
tain arc,  and  comes  to  rest  after  a  series  of  oscillations.  If  the 
discharge  is  completed  before  the  needle  has  had  time  to  be 
appreciably  displaced,  the  angle  of  throw  measures  the  quantity  of 
electricity  put  in  motion. 

The  mechanical  problem  is  the  same  as  that  of  an  instantaneous 
force  acting  on  a  pendulum.  Let  m  be  the  magnetic  moment  of 
the  needle,  K  its  moment  of  inertia  in  reference  to  the  axis  of 
rotation,  and  G  the  galvanometer  constant ;  when  the  strength 
of  the  discharge  current  is  C,  the  deflecting  moment  exerted  on 
the  needle  is  GmCy  and  in  the  infinitely  short  time  dt  this  gives 

the  needle  an  angular  velocity,  — ^ — ,    If  the  needle  has  not 

appreciably  moved  during  the  time  occupied  by  the  whole  dis- 
charge, the  final  velocity  is  the  sum  of  all  the  terms  of  the  same 

kind,  a  sum  which  is  evidently  equal  to  — x^i  Q  being  the  total 
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quantity  of  electricity  put  in  motion.  Hence  if  ©  is  the  angular 
velocity  imparted  to  the  needle, 

Kia  =  GmQ (i) 

Again,  the  initial  energy  of  motion  of  the  needle,  namely,  JAV, 
is  expended,  during  the  swing,  in  doing  work  against  the  hori- 
zontal component  of  the  earth's  magnetic  force  ;  if  ^  is  the  angle 
of  deflection,  this  work  is  (§  172)  fnH{\  -  cos  ^),  whence  we  get 
iA-o^  =  ^//(^i  -  cos  0)  =  2mH^  sin2  ^6     .        .     (2) 

If  T  be  the  period  of  one  complete  vibration  of  the  needle,  we  have 

'  =  -\/S'    -^=^    •        •        ■    (3) 

Multiplying  together  equations  (2)  and  (3),  and  taking  the  square 
root,  gives 

A-o,  =  ^^  sin  id, 

IT 

and  by  substituting  this  value  in  (i),  we  obtain,  to  determine  the 
quantity  of  electricity  that  has  traversed  the  galvanometer, 

or,  if  6  is  small  enough  to  be  identified  with  its  sine, 

LJ 

The  constant  A  is  found  by  determining  the  factor  -^  as  above 

(§  353)>  ^^^  t^^  ^^^^  of  oscillation  of  the  needle, — or,  more  simply, 
by  determining  the  angle  of  throw  corresponding  to  the  discharge 
of  a  known  quantity  of  electricity,  for  instance,  that  obtained  by 
turning  a  coil  of  a  known  surface  (§  302)  in  the  earth's  field 
through  an  angle  of  180". 

In  the  preceding  calculation,  the  arc  $  is  that  through  which 
the  needle  would  be  deflected  if  there  were  no  damping.  The 
angle  really  observed  is  a  smaller  angle  61.  To  get  the  necessary 
correction,  the  next  deflection,  $21  on  the  same  side  should  be 
observed,  then 

4 
For  between  the  two  deflections,  $1  and  O^,  the  needle  has  made 
four  quarter  vibrations,  and  it  may  be  assumed  that  the  damping 
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during  the  first  quarter  vibration,  when  the  needle  swings  from  rest 
to  ft,  is  equal  to  the  mean  damping  during  each  of  the  four  follow- 
ing quarter  vibrations. 

355.  Alternating  Cnrrents. — If  a  series  of  discharges,  alter- 
nating in  opposite  directions,  and  succeeding  each  other  at  very 
short  intervals,  are  passed  through  the  galvanometer,  the  deflection 
measures  the  algebraic  sum  of  the  electricity  which  passes,  and,  if 
this  is  zero,  the  needle  remains  stationary,  or  only  undergoes 
accidental  deflections.  This  is  the  case  with  a  sinusoidal  current 
and  with  the  alternate  currents  obtained  in  a  circuit  by  rapidly 
making  and  breaking  an  adjacent  circuit  (§  305).  In  this  case 
the  electrodynamometer  may  be  employed  ;  the  deflection  is  pro- 
portional to  the  mean  square  of  the  current,  that  is  to  say,  to  the 
number  which  is  the  mean  of  the  squares  of  successive  current- 
strengths  (§  323).  It  must  not  be  forgotten  that  the  electro- 
dynamometer  brings  into  the  circuit  not  only  its  own  resistance, 
but  also  its  self-induction.  The  electrometer  gives  a  method  free 
from  this  difficulty. 

356.  Measnrement  of  Refdstance.— A  resistance  is  measured 
by  comparing  it  with  a  known  resistance  by  means  of  a  current. 
It  is  impossible  to  compare  two  resistances  without  passing  a 
current  through  them  any  more  than  we  can  compare  two  masses 
without  submitting  them  to  the  action  of  a  force,— that  of  gravity, 
for  example. 


Fig.  316. 


Fig.  377. 


The  legal  unit  of  resistance  is  the  ohm,  defined  as  being  the 
resistance  at  o®  of  a  column  of  mercury  of  one  square  millimetre  in 
cross  section  and  106.3  centimetres  long.  Copies  are  made  either 
in  mercury  (Fig.  316)  or  in  wire ;   the  wire,  frequently  german- 
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silver  or  platinum-silver,  is  wound  on  a  bobbin  and  sunk  in  paraffin 
(Fig.  317).  These  copies  have  their  marked  value  for  a  definite 
temperature.  The  variation  of  the  resistance  of  the  mercury  in  a 
glass  tube  is  given  by  the  formula 

R  ^  R^(\  +  0.0008726/  4-  0.00000I06/2), 

that  of  german-silver  by  the  formula 

jR  =  Rq{i  +  0.00044/). 

A  thermometer  in  the  box  containing  the  wire  indicates  the  tem- 
perature. 

357.  Resistance  Boxes. — It  is  necessary  to  have  at  our  disposal 
a  series  of  resistances,  the  values  of  which  increase  regularly. 
They  consist  ordinarily  of  coils  placed  in  a  box,  and  provided  with 
plugs,  by  means  of  which  any  one  or  more  of  them  may  be 
inserted  into  the  circuit  at  pleasure. 

The  wire  is  usually  coiled  after  having  been  folded  back  on 
itself.  In  this  way  the  effects  of  self-induction  are  diminished, 
but  the  capacity  of  the  wire  is  increased  by  bringing  close  to  each 
other  parts  of  the  wire  which  are  at  different  potentials.  It  is 
best  to  form  the  coils  of  successive  layers  wound  in  opposite 
directions.     The  wire  should  be  completely  insulated. 

The  two  ends  of  the  same  coil  terminate  in  two  contact  pieces 
of  copper,  A  and  B  (Fig.  318),  with  an  interval  between  them  which 

may  be  closed  by  a  plug.  When 
the  plug  is  in  its  place  the  resist- 
ance is  zero,  that  of  the  bar  being 
negligible.  When  the  plug  is 
removed  the  coiTesponding  coil  is 
brought  into  the  circuit. 

The  most  convenient  arrange- 
ment is  that  of  "  dial "  boxes  (Fig. 
Pj^     g  319).    Each  dial  consists  of  nine 

equal  coils  connected  with  each 
other  by  ten  copper  blocks  numbered  from  o  to  9.  There  is  no 
coil  between  the  blocks  9  and  o.  In  the  centre  is  a  circular  block 
connected  to  the  zero  of  the  following  dial  by  one  of  the  copper 
strips,  L,  l',  l".  The  plugs  are  placed  between  the  central  blocks 
and  the  blocks  of  the  dial. 

The  first  dial  gives  units,  the  others  give  tens,  hundreds,  &c. 
If  the  plugs  are  placed  as  shown  in  the  figure,  they  bring  in  a 
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resistance  of  2305  ohms  between  the  terminals  B  and  a  K  is  a 
safety  plug,  which,  when  it  is  removed,  cuts  off  all  connection 
between  the  two  plugs  B  and  C.  By  means  of  special  plugs  pro- 
vided with  binding  screws  which  can  be  inserted  in  holes  in  the 
blocks  of  the  dial,  conductors  can  be  connected  with  any  inter- 


FiG.  319. 


mediate  point  of  the  dials.    The  rest  of  the  figure  is  explained 
at  the  end  of  the  next  section. 

358.  Wheatstone's  Bridge.— The  method  of  comparison  most 
usually  adopted  is  that  of 
Wheatstone's  Bridge,     It 
is  an  application  of  the 
following  problem  :— 

Two  points,  A  and  B,  of 
a  circuit  (Fig.  320)  are 
connected  by  two  con- 
ductors. It  is  required 
to  make  a  connection  or 
bridge^  CD,  between  the 
two  branches,  such  that 
no  current  passes  by  this 
bridge. 

For  this  it  is  necessary  and  sufficient  that  the  two  points  C  and 
D  be  at  the  same  potential. 


Fig.  320. 
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Now,  \i  a  ci^b  and  i/  are  the  resistances  of  the  four  branches 
AC,  AD,  CB,  DB,  Fthe  potential  at  the  point  A,  V  that  of  the  point 
B,  the  fall  of  potential  from  A  to  c  is 


and  from  A  to  D 


a  -v  o 


a  -v  o 


Consequently,  for  the  potentials  at  C  and  D  to  be  the  same,  we 
must  have 

a      ^      a! 
a  +  b      a'  +  if" 
and  therefore 

in  other  words,  the  resistance  of  any  two  adjacent  sides  of  the 
quadrilateral,  ABCD,  must  be  to  each  other  in  the  same  ratio  as 
those  of  the  other  two  sides. 

It  will  be  seen  that  the  state  of  equilibrium  is  independent  of 
the  resistance  of  the  branches,  which  contain  the  battery  and  the 
galvanometer.  These  two  branches  are  said  to  be  conjugate  :  an 
electromotive  acting  in  one  of  them  produces  no  current  in  the  other. 

This  arrangement  furnishes  a  very  simple  means  of  comparing 
two  resistances,  b  and  b'  \  for  when  there  is  no  current  in  the 
bridge  CD,  their  ratio  is  that  of  the  two  resistances  a  and  oi^  which 
can  be  adjusted  at  pleasure. 

Suppose  that  the  four  sides  of  the  quadrilateral  are  made  up  of 
metal  bars  having  no  appreciable  resistance,  but  that  any  desired 
resistance  can  be  inserted  in  any  of  them  (Fig.  321).  Let  b  be  the 
resistance  to  be  measured,  U  the  standard  resistance  with  which  it 
is  to  be  compared,  and  which  can  be  adjusted  so  as  to  produce 
equilibrium.  If  we  take  a  —  a!^  then  b  =  b^  \  but  the  terms  a  and 
d  may  be  in  any  ratio,  and  the  condition  of  equilibrium  is  that  the 
resistances  of  the  branches  b  and  ^  shall  be  in  the  same  ratio. 

This  arrangement  of  Wheatstone's  is  frequently  compared  to  a 
balance,  the  resistances  a  and  c^  corresponding  to  the  two  arms  of 
the  beam  ;  but,  contrary  to  what  occurs  in  the  case  of  weights, 
equilibrium  requires  that  the  resistances  to  be  compared  shall  be 
in  the  same  ratio  as  the  arms  of  the  balance. 

Each  of  the  arms  a  and  c^  contains  resistances  of  10,  100,  1000 
ohms.     In  the  figure  the  ratio  of  the  two  arms  is  shown  as  that  of 
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lo  to  I,  and,  since  the  resistance  1/  is  equal  to  15  ohms,  the  resist- 
ance measured  is  1 50  ohms. 

In  order  to  avoid  the  effects  of  induction  on  the  galvanometer, 
the  circuit  containing  the  galvanometer  is  only  closed  by  the 


Fig.  321. 


key  Kj,  after  the  circuit  of  the  battery  has  been  closed  by  depress- 
ing the  key  Kj. 

The  portion  CAD  of  Fig.  319  represents  the  balancing  coils 
of  a  dial  resistance  box.    ~ 
10,  100,  1000,  and  10,000 


The  coils  in  the  arms  a  and  d  are 
A'  C   B' 


ohms.  Hence  we  can  get 
any  decimal  ratio  between 
lo'^and  lo*. 

358a.  Wire  Bridge- 
Suppose  that  in  the  ordi- 
nary quadrilateral   (Fig. 
322),  one  of  the  summits, 
c,    is    replaced    by    a 
straight  wire  a'b',  adong 
which  the  end,  C,  of  the 
galvanometer  branch  may 
be  moved.     If  /  is  the  length  of  the  wire  a'b',  which  should  be 
perfectly  cylindrical  and  homogeneous,  x  the  distance  aV,  and  if 
we  suppose  resistances  expressed  in  units  of  length  of  the  wire 
a'b',  we  have  for  the  condition  of  equilibrium 
^  _,     a-\-  X 
V      b-^l-x' 

2E 
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The  wire,  which  is  usually  of  gennan-silver,  forms  one  side  of 
an  elongated  rectangle  (Fig.  323),  the  other  three  sides  of  which 
are  made  up  of  broad  copper  bands  of  negligible  resistance,  at 
gaps  in  which  the  two  resistances  to  be  compared,  a^  ancl  ^,  and 
two  known  resistances,  a  and  b,  are  inserted.  If  these  two  latter 
are  replaced  by  bars  without  resistance,  we  have  simply 

1/      B'c' 


The  apparatus  is  particularly  convenient  for  comparing  resist- 
ances which  are  almost  identical  with  each  other,  such  as  the 
comparison  of  a  copy  with  a  standard. 

A  good  plan  for  this  purpose  is  to  insert  the  resistances  to  be 
compared,  which  may  be  represented  by  a  and  ^,  in  the  two  end 
gaps  P  and  Q,  the  two  middle  gaps  p'  and  Q'  being  filled  by  any 
two  equal  or  nearly  equal  resistances  a!  and  1/ ;  then,  after  finding 
the  balancing  position  of  the  sliding  contact  C,  we  interchange 
the  resistances  a  and  by  and  again  find  the  balancing  position. 
Suppose  that  in  the  first  case,  with  udAV  and  b  at  Q,  the  distance 
a'c  is  found  to  be  »i  centimetres,  and  that,  after  interchanging  a 
and  by  a  balance  is  obtained  with  a'c  =  n  centimetres,  then  if  r 
is  the  resistance  of  i  centimetre  of  the  wire  a'b',  we  have 

a  -  b  —  {m  -n)  r\ 

that  is  to  say,  the  difference  between  the  two  resistances  to  be 
compared  is  equal  to  the  resistance  of  the  part  of  the  graduated 
wire  a'b'  over  which  the  movable  contact  C  is  shifted.  To  prove 
this,  we  have  only  to  remember  that  the  total  resistance  aaVb  is 
not  altered  by  interchanging  a  and  ^,  and  that,  since  a!  and  b' 
remain  unaltered,  the  second  position  of  the  point  c  must  divide 
aa'b'b  in  the  same  ratio  as  the  first. 
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369.  Resistance  of  a  Battery.—The  poles  of  the  battery  are 
connected  by  a  conductor  of  very  high  resistance,  g^  containing 
a  galvanometer,  and  a  current,  f,  is  observed.  The  poles  are  then 
connected  by  a  second  conductor  of  resistance,  j,  not  very  different 
from  that  of  the  battery,  arranged  in  multiple  arc  with  gy  and  the 
current  <f  is  read  off.     If  p  is  the  resistance  of  the  battery, 


9  ^c-c' 

s          c'     ' 

For  if  E 

is  the 

electromotive  force  of  the  battery,  we  have 

(§117), 

c  ^^ 

E 

^nd  r'  -         ^        -          ^' 

9^  g 

P  ^  g+  s 

Hence 

^  -g9+gs  +  sp 
c'          gs  +  sp      ' 

and 

^  -  ^'  _      g-9 
c'         gs  +  sp' 

which  reduces  to  the  value  given  above  when  g  is  very  much 
greater  than  p. 

360.  Measurement  of  Electromotive  Forces.— (i.)  Electro- 
meter Method. — The  electrometer  at  once  gives  the  electro- 
motive force  of  a  couple  by  comparison  with  a  standard.  A 
galvanometer  may  also  be  used  provided  we  join  it  up  with  a 
high  resistance.  If  the  resistance  of  the  element  can  be  neglected 
in  comparison  with  that  of  the  rest  of  the  circuit,  the  electromotive 
forces  are,  as  when  using  the  electrometer,  proportional  to  the 
deflections. 

The  difference  of  potential  between  two  points,  A  and  B,  of  a 
wire  traversed  by  a  current  may  also  be  measured  in  the  same 
way.  If  C  is  the  strength  of  the  current,  and  J^  the  resistance  of 
the  wire  between  the  two  points,  we  have  e  —  RC ;  a  measurement 
•of  e  thus  enables  us  to  determine  C  when  R  is  known.  This 
imethod  is  frequently  used  for  measuring  strong  currents. 

It  is  specially  applicable  to  the  measurement  of  alternating 
-currents.  In  using  the  electrometer,  the  needle  being  connected 
•with  one  pair  of  quadrants  (§  79),  the  two  pairs  of  quadrants  are 
fput  respectively  in  connection  with  the  two  ends  A  and  B  of  the 
resistance  R.    The  deflection  is  proportional  to  the  square  of  the 
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difference  of  potential,  and  therefore  does  not  change  with  the  sign 
of  this  difference.  If  the  alternate  currents  succeed  each  other  at 
intervals  which  are  very  short  in  comparison  with  the  time  of 
oscillation,  the  needle  takes  up  a  fixed  deflection  proportional  to 
the  mean  square  of  the  current,  that  is,  to  the  square  of  the  effec- 
tive current  (§  323;.  If  Q  is  the  deflection,  C^  the  effective  current- 
strength,  and  A  the  constant  of  the  instrument,  we  have 

and  therefore 

'    rsIa' 

361.  (2.)  Method  of  Oompensation.— A  current  is  passed  (Fig. 
324)  through  a  homogeneous  wire  so  that  the  £ei1I  of  potential  from 
A  to  B  is  greater  than  the  electromotive  forces  wl^ch  are  to  be 
compared.  The  positive  pole  of  the  couple  is  connected  through 
a  galvanometer  with  the  point  A :  the  negative  pole  is  connected 
with  a  sliding  key,  C,  which  is  moved  along  the  wire.  The 
distance  ;r  =  AC  is  determined  at  which  the  key  must  be  placed 
so  that  the  galvanometer  needle  may  be  at  zero.     If  C  is  the 


Fig.  324. 

strength  of  the  current  in  the  wire  ab,  and  k  the  resistance  of  one 
centimetre  of  this  wire,  then,  in  order  that  there  may  be  no 
current  from  A  to  C  through  the  galvanometer,  the  difference  of 
potentials  between  a  and  B  must  be  equal  to  the  electromotive 
force  to  be  measured ;  or 

e  =  Ckx, 

With  the  standard  cell,  we  shall  have,  similarly, 
^  =  Ckx'y 

whence 

e      £ 
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362.  Closed  Circuits. — We  have  thus  obtained  the  electromotive 
force  of  a  couple  on  open  circuit. 
It  is  also  a  matter  of  interest  to 
learn  the  electromotive  force  of 
the  couple  when  at  work,  that  is 
to  say,  the  electromotive  force  A^ 
as  modified  by  the  effects  of 
polarisation.     The  two  couples 

to  be  compared,  E  and  e',  are  put  ^*'"^  I — "^  — ^-T* 

in  the  same  circuit  (Fig.  325),  ^^^ 

so  that  the  electromotive  forces 

act  in  the  same  direction  round  the  circuit ;  a  bridge  containing  a 
galvanometer  is  interposed  between  any  point  A,  and  a  point  B, 
which  is  fbund  by  trial,  so  that  the  needle  remains  at  zero.  Let  R 
and  B!  be  the  resistances  of  the  two  segments  aeb  and  ae'b  of  the 
circuit ;  when  there  is  no  current  in  AB,  the  current  is  of  the  same 
strength  in  the  two  segments.    Kirchhoff's  second  law  (§116)  gives 

E^RC, 

E  =  RC, 
from  which 

E^R^ 
E'      R' 

In  order  to  avoid  a  measurement  of  the  two  resistances  R  and 
R^  a  known  resistance  is  added  to  each  of  them,  x  for  the  first,  ^ 
for  the  second,  so  that  there  is  still  no  current  in  AB ;  we  have  then 


E       R        R^-x 

X 

E      R      R  +  x' 

"P 

363.  Standards  of  Electromotive  Force.— The  standard  ele- 
ments most  frequently  used  are  those  of  Daniell  and  Latimer 
Clark. 

A  Dantelfs  cell  is  not  well  adapted  for  a  standard,  as  its  electro- 
motive force  varies  with  the  concentration  of  the  liquids  from  1.06 
to  1. 14  volt.  Even  with  the  same  solutions  there  are  variations  of 
as  much  as  3  per  cent,  due  to  the  condition  of  the  metals.  The 
variation  with  temperature  depends  also  on  the  state  of  con- 
centration of  the  liquids. 

Latimer  Claris  element  consists  of  pure  mercury  as  a  negative 
metal  covered  with  a  paste  obtained  by  mixing  mercurous  sulphate 
with  a  saturated  solution  of  zinc  sulphate.    The  positive  metal  is  a 
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zinc  rod  dipping  into  this  paste  of  sulphate.  Insulated  wires,  lead- 
ing to  the  mercury  and  the  zinc  respectively,  form  the  connections. 
This  battery  is  not  well  adapted  for  continuous  work,  as  it  polarises 
easily,  but  it  furnishes  a  very  constant  and  trustworthy  standard 
of  electromotive  force.  Its  electromotive  force  is  1.434  volts  at 
15''  C,  and  it  diminishes  by  about  0.00 11  volt  for  an  increase  of 
temperature  of  one  degree. 

Thermo-electric  couples  fomish  stable  standards,  provided  the 
temperatures  of  the  junctions  are  accurately  known.  If  the  junc- 
tions are  at  o'  and  100"  respectively,  the  electromotive  force  of  an 
iron-copper  couple  is  0.001307  volt  (§  143). 

364.  Measurement  of  Capacity. — In  order  to  compare  the 
capacities  of  two  condensers,  the  condensers  are  charged  by  con- 
necting the  surfaces  of  each  in  succession  with  the  poles  of  the 
same  battery,  and  are  then  discharged  through  a  ballistic  galvano- 


m-se 


Fig.  326. 


meter :  the  amounts  of  charge,  and  therefore  the  capacities,  are 
as  the  angles  of  throw  of  the  needle. 

By  charging  the  same  condenser  successively  by  means  of  two 
different  batteries,  we  may  compare  in  the  same  way  the  electro- 
motive forces. 

Two  capacities  may  also  be  compared  by  an  arrangement 
analogous  to  Wheatstone's  bridge  (Fig.  326).  The  two  con- 
densers, C  and  C",  take  the  place  of  the  branches  b  and  b'  of 
the  usual  quadrilateral,  one  surface  of  each  being  connected  to 
earth,  or  to  the  back  contact  of  the  key  K.  The  resistances  a  and 
ci  are  then  adjusted  until  there  is  no  deflection  of  the  galvanometer 
on  raising  or  lowering  the  key  K. 

The  condition  of  equilibrium  is  that  the  two  points  B  and  b' 
shall  be  at  die  same  potential,  that  is  to  say,  that  at  each  instant 
the  charges  Q  and  Q  shall  be  proportional  to  the  capacities  C  and 
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C  :  as  these  charges  are  proportional  to  the  currents  which  pro- 
duce them  in  the  same  time,  and  as  these  latter  are  inversely  as 
the  resistances,  we  have  the  proportion 

£.  =  ?! 
C      a' 

365.  Coefficient  of  Mntnal  Induction.— The  two  coils  whose 
coefficient  of  mutual  induction,  M^  is  to  be  measured,  are  connected 
up  in  two  separate  circuits.  One  coil,  with  a  battery,  a  key  for 
making  or  breaking  contact,  and  a  tangent  galvanometer,  forms  a 
primary  circuit,  and  the  other  is  connected  with  a  ballistic  galvano- 
meter to  form  a  secondary  circuit.  The  primary  circuit  is  closed, 
and  the  strength  of  the  primary  current,  C,  is  read  off  on  the 
tangent  galvanometer  as  soon  as  the  deflection  has  become  steady. 
The  primary  circuit  is  then  broken,  and  the  throw,  ^,  of  the  ballistic 
galvanometer  is  observed,  the  reading  being  corrected  for  damping 
if  needful.  If  r  is  the  total  resistance  of  the  secondary  circuit 
(including  the  galvanometer),  the  quantity  of  the  secondary  current 
is  (§305)  m=^MC\r\ 

but  it  is  also  given  by  the  ballistic  galvanometer  (§  354)  as 

Equating  these  two  values,  we  get  the  coefficient  of  mutual  induc- 
tion— 

The  ratio  HfC  may  be  found  as  described  in  §  353  ;  or,  if  C  is  the 
strength  of  the  steady  current  which  gives  the  small  permanent 
deflection  &  when  passed  through  the  ballistic  galvanometer,  we 

have 

H\G  =  CI  tan  &, 
and  therefore 

^^^Cr  smi^ 
Ctt     tan  & 

Lastly,  if  the  same  battery  is  used  for  giving  the  primary  current 
C  and  the  current  C,  and  if  R  and  R'  are  the  total  resistances 
respectively  in  circuit  in  the  two  cases,  we  may  dispense  with  a 
measurement  of  the  primary  current  and  write 
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CHAPTER  XXX. 
ELECTRICAL  UNITS. 

366.  Physical  Magnitudes.— Every  statement  as  to  the  numeri- 
cal value  of  a  physical  quantity  consists  of  two  factors,  one  of 
which  is  a  numbery  and  the  other  the  unit  to  which  the  number 
refers.  Thus,  in  the  statement  that  the  strength  of  a  current  is 
20  amperes,  the  factors  are  20  and  one  ampere:  the  former 
answers  to  the  question  how  manyf  the  latter,  to  the  question 
how  many  of  what  f  Often  the  answer  to  the  second  question 
may  be  taken  as  understood  from  the  nature  of  the  matter  in 
hand,  in  which  case  it  does  not  need  to  be  expressed.  Thus,  if 
it  is  understood  that,  in  speaking  of  the  strength  of  a  current,  we 
always  refer  to  the  ampere  as  the  unit,  the  nmnber  20  would  be 
a  sufficient  statement  by  itself;  but,  in  the  absence  of  such  an 
understanding,  even  if  we  knew  that  the  statement  before  us 
related  to  the  strength  of  a  current,  the  mere  number  would  leave 
it  uncertain  whether  the  current  referred  to  was  20  amperes,  or 
20  C.G.S.  units,  or  20  units  of  any  other  kind. 

The  measurement  of  a  physical  quantity  consists  in  ascertaining, 
by  an  appropriate  experimental  process,  the  relation  which  it  bears 
to  some  other  quantity  of  the  same  kind  chosen  as  a  standard  of 
comparison  or  unit  of  value  for  the  kind  of  magnitude  in  question. 
This  unit  constitutes  the  physical  factor,  expressed  or  understood, 
in  the  statement  of  the  result  of  the  measurement 

So  long  as  we  have  to  deal  merely  with  magnitudes  of  one  kind, 

the  only  points  of  fundamental  importance  to  be  considered  in  the 

choice  of  a  unit  are  that  it  should  be  permanent,  well-defined,  and 

capable  of  being  accurately  compared  with  the  quantities  to  be 

expressed  by  means  of  it.    Thus,  the  yard,  the  metre,  the  mile,  or 

the  wave-length  in  a  vacuum  of  the  yellow  light  of  incandescent 

sodium-vapour  might,  in  principle,  serve  equally  well  as  the  unit 

of  length  :  the  choice  of  one  rather  than  another  is  a  matter  of 

convenience. 
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But  the  main  problem  of  physics  does  not  consist  in  the  com- 
parison of  quantities  of  the  same  kind,  but  rather  in  the  dis- 
covery and  accurate  investigation  of  relations  between  quantities 
of  different  kinds. 

Hence  it  is  important  that,  in  choosing  our  units,  we  should 
take  account  not  only  of  the  conditions  just  mentioned,  but  should 
consider  also  the  greater  or  less  degree  of  clearness  and  simplicity 
with  which  they  enable  the  mutual  relations  between  different 
quantities  to  be  expressed.  The  smaller  the  number  of  inde- 
pendent units  any  statement  of  the  mutual  relations  of  quantities 
contains,  the  simpler  and  clearer  it  is.  Hence  the  last-mentioned 
condition  is  equivalent  to  saying  that  the  best  system  of  units  is 
that  which  makes  it  possible  to  express  the  results  of  physical  in- 
vestigations by  means  of  the  smallest  nmnber  of  independent  units. 

An  example  will  make  these  matters  clearer.  The  relation 
between  length  and  volume  is  such  that  the  product  of  the  three 
linear  dimensions  at  right  angles  to  each  other  of  any  rectangular 
space  is  equal  to  its  volume.  But  whether  the  numerical  value  of 
a  volume  is  equal  to  the  product  of  the  numerical  values  of  the 
three  linear  dimensions  depends  on  the  units  of  volume  and  of 
length  respectively.     Let  V  denote  any  concrete  volume,  and  v 

y 
the  unit  of  volume,  then  the  numerical  value  is  — .     Similarly,  if 

^,  b^  and  c  are  the  corresponding  linear  dimensions,  and  /  is  the 

unit,  of  length,  j^  j  i  j  are  their  numerical  values,  and  -^  is  the 

numerical  value  of  their  product. 

V 
We  cannot,  m   general,  equate  this  with   — ,  but  require  to 

employ  a  factor  of  proportionality,  say  p,  depending  on  the  values 
of  V  and  /.     We  may  then  write 

V  abc 

Since  Fand  abc  due  different  expressions  for  the  same  concrete 
volume,  they  are  necessarily  equal,  and  therefore 

For  example,  if  2/  is  one  gallon  and  /  is  one  foot^  p  =  6.232,  and 
the  statement  contained  in  the  first  equation  may  be  expressed  in 
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words  as  follows :  the  number  of  gallons  in  a  given  volume  is 
equal  to  6.232  times  the  number  obtained  by  multiplying  together  its 
lengthy  breadth^  and  depth,  each  expressed  in  feet.  Here  we  adopt 
two  independent  units,  for  volume  and  length  respectively.  If, 
however,  while  keeping  the  gallon  as  unit  of  volume,  we  take  as 
unit  of  length  the  edge  of  a  cube  measuring  one  gallon,  we  get 
/  =  7/* ;  or,  again,  keeping  the  foot  as  unit  of  length,  if  we  take 
the  cubic  foot  as  unit  of  volume,  we  have  v  —  P,  In  either  case, 
p  ==  I,  and  our  first  equation  takes  the  much  simpler  form 

V^abc, 

which  is  now  numerically  true. 

It  will  be  seen  that  the  essential  condition  of  this  simplification 
is  the  avoidance  of  an  unnecessary  number  of  independent  units. 

367.  Fundamental  and  Derived  Units. — We  have  seen  that 
a  single  independent  or  fundamental  unit  suffices  for  the  measure- 
ment of  both  length  and  volume.  We  may  take  a  certain  length, 
/,  as  a  fundamental  unit,  and  derive  from  this  /^  as  unit  of  volume. 
Or  we  may  adopt  a  certain  volume,  z/,  as  a  fundamental  unit,  and 
derive  from  it  z/*  as  unit  of  length.  Again,  we  may  take  a  definite 
superficial  area,  s,  as  a  fundamental  unit,  and  derive  from  it  ^  as 
unit  of  length  and  ^  as  unit  of  volume. 

Other  units  may  be  derived  by  referring  simultaneously  to  two 
or  more  fundamental  units.  Thus  if  /  denote  the  unit  of  time,  the 
unit  of  velocity  derived  from  this  and  the  unit  of  length  is  the  ratio 
///  of  the  unit  length  to  the  unit  time.  Arithmetically,  we  can  give 
no  meaning  to  the  ratio  of  two  heterogeneous  quantities  like 
length  and  time,  but  this  example  shows  that  such  a  ratio  may  be 
capable  of  being  interpreted  physically  as  a  quantity  of  a  third 
kind.  Reciprocally,  we  might  adopt  a  definite  velocity,  r,  as  unit 
of  velocity  and  derive  from  this  the  unit  of  length,  as  /  =  ^.  Here 
the  product  of  two  heterogeneous  quantities  is  interpretable  as  a 
quantity  of  a  third  kind. 

We  may  extend  similar  considerations  to  the  case  of  electrical 
quantities.  For  instance,  it  results  from  the  discussion  of  electrical 
capacity  in  Chapter  VI.  that  the  capacity  of  an  electric  field  may 
always  be  represented  as  the  product  of  two  factors,  one  of  which 
is  purely  geometrical,  while  the  other,  the  dielectric  coefficient  of 
the  medium  occupying  the  field,  is  purely  physical.  The  geo- 
metrical part  of  the  expression,  in  its  turn,  consists  of  the  first 
power  of  the  unit  of  length  multiplied  by  a  numerical  factor. 
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Consequently  it  is  not  needful  to  adopt  an  independent  unit  of 
electrostatic  capacity ;  the  unit  may  be  derived  by  defining  it  as 
the  capacity  of  a  field  occupied  by  the  standard  dielectric  sub- 
stance, air  or  a  vacuum,  and  such  that  the  geometrical  factor 
applying  to  it  is  the  unit  of  length. 

36a  Choice  of  Fundamental  Units.— It  will  be  seen  from 
what  has  been  said,  that  if  we  adopt  as  a  principle  that  quantities 
are  to  be  represented  by  means  of  as  small  a  number  of  inde- 
pendent units  as  possible,  the  question  still  remains,— what  are 
these  units  to  be?  Are  we,  for  example,  to  take  the  unit  of 
velocity  as  fundamental  and  derive  from  it  the  unit  of  length? 
or  are  we  to  treat  the  unit  of  length  as  fundamental  and  found 
on  it  the  unit  of  velocity  ? 

In  order  to  answer  such  questions,  we  have  to  consider  not  only 
the  qualities  that  have  already  been  pointed  out  as  essential  to  a 
satisfactory  physical  unit  of  any  kind,  but  also  the  natural  or 
logical  sequence  of  ideas.  This  no  doubt  is,  in  part  at  least, 
relative  to  the  historic  order  in  which  physical  knowledge  has 
been  developed,  and  to  the  point  of  view  from  which  we  habitually 
approach  the  consideration  of  the  various  scientific  conceptions. 
But  taking,  as  we  inevitably  must  do,  these  conceptions  as  we  find 
them,  the  notion  of  length,  or  of  the  distance  between  two  points, 
is  simpler  than  that  of  velocity,  and  therefore  logically  precedes  it. 

The  examination  of  the  other  quantitative  notions  of  physics, 
and  the  discussion  of  them  in  the  same  sort  of  way  as  we  have 
here  discussed  velocity  and  electrostatic  capacity,  has  led  physicists 
to  the  adoption  of  three  fundamental  units,  namely,  a  unit  of  length, 
a.  unit  of  mass,  or  of  quantity  of  matter,  and  a  unit  of  time,  in 
terms  of  which  and  of  three  other  physical  ideas — change  of 
temperature,  dielectric  coefficient,  and  magnetic  permeability — it  is 
found  that  all  the  physical  magnitudes  that  have  been  hitherto 
recognised  can  be  expressed. 

369.  Absolnte  Units.— Units  derived  from  the  above-mentioned 
fundamental  units  are  spoken  of  as  absolute  units,  in  contradis- 
tinction to  the  special  units  that  might  be  adopted  for  each  different 
kind  of  physical  quantity  ;  and  magnitudes  stated  in  terms  of  them 
are  said  to  be  expressed  in  absolute  measure. 

For  example,  we  might  adopt  as  unit  of  velocity  the  velocity 
acquired  by  a  heavy  body  when  it  falls  in  a  vacuum  for  a  specified 
length  of  time  at  a  specified  place,  and  we  might  state  the  velocity 
of  a  railway  train  or  of  a  rifie  bullet  in  terms  of  this  standard. 
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But  such  a  statement  would  not  tell  us  how  far  the  train  or  the 
bullet  would  move  in  a  given  time  ;  it  would  only  tell  us  the  ratio 
between  this  distance  and  that  corresponding  to  the  velocity  of 
the  falling  body.  If,  however,  a  velocity  is  stated  in  absolute 
units,  that  is,  not  merely  by  comparison  with  some  other  velocity, 
but  in  terms  of  the  fundamental  units  of  length  and  time,  we  can 
estimate  completely  its  results. 

370.  Dimensions  of  Derived  Units.— The  formulae  which  ex- 
press the  various  derived  units  in  terms  of  the  fundamental  units 
express  at  the  same  time  the  essential  relations  between  the 
quantities  represented,  and  show,  in  many  cases,  that  magnitudes, 
between  which  no  connection  is  obvious  superficially,  are  essenti- 
ally homogeneous.  The  exponent  of  the  symbol  of  a  fundamental 
unit  in  the  formula  of  a  derived  unit  is  said  to  give  the  dimension 
of  the  latter  with  respect  to  the  fonrxer.  Tlius  the  unit  of  volume, 
V  =  /3,  is  of  the  third  dimension  with  respect  to  the  unit  of  length. 

We  proceed  to  give  the  dimensions  of  the  most  important 
derived  units,  that  we  have  to  deal  with  in  studying  electricity  and 
magnetism  ;  but  as  the  experimental  measurement  of  electrical 
and  magnetic  magnitudes  depends  almost  exclusively  on  the 
observation  of  mechanical  effects,  we  give  in  the  first  place  the 
dimensions  of  the  chief  quantities  occurring  in  mechanics. 

371.  Mechanical  Units. —  Velocity, — We  have  already  seen  that 
the  derived  unit  of  velocity  is  the  ratio  of  the  unit  of  length  to  the 
unit  of  time.    This  is  expressed  by  the  equation 

V  =  LT-\ 

Acceleration  (a). — An  acceleration  is  the  ratio  of  an  increment 
of  velocity  to  the  time  in  which  it  occurs,  or  the  time-rate  of 
increase  of  velocity.    Hence 

Force  (/). — A  force  is  measured  by  the  product  of  a  mass  acted 
on  by  the  force  into  the  resulting  acceleration  of  this  mass,  or 

f^  Ma  =  LMT-\ 

The  consideration  of  force  as  time-rate  of  chancre  of  momentum 
leads  to  the  same  expression. 

Work  or  Energy  (w). — The  work  done  by  a  force  is  the  pro- 
duct of  the  force  into  the  displacement  of  its  point  of  application 
projected  on  the  line  of  action  of  the  force,  or  /L.    The  energy  of 
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a  moving  body  is  the  product  of  a  mass  into  the  square  of  a 
velocity,  or  Mv^,  Writing  for  /  and  v  their  values  in  terms  of  the 
fundamental  units,  both  these  expressions  give 

w  =  L^MT-\ 

Turning  moment  or  Torque  (y). — This  is  given  by  the  product 
of  a  force  into  a  length  measured  at  right  angles  to  the  direction 
of  the  force.  If  we  do  not  distinguish  between  lengths  measured 
in  different  directions,  we  have 

y  =  DMT-\ 

which  represents  a  moment  as  apparently  homogeneous  with  work. 
We  might  write  more  appropriately 

y^L^L^T'\ 

the  suffixes  denoting  that  the  two  Z's  are  to  be  measured  at  right 
angles  to  each  other. 

Power XP)* — Power  is  used  in  mechanics  for  the  time-rate  of 
doing  work  J  hence 

p-=^fLT-^^  L^MT'\ 

372.  Electrical  and  Magnetic  Units.— The  measurement  of 
electric  and  magnetic  magnitudes  depends  on  the  observation  of 
mechanical  effects  produced  under  accurately  defined  conditions. 
These  effects  are — {a^  electrostatic^  involving,  among  other  con- 
ditions, the  dielectric  coefficient  of  the  medium  in  which  they  occur ; 
(3.)  magnetic^  whether  produced  by,  or ,  exerted  upon,  ordinary 
magnets  or  conductors  carrying  currents.  These  involve  the 
magnetic  permeability  of  the  medium. 

We  proceed  to  give  dimensional  formulae  for  the  most  important 
magnitudes  of  each  kind,  that  is,  omitting  all  numerical  factors, 
to  give  formulae  showing  how  each  magnitude  is  related  to  the 
fundamental  physical  units.  But,  in  the  first  place,  it  will  be  con- 
venient to  point  out  the  relation  between  the  dielectric  coefficient 
and  the  magnetic  permeability  of  a  medium.  This  will  enable  us 
to  pass,  in  the  case  of  a  given  magnitude,  from  its  value  deduced 
from  electrostatic  effects  to  the  value  deducible  from  electro- 
magnetic phenomena,  or  vice  versd. 

With  this  object,  we  will  examine  the  expressions  obtained  from 
the  electrostatic  and  electromagnetic  points  of  view  respectively, 
for  an  electric  charge  or  quantity  of  electricity. 
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According  to  Coulomb's  law,  two  equal  electric  quantities,  Qy 
concentrated  at  points  whose  distance  apart  is  Z  in  a  medium  of 
dielectric  coefficient,  K^  exert  upon  each  other  a  mechanical  force, 
fy  given  by  the  equation 

Putting  in  the  value  of/ from  §  371  and  reducing, 

This  formula  gives  the  dimensions  of  Q  on  the  electrostatic  system. 
To  get  a  corresponding  expression  founded  on  electromagnetic 
action,  we  may  start  from  the  relation  between  electric  current  and 
electric  quantity,  namely, 

We  may  proceed  ferther  by  considering  that,  if  a  current  of 
strength,  C,  flows  round  each  of  two  plane  areas,  Ai^—  Z.*),  placed 
at  right  angles  to  each  other  at  a  distance  great  as  compared 
with  their  linear  dimensions,  in  a  medium  of  permeability  /x, 
each  current  exerts  a  turning  moment  on  the  other,  the  value  of 
which  is  proportional  to  /i  and  inversely  proportional  to  the  cube 
of  the  distance.     Hence  the  dunensional  equation 

or 

Consequently, 

Q  =  l^M^fK 

Equating  this  with  the  electrostatic  expression  already  found, 
we  get 

or 

By  similarly  equating  the  electrostatic  and  electromagnetic 
expressions  for  any  other  electric  magnitude  we  should  arrive  at 
the  same  result.  This  may  be  stated  in  words  as  follows :  the 
product,  A'/i,  of  dielectric  coefficient  into  magnetic  permeability 
for  any  medium  is  homogeneous  with  the  reciprocal  of  the  square 
of  a  velocity  characteristic  of  the  medium. 
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373.  Electrostatic  Units. — Starting  from  the  expression  for  a 
quantity  of  electricity  deduced  from  electrostatic  action,  we  proceed 
to  deduce  comparable  expressions  for  the  other  most  important 
electrical  magnitudes. 

Electric  charge : — 

Surface  density^  otherwise  Electric  displacement  or  Electric 
induction  (Maxwell). — This  is  the  ratio  Qjl^ ;  hence 

Electric  force  at  a  point  in  an  electric  field. — The  dimensions 
are  obtained  by  dividing  surface-density  by  K\  or,  conversely, 
displacement  =  electric  force  x  dielectric  coefficient : 

Electric  potential — The  product  of  electric  force  into  length  is 
difference  of  potentials  : 

Capacity. — The  capacity  of  an  electric  field  is  the  ratio  of  its 
charge  to  the  difference  of  potentials  of  its  boundaries  ;  or,  again, 
it  is  the  ratio  of  electrostatic  energy  to  the  square  of  difference  of 
potentials : 

S^  LK. 

Current  is  time-rate  of  electric  displacement  through  an  area  : 

C -^  frDT-^  ^  QT'"^ 

Resistance  is  ratio  of  difference  of  potentials  to  current : 

R  =  L''TK-\ 

Magnetic  moment. — A  current  multiplied  by  an  area  round  which 
it  flows,  and  by  ft,  the  permeability  of  the  medium,  gives  the 
moment  of  the  equivalent  magnetic  shell : 
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Intensity  of  magnetisation — Magnetic  induction, — The  dimen- 
sions are  the  same,  namely,  magnetic  moment  divided  by  U : 

/  =  L'^^M^K'y 

Magnetic  force^  or  Strength  of  magnetic  field. — The  dimensions 
are  magnetic  induction  divided  by  permeability  : 

H  =  l^m^t-^kK 

Inductance  (Mutual  induction^  Self-induction), — This    is    the 
ratio  of  energy  to  square  of  current : 


HMT-^K 


374.  Electromagnetic  Units.— We  have  already  (§  372)  ob- 
tained the  dimensions  of  quantity  of  electricity  and  electric  current: 

Q  =  L^M^fT^ ;     C  =  L^l^^T'^K 

From  these  we  may  obtain  the  dimensions  of  the  remaining 
magnitudes.     For  convenience  of  comparison  we  will  take  the 
same  order  as  before. 
Surface-density —  o-  =  L'^M^fi^, 

Electric  force —  —  —  IJ^M^T~'^i^, 

K 

Electromotive  force —  I^M^T^^^^, 

Capacity—  L-^7^fr\ 

Resistance —  LT~^\u 

Magnetic  moment —  L^M^T"^!^, 

Magnetic  induction —  L~^M^T~^fi\ 

Magnetic  force—  LT^M  *  T"  V~*- 

Inductance —  Zfi. 

375.  Bemarks  on  the  Two  Ssrstems  of  Units.— Frequently 
in  statements  as  to  the  dimensions  of  electric  and  magnetic 
quantities,  the  factors  K  and  ft  are  not  expressed,  that  is,  it  is 
tacitly  assumed  that  each  of  them  has  the  value  unity,  or  is  of 
no  dimensions  with  respect  to  the  fundamental  physical  units.  If 
we  put  A!"  =  I  in  the  above  formulae,  we  get  the  expressions  usually 
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given  for  the  dimensions  of  the  various  units  on  the  "  electrostatic 
system  ;"  while,  by  making  ft  =  i,  we  get  the  usual  corresponding 
expressions  on  the  "  electromagnetic  system."  The  result  is  that 
the  same  magnitude  appears  as  having  different  dimensions  on 
the  two  systems :  for  example,  an  electric  charge  appears  as 
having  the  dimensions  L^M^T'^  on  the  electrostatic  system,  and 
the  dimensions  I^M^  on  the  electromagnetic  system  ;  resistance, 
as  having  the  dimensions  Lr^T  on  the  electrostatic  system,  and 
LT^^  on  the  electromagnetic  system. 

The  assumption  underlying  the  formulae  given  above,  in  which 
K  and  /i  appear,  is  that  each  magnitude  is  of  definite  invariable 
dimensions,  but  that  these  dimensions  cannot  be  completely  and 
explicitly  assigned,  inasmuch  as  all  that  we  can  state  as  to  the 
dimensions  of  K  and  \k  is  that  their  product  is  of  the  same  dimen- 
sions as  the  inverse  square  of  a  velocity,  or,  more  concisely,  that 

K\i.i^  =  a  pure  number. 

376.  Choice  of ^  Fundamental  XJnits— O.Q.8.  System.— The 

quantities  to  be  adopted  as  the  fundamental  units  of  lengthy  masSy 
and  time,  may  evidently  be  chosen  arbitrarily  according  to  con- 
siderations of  convenience.     The  units  now  almost   universally 
adopted  for  scientific  purposes,  not  only  in  electricity,  but  in  all 
departments  of  physics,  are  those  agreed  upon  by  a  Congress  of 
Electricians  that  met  in  Paris  in  1881,  namely — 
As  unit  of  length— one  Centimetre  (very  nearly  one  thousand- 
milUonth  part  of  a  quadrant  of  the  earth  measured  from  the 
equator  to  the  pole) ; 
As  unit  of  mass — one  Gramme  (very  nearly  the  mass  of  one 
cubic  centimetre  of  water  at  the  temperature  of  its  maxi- 
mum density) ; 
As  unit  of  time — one  Second  (one  eighty-six  thousand  four 

hundredth  part  of  a  mean  solar  day). 
It  was  agreed  that  units  founded  upon  these  quantities  should 
be  called  Centimetre-Gramme-Second  absolute  units,  or,  more 
shortly,  C.G.S.  units. 

Such  units  are  sometimes  much  smaller,  in  other  cases  much 
larger,  than  the  quantities  which  have  to  be  expressed  by  means 
of  them.  To  avoid  the  consequent  necessity  of  using  very  large 
numerical  multipliers  or  divisors,  multiplication  by  one  million 
(=  10^)  is  expressed  by  the  prefix  mega-,  and  division  by  one 
million  by  the  prefix  micro-. 
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It  has  been  found  convenient  also  to  give  special  names  to  some 
of  the  most  important  derived  units  of  the  C.G.S.  system.  Thus 
the  unit  of  force,  namely,  the  force  which,  when  acting  on  a 
gramme,  causes  its  velocity  to  change  at  the  rate  of  one  centi- 
metre per  second  in  a  second,  is  called  a  dyne.  The  weight  of 
a  gramme  is  equal  to  about  981  such  units.  The  weight  of  one 
milligramme  is  therefore  almost  equal  to  one  dyne,  and  the  weight 
of  one  kilogramme  almost  equal  to  one  mega-dyne.  The  intensity 
of  magnetic  force  at  a  distance  of  one  metre  from  a  small  magnet 
of  unit  magnetic  moment  would  be  from  one  to  two  micro-dynes^ 
according  to  the  direction. 

The  C.G.S.  unit  of  work  or  energy  is  the  work  done  or  energy 
expended  when  a  force  of  one  dyne  acts  through  a  distance  of 
one  centimetre,  and  is  called  an  erg.  One  kilogramme-metre  is 
about  981  X  10^  ergs,  or,  roughly,  100  megergs. 

The  unit  of  heat,  or  the  quantity  of  heat  needed  to  raise  the 
temperature  of  one  gramme  of  water  by  one  degree  centigrade  at 
a  specified  part  of  the  scale,  may  be  called  a  wceter-gramme-degree^ 
or  simply  a  gramme-degree.  It  is  equivalent  to  about  4.19  x  lo' 
ergs,  or  nearly  42  megergs. 

377.  Practical  Units.— The  C.G.S.  units  of  electrical  magni- 
tudes are  in  many  cases  so  much  smaller,  or  so  much  larger,  than 
the  quantities  usually  dealt  with  in  practice,  that  subsidiary  units, 
derived  from  them  by  multiplying  or  dividing  by  powers  of  10,  are 
employed  for  practical  purposes.  For  example,  on  the  electro- 
magnetic system,  the  C.G.S.  unit  of  resistance  is  equal  to  the 
resistance  of  only  about  one  twenty- thousandth  of  a  millimetre  of 
copper  wire  of  one  millimetre  diameter  ;  the  C.G.S.  unit  of  electro- 
motive force  is  about  one  hundred-millionth  of  that  of  a  Daniell's 
cell ;  on  the  other  hand,  the  C.G.S.  unit  of  capacity  is  more  than 
two  thousand  times  the  capacity  of  a  spherical  electric  field  filled 
with  air,  with  boundaries  one  centimetre  apart,  and  with  a  radius 
equal  to  that  of  the  earth. 

Consequently,  units  of  a  more  convenient  size  for  practical 
purposes  were  agreed  upon  by  the  Electrical  Congress,  already 
mentioned  as  having  met  in  Paris  in  1881,  in  the  case  of  five  of 
the  magnitudes  that  are  most  frequently  referred  to,  namely, 
resistance^  electrofnoHve  force^  strength  of  current^  quantity  of 
electricity^  and  capacity. 

The  practical  unit  of  resistance  is  called  the  ohm^  and  is  defined 
as  lo^  C.G.S.  electromagnetic  units.     It  is,  almost  as  nearly  as  can 
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be  measured,  equal  to  the  resistance  at  o^  C.  of  a  column  of  mercury 
of  one  square  millimetre  section,  and  106.3  centimetres  long. 

The  practical  unit  of  electromotive  force  is  called  the  volt^  and 
is  defined  as  10®  C.G.S.  electromagnetic  units.  It  is  about  6  per 
cent,  less  than  the  electromotive  force  of  a  Daniell's  cell.  Almost 
as  nearly  as  can  be  measured,  the  electromotive  force- of  a  Latimer 
Clark's  cell  at  15°  is  1.454  volt. 

The  practical  unit  of  current-strength  is  called  the  ampere.  It  is 
the  strength  of  the  current  which  an  electromotive  force  of  one 
volt  can  maintain  in  a  circuit  of  resistance  one  ohm  :  its  value  in 
C.G.S.  electromagnetic  units  is  therefore  loVio*  =  i/io.  Almost 
as  nearly  as  can  be  measured,  a  current  of  one  ampere,  passed 
through  an  aqueous  solution  of  nitrate  of  silver,  deposits  silver  at 
the  rate  of  0.00 1 1 18  gramme  per  second,  or  4.025  grammes  per  hour. 

The  practical  unit  of  quantity  is  called  the  coulomb.  It  is  the 
quantity  which,  in  one  second,  passes  every  complete  transverse 
section  of  a  conductor  traversed  by  a  steady  current  of  one  ampere  : 
hence  it  may  also  be  called  an  ampere-second^  and  is  equal  to  o.  i 
of  a  C.G.S.  electromagnetic  unit 

The  practical  unit  of  capacity  is  called  the  farad.  It  is  the 
capacity  of  an  electric  field  which  has  a  charge  of  one  coulomb 
when  the  difference  of  potentials  between  its  boundaries  is  one 
volt  In  C.G.S.  electromagnetic  measure  a  farad  is  therefore 
equal  to  the  ratio  of  io~* :  10^,  or  io~* :  i.  Even  the  farad,  though 
only  one  thousand-millionth  of  a  C.G.S.  unit  of  capacity,  is  too 
large  for  ordinary  purposes,  and  consequently  capacities  are  very 
commonly  stated  in  terms  of  the  millionth  part  of  a  farad,  called 
a  micro-farad^  equal  to  io~*'  C.G.S.  electromagnetic  unit  of 
capacity. 

In  addition  to  the  above,  a  practical  unit  of  inductance  has  been 
adopted  and  is  called  the  henry.  The  self-inductance  of  a  circuit 
is  one  henry  if  an  opposing  electromotive  force  of  one  volt  results 
ftx>m  a  variation  of  the  strength  of  current  in  the  circuit  at  the 
rate  of  one  ampere  per  second.  The  mutual  inductance  of  two 
circuits  is  one  henry  if  an  electromotive  force  of  one  volt  in  one 
of  them  results  from  a  variation  of  the  strength  of  current  in  the 
other  at  the  rate  of  one  ampere  per  second.  The  value  of  the 
henry  in  C.G.S.  measure  is  consequently  16*. 

The  electric  energy  expended  when  a  coulomb  of  electricity  falls 
in  potential  by  one  volt  is  called  2i  joule.  Its  value  in  C.G.S.  units 
is  io~*  X  iQP  «=  10'  ergs. 
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The  rate  at  which  energy  is  expended  or  power  exerted  when 
a  current  of  one  ampere  flows  from  a  given  point  of  a  circuit  to  a 
point  where  the  potential  is  lower  by  one  volt  is  called  a  wattj 
it  represents  lo^  ergs  per  second. 

A  granmie-degree  of  heat,  being  the  equivalent  of  4.2  x  10^  ergs 
nearly,  is  equal  to  4.2  joules  ;  conversely,  i  joule  is  equal  to  0.24 
granune-degree.  One  horse-power  is  equal  to  746  watts ;  one 
kilo-watt  is  1.34  horse-power. 

378.  Recapitulation. — We  may  recapitulate  here  in  tabular 
form  the  results  of  the  foregoing  discussion  as  to  the  dimensions 
of  electrical  and  magnetic  quantities. 


Table  of  Dimensions, 


o,J 


I  Dielectric  coefficient 
(  Magnetic  permeability   . 
(  Quantity  of  electricity    . 
(  Quantity  of  magnetism  . 
(  Electric  potential      \ 
^  Electromotive  force  > 
(  Magnetic  potential . 

{Electric   force   (strength 
electric  field 
Magnetic  force  (strength  of 
magnetic  field 
L  Electric   displacement   (sur- 
<      face  density 
'  Magnetic  induction 

Electric  current 
(  Conductivity   .        . 
(  Resistance 
5  Capacity 
(  Inductance 
Magnetic  moment  . 
Strength  of  magnetic  shell 


{ 


Dimensions  in  Terms  of— 


L,  M,  r,  and  AT. 


LT-^K 
LK 


Z.,  M,  T,  and  /«. 


A* 
L-'TfT' 
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It  may  be  noted  that  the  pairs  of  magnitudes  that  are  bracketed 
together  in  this  table  are  reciprocally  analogous,  the  dimensions 
of  one  in  terms  of  K  being  the  same  as  those  of  the  other  in  terms 
of  fi.  In  every  case,  the  ratio  of  the  dimensions  in  terms  of  K  to 
the  dimensions  in  terms  of  fi  is  a  power  of  LT~^K^y?. 

379.  Oomparison  of  Practical  and  O.Q.S.  Units.— It  may  be 
useful  also  to  collect  in  tabular  form  the  values  of  the  practical 
units  giving  the  corresponding  electrostatic  and  electromagnetic 
values  side  by  side. 


Name  of 

Practical 

Unit. 

Value  in  C.G.S.  Measure. 

Electro- 
magnetic. 

Electro- 
static. 

Resistance    .... 
Electromotive  force 
Strength  of  current 
Quantity  of  electricity  . 
Capacity       .... 
Inductance  .... 

Energy         .... 
Power 

Ohm 

Volt 

Ampere 

Coulomb 

Farad 

Henry 

Joule 
Watt 

IO« 

IO« 

lO-^ 

lO-^ 

IO-» 

IO» 

lO^-r  V 
io-»  V^ 

The  symbol  v  in  this  table  stands  for  the  velocity  K'^yT^  with 

which  electric  or  magnetic  disturbances  are  propagated  in  the 

medium  to  which  K  and  /*  refer.    This  velocity,  in  the  case  of 

,              ,n  cms. 
air,  IS  very  nearly  3  x  10^® . 

As  already  stated  (§  375),  the  electromagnetic  or  electrostatic 
dimensions  of  a  given  unit  are  obtained  from  the  complete 
dimensional  formulae  by  giving  the  value  unity  to  the  symbol 
ft  or  K,  as  the  case  may  be.  When  this  is  done,  the  electro- 
magnetic dimensions  of  resistance  are  the  same  as  those  of 
vel(K:ity ;  those  of  strength  of  current,  the  same  as  those  of  the 
square  root  of  a  force ;  the  dimension  of  inductance  becomes  a 
simple  length,  &c.  If  now,  instead  of  adopting  units  of  length 
mass,  and  time,  as  fundamental,  and  deriving  the  units  of  elec- 
trical quantities  from  these,  we  had  assumed,  say,  the  ohm  as 
unit  of  velocity,  one  (ampere)*''  as  unit  of  force,  and  the  ratio  of 
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the  henry  to  the  ohm,  that  is  to  say,  the  time-constant  (§  310)  of  a 
circuit  of  inductance  one  henry  and  resistance  one  ohm,  as  unit  of 
time,  we  might  have  obtained  the  units  of  length  and  mass  from 
these  as  derived  units.  The  reader  will  easily  convince  himself 
that  the  units  which  would  satisfy  the  conditions  stated  are — as 
unit  of  length,  10*  centimetres  ;  as  unit  of  mass,  io~"  gnumnes  ; 
as  unit  of  time,  i  second. 
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CHAPTER   XXXI. 
DETERMINATION  OF  THE  OHM. 

380.  Standards.— When  once  the  practical  units  are  defined, 
the  next  step  is  to  embody  the  definitions  in  actual  material 
standards.  This  can  be  practically  carried  out  for  the  standards 
of  resistance,  of  electromotive  force,  and  of  capacity.  In  other 
cases,  as,  for  example,  in  the  case  of  electric  currents,  it  is  not 
practicable  to  produce  and  preserve  an  actual  unit  as  a  standard 
of  reference  ;  we  have  to  depend  on  measuring  instruments  whose 
indications  bear  a  known  relation  to  the  theoretically  defined 
units.  Similarly,  in  mechanics  we  have  actual  concrete  standards 
of  length  and  mass,  but  no  concrete  unit  of  time  or  of  velocity. 
If,  however,  we  possess  a  standard  of  one  kind,  and  appropriate 
measuring  instruments,  the  others  may  be  easily  deduced  from  it. 
As  the  standard  of  resistance  is  that  which  is  most  trustworthy, 
both  as  to  accuracy  and  permanence,  the  efforts  of  many  physicists 
in  various  countries  have  been  directed  to  its  determination. 

The  problem  to  be  solved  was  this ;  What  is  the  length  of  a 
column  of  mercury  at  o**,  one  square  millimetre  in  cross  section, 
the  resistance  of  which  is  equal  to  lo^  electromagnetic  C.G.S. 
units,  that  is  to  say,  to  one  ohm  ? 

The  resistance  of  a  conductor  in  the  electromagnetic  system  is 
a  quantity  of  the  same  nature  as  a  velocity  (§  375),  that  is  to  say, 
the  quotient  of  a  length  by  a  time.  Hence,  it  follows  that  the 
measurement  of  the  absolute  value  of  a  resistance  amounts  ulti- 
mately to  the  measurement  of  a  length  and  of  a  time.  If  other 
quantities  occur  in  the  calculation  of  the  experiments,  they  can 
only  enter  as  ratios  of  magnitudes  of  the  same  kind. 

The  formulas  of  Ohm  and  of  Joule  each  furnish  a  method  of 
measurement.  But  Joule's  formula  contains  the  coefficient  /, 
representing  the  mechanical  equivalent  of  heat,  and  in  the  present 
state  of  our  knowledge  this  is  not  known  with  sufficient  accuracy 
to  form  the  basis  for  the  determination  of  the  ohm. 
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Ohm's  fonnula  bases  the  measurement  of  resistance  on  a  com- 
parison of  the  absolute  value  of  a  current  with  that  of  an  electro- 
motive force.  The  galvanometer  directly  gives  the  former.  In 
reference  to  the  second,  it  is  to  be  observed  that  the  only  electro- 
motive forces  which  can  be  directly  measured  are  those  due  to 
electromagnetic  induction.  The  method  may  be  founded  on  the 
observation  either  of  an  instantaneous  or  of  a  continuous  effect. 
We  shall  explain  the  principles  of  four  of  the  simplest  and  at  the 
same  time  most  trustworthy  methods  that  have  been  employed 
hitherto. 

381.  Botating  Coil— Weber's  Method.— -A  coil  of  known  area, 
5,  movable  about  a  vertical  diameter,  is  connected  in  circuit  with 
a  ballistic  galvanometer  and  set  exactly  at  right  angles  to  the 
magnetic  meridian ;  it  is  then  rapidly  turned  through  180%  and 
the  throw  of  the  galvanometer  is  observed.  If  i?  is  the  total 
resistance  of  the  circuit,  we  have  on  the  one  hand,  for  the  quantity 
of  electricity  which  traverses  the  circuit  (§  302), 

7.SH 
and  on  the  other  (§  354), 


^=   7e-^' 


H 
From  which 


.=*fift 


It  will  be  observed  that  the  result  is  independent  of  the  value 
of  the  earth's  field.  Besides  the  area  of  the  coil  and  the' deflec- 
tion of  the  needle,  the  only  quantities  to  determine  are  the  time 
of  oscillation  of  the  needle  and  the  constant  of  the  galvanometer 
coil.  Of  these  quantities,  G  represents  a  magnetic  field  due  to  a 
unit  current ;  its  dimensions  are  therefore  H/Cy  or  (§  378)  L~^ ; 
tke  dimensions  of  the  area  6"  are  L\  while  tt  and  6  are  purely 
numerical.  The  whole  expression  is  therefore  of  the  dimensions 
LT~^IJL,  or  if,  in  accordance  with  the  electromagnetic  system,  we 
take  ft  =  I,  the  result  of  the  experiment  gives  R  expressed  as  a 
velocity. 

382.  Mutual  Induction  of  Two  Ooils— Kirchhoff's  Method. 
— Let  M  be  the  coefficient  of  mutual  induction  of  two  fixed  coils  ; 
one  of  which  is  joined  up  with  a  ballistic  galvanometer  forming  a 
circuit  of  total  resistance  R,  while  the  other  is  in  circuit  with  a 
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battery  which  gives  a  steady  current  of  strength,  C.    When  the 
current  is  reversed,  we  have  (§  305) 

^  _  '^.MC 
and  on  the  other  hand, 

The  strength  of  the  current  is  given  by  the  deflection  o  of  a 
tangent  galvanometer,  or 

C  =  ^tancu 

From  these  equations  we  obtain 

r  G  tan  a  TT 


R  =  /^M 


G'     6     r 


The  result  is  again  independent  of  H,  The  ratio  -^,  of  the  con- 
stants of  the  galvanometers,  ballistic  and  tangent,  is  obtained  by 
passing  the  same  current  simultaneously  through  both  (§  353). 
The  physical  magnitudes  in  terms  of  which  the  fixed  value  is 
expressed  are  M  and  r,  of  which  the  ratio  is  of  the  dimensions 

383.  Oonstant  Onrrent— Lorenz's  Method.--~A  metal  disc 
rotates  uniformly  about  its  geometrical  axis :  if  a  is  th^  radius  of 
the  disc,  T  the  time  of  a  single  revolution,  H  the  component  of 
the  field  parallel  to  the  axis,  the  electromotive  force  acting  between 
centre  and  circumference  is  (§  309) 

_  ira^H  _  AH 
e  ^  ^, 

A  being  put  for  ird^^  the  area  of  the  disc. 

Instead  of  using  the  terrestrial  field,  let  the  axis  of  rotation 
be  placed  at  right  angles  to  the  magnetic  meridian,  and  let  it 
coincide  with  the  axis  of  a  concentric  circular  coil  traversed  by 
a  current  C  If  M  is  the  flux  of  magnetic  induction  which  passes 
through  the  disc  from  face  to  face,  in  consequence  of  a  current 
of  unit  strength  in  the  coil,  we  have 

CM^AH,  .  , 
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and  therefore 

.      CM 


[§383. 


Sappose,  lastly,  that  the  centre  and  circumference  of  the  disc 
are  respectively  connected  with  two  .points  separated  by  resistance 
R  on  the  circuit  of  the  current  C,  which  travei-ses  the  coil ;  then 
the  difference  of  potentials  between  these  points  is  CA*,  and  if  R 
is  so  chosen  that 

CR-=e, 

we  can,  by  making  the  connections  the  right  way  about,  cause 
this  difference  of  potentials  to  balance  the  electromotive  force  due 
to  the  rotation  of  the  disc,  a  condition  which  is  easily  recognised 
by  a  galvanometer  connected  in  circuit  with  the  disc  remaining 
undeflected.  Equating  the  two  values  of  ^,  we  get  the  remarkably 
simple  expression 

M^ 


R^ 


384.  Lippmaiin's  Method.-~This  may  be  regarded  as,  to  a 
great  extent,  a  modification  of  Lorenz's  method.    A  coil  c  (Fig. 


Fig.  327. 

327)  rotates  uniformly  about  its  vertical  diameter  within  the 
uniform  field  (§  256)  of  a  long,  horizontal,  hollow  coil,  mn,  carry- 
ing a  constant  current,  which  at  the  same  time  circulates  in  the 
conductor  ab,  the  resistance  of  which  is  to  be  determined.  The 
revolving  coil  is  connected  through  the  capillary  electrometer,  E, 
with  the  points  A  and  Ai,  but  the  circuit  is  only  closed  at  the 
moment  when  the  plane  of  the  coil  is  parallel  to  the  field,  in  other 
words,  when  the  electromotive  force  due  to  the  rotation  passes 
through  its  maximum.    The  speed  of  rotation  and  the  resistance 
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R  between  the  points  A  and  Ai  are  so  adjusted  that  the  induced 
electromotive  force  is  compensated  by  the  difference  of  potential 
between  the  points  A  and  A^.  As  there  is  no  current  in  the  coil, 
self-induction  does  not  come  into  account. 

If  ^  is  the  total  area  of  the  coil,  T  the  time  of  a  revolution,  and 
n\  the  number  of  turns  per  centimetre  of  the  fixed  coil,  the 
maximum  electromotive  force  is 

and  if  R  is  the  resistance  between  the  two  points  A  and  Ai,  we  have 

^  __  £  _  Sir^n^ 
C  T     ' 

As  in  the  preceding  method,  the  current  cancels  out.  This 
method  has  the  advantage,  as  compared  with  that  of  Lorenz,  that 
greater  electromotive  forces  can  be  used,  so  that  those  which  may 
arise  at  the  contact  of  sliding  pieces  may  be  neglected  in  comparison. 

385.  Numerical  Value  of  the  Ohm.— Many  experiments  by 

the  above  and  other  methods  agree  in  indicating  that  the  resist- 

cm. 
ance  expressed  in  absolute  electromagnetic  units,  as  10* -^ , 

or  one  ohmy  is  very  nearly  indeed  the  same  as  the  resistance  at 
o*  of  a  column  of  mercury  i  square  millimetre  in  cross-section  and 
106.3  centimetres  long.  Practically,  however,  the  only  way  of 
producing  and  estimating  the  cross-section  of  a  column  of  mercury 
for  use  as  a  standard  of  resistance  is  to  enclose  the  mercury 
in  a  glass  tube,  and  to  assume  that  the  cross-section  of  the  column 
is  the  same  as  that  of  the  tube  which  contains  it.  Reciprocally, 
the  most  accurate  method  of  measuring  the  cross-section  of  a 
glass  tube  is  based  upon  a  determination  of  the  mass  of  mercury 
that  fills  a  measured  length  of  it,  and  upon  the  determination  of 
the  density  of  mercury.  Hence  a  statement  of  the  value  of  the 
ohm,  which,  like  that  given  above,  involves  the  cross-section  of  a 
column  of  mercury,  is  not  expressed  in  terms  of  the  quantities 
which  are  directly  measured.  From  this  point  of  view  it  is  more 
direct  to  specify  the  length  and  mass  of  the  mercury  column, 
which  has  a  resistance  one  ohm,  than  to  specify  its  length  and 
cross-section.  This  is  the  method  adopted  in  the  official  definition 
of  the  ohm  for  legal  and  commercial  purposes  by  the  Board  of 
Trade,  as  well  as  by  the  Governments  of  Germany  and  the  United 
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States  In  an  Order  in  Council  of  1894,  the  ohm  is  stated  to  be 
"represented  by  the  resistance  offered  to  an  unvarying  electric 
current  by  a  column  of  mercury  at  the  temperature  of  melting  ice, 
14.4521  grammes  in  mass,  of  a  constant  cross-sectional  area,  and 
of  a  length  of  106.3  centimetres." 

From  the  definition  of  specific  resistance  (§  1 13)  it  follows  that 
two  conductors  of  the  same  material  have  the  same  r€;sistance  if 
their  masses  are  proportional  to  the  squares  of  their  lengths  : 
hence  the  above  statement  as  to  the  magnitude  of  the  ohm  is 
equivalent  to  the  following— the  resistance  at  o*  of  12.79  granmies 
of  mercury  in  the  form  of  a  colunm  of  uniform  cross-section  €90 
centimetres  long. 

386.  Measnrement  of  the  Velocity 't^'.— We  have  seen  (§  372) 
that  the  product  K\k  of  the  absolute  inductive  capacity  into  the 
magnetic  perm^abjlity  of  a  medium,  say  air,  in  which. electrostatic 
and  electromagnetic  forces  can  be  observed,  has  the  dimensions  of 
the  reciprocal  of  the  square  of  a  velocity.  Since  the  properties 
denoted  by  K  and  fi  respectively  are  definite  for  a  given  medium 
under  given  circumstances,  the  product  K^  must  be  expressible  in 
terms  of  a  definite  velocity  characteristic  of  the  medium.  We  will 
denote  this  velocity  by  v,  and  will  investigate  its  numerical  value 
for  a  vacuum  or  air,  which  is  from  this  point  of  view  nearly  the 
same  thing.  /  ' 

Suppose  a  given  quantity  of  electricity,  Q,  to  be  .expressed,  on 
the  one  hand,  as  s  electrostatic  units,  and,  on  the  other  hand^  as 
m  electromagnetic  units.    In  accordance  with  §  37B,rwe  may  wT^tfs 

or  '  '  ..'...,■'        '  ■    :.  : 


where  sftn  is  a  purely  numerical  factor  and  [L  7'"*]  is  the  unit  of 
velocity,  or,  in  concrete  value,  one  centimetre  per  second ;  v  is 
therefore  a  velocity  of  s/m  centimetres  per  second.  ,  It  is  clear 
that  the  absolute  magnitudes  of  the  quantities  expressed  by  unity 
on  the  electrostatic  and  electromagnetic  systems  respectively  must 
be  in  the  inverse  ratio  of  the  numerical  values  of  the  same  quantity 
when  expressed  in  terms  of  these  two  units,  or 
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where  [0^]  denotes  the  quantity  of  electricity  expressed  as  unity 
on  the  electromagnetic  system,  and  [gj  the  quantity  expressed  as 
unity  on  the  electrostatic  system.  Consequently,  it  is  often  said 
that  the  velocity  v  is  equal  to  the  ratio  of  the  electromagnetic  to 
the  electrostatic  unit  of  electric  quantity. 

It  wiil  be  seen  by  reference  to  the  table  of  dimensions  of  electric 
magnitudes  (§  378)  that  the  product  A^t,  and  therefore  the^  velocity 
V,  might  be  expressed  in  terms  of  the  electrostatic  and  electro- 
magnetic values  of  any  one  magnitude.  Thus,  if  the  symbol  of 
any  magnitude,  with  the  sufl5x  m  ox  s  attached  to  it,  denotes  its 
numerical  value  in  electromagnetic  or  electrostatic  measure  Te- 
spectiyely,  we  have  r 

Practically,  the  only  magnitudes  which  admit  of  direct  electro- 
static measurement  are  electric  charge  or  quantity,  difference  of 
potentials  or  electromotive  force,  and  capacity.  There  are  conse- 
quently three  distinct  methods  that  may  be  employed  for  the 
measurement  oiv, 

2IN.  Measurement  of  a  Quantity  of  Electricity.— The  ex- 
periment consists  in  charging  a  condenser,  and  measuring  by 
means  of  Coulomb's  balance  a  known  fraction  of  the  total  charge, 
and  therefore  the  charge  itself ;  and,  on  the  other  hand,  in  measur- 
ing this  charge  by  the  ballistic  galvanometer.  The  quotient  of 
the  number  furnished  by  Coulomb's  balance,  by  the  number  given 
by  the  ballistic  galvanometer,  gives  the  desired  value.  This 
experiment  was  first  made  by  Weber  and  Kohlrausch. 

388.  Measurement  of  an  Electromotive  Force.— A  steady 
current  is  passed  through  a  wire.  Let  C  be  the  strength  of  the 
current  and  R  the  resistance  between  the  two  ends  A  and  B  of 
the  wire,  both  in  C.G.S.  electromagnetic  units.  The  electromag- 
netic difference  of  potential  between  the  two  points  is  CR,  An 
absolute  electrometer  (§82)  connected  with  the  points  A  and  B 
gives  the  same  difference  in  electrostatic  units.  The  quotient  of 
the  former  number  by  the  latter  is  the  value  of  v, 

389.  Measurement  of  a  Capacity.— A  condenser  is  formed  of 
two  parallel  plates  separated  by  a  layer  of  air ;  one  of  them  is  so 
large  that  it  may  be  considered  is*  infinite,  and  the  other  is  sur- 
rounded by  a  guard  ring  (§  82).  If  -^  is  the  area  of  the  movable 
plate,  arid^  the  distanide- between  the  two  plates,  the  electrostatic 
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capacity  is  given  by  the  fonnala  (§  51) 

The  condenser  is  charged  to  a  difference  of  potentials  V  -  Vy 
and  is  then  discharged  through  a  ballistic  galvanometer  (§  354). 
We  have 

Let  us  assume  that  the  difference  of  potentiab  K  —  V  \s  that 
between  two  points  A  and  B  of  a  wire  of  resistance  R  carrying  a 
current  Cj  this  gives 

and  consequently 

^      2^  G^  TT  tan  a ' 

The  ratio  of  5",  to  S^  is  equal  to  v*. 

390.  Nnmerical  Value  of  z'.— ITie  values  obtained  for  v  by  these 
various  methods  are  all  very  nearly  3  x  10*®  C.G.S.  Accordingly 
the  constant  v  is  a  velocity  of  3  x  ic^  centimetres  per  second.  This 
velocity  is  exactly  that  of  light,  and  thus  the  reasoning  of  §  337  is 
confirmed. 

Maxwell  made  a  noteworthy  remark  in  reference  to  this.  He 
assumes,  and  the  hypothesis  has  been  confirmed  by  Professor 
Rowland's  experiments,  that  an  infinitely  long  straight  wire  having 
a  statical  charge,  m,  per  unit  length,  moving  in  its  own  direction 
with  a  velocity  r,  would  be  equal  to  a  current  of  strength  mc  in 

electrostatic,  and  of  strength  —  in  electromagnetic  measure. 

Two  such  wires  placed  parallel  at  the  distance  d^  and  moving 
in  the  direction  of  their  length  with  the  same  velocity,  would  act 
like  two  parallel  currents  in  the  same  direction.  The  attraction 
exerted  by  either  on  unit  length  of  the  other  is  (§  260) 

2wV     I 
v«    *  d' 

At  the  same  time,  in  consequence  of  their  charges,  each  will 
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repel  unit  length  of  the  other  with  a  force  which  a  simple  calcu- 
lation shows  is  equal  to 

d  ' 

The  attraction  is  accordingly  equal  to  the  repulsion,  and  the  two 
wires  are  without  action  on  each  other  if 

c  =  v ; 

hence  the  velocity  v  is  that  with  which  each  wire  must  move  in 
the  direction  of  its  length  in  order  that  the  two  wires  may  have  no 
action  on  each  other. 
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CHAPTER   XXXII. 
CONSTANT-CURRENT  MACHINES. 

391.  Oonstant-Current  Machines.— Generator ;  Motor.— We 

shall  take  as  type  of  these  machines  Faraday's  disc  (§§  267,  309). 
A  metal  disc  (Fig.  328)  driven  by  any 
kind  of  motor  is  made  to  rotate  about  an 
axis  in  a  uniform  field.  Two  contacts 
or  brushes^  one  pressing  on  the  circum- 
ference and  the  other  on  the  axle, 
connect  the  disc  with  an  external  circuit. 
A  current  is  produced,  and  if  the  rotation 
is  uniform,  the  electromotive  force  of  the 
circuit  is  perfectly  constant.  If  H  is  the 
Fig"^  component  of  the  field  parallel  to  the  axis, 

A  the  area  of  the  disc,  n  the  number  of 

turns  in  a  second,  and  R  the  resistance  of  the  circuit,  the  current 

is  (§  309) 

c=«4^ (0 

The  machine  is  reversible  :  that  is  to  say,  if  driven  by  a  motor 
it  will  produce  a  current ;  if  connected  with  a  battery  it  will  pro- 
duce work.  For  the  same  direction  of  the  current  the  rotations 
are  in  opposite  directions  in  the  two  cases,  but  in  either  of  them 
the  product  CAH  represents  the  work  corresponding  to  one  turn. 
In  the  first  case,  the  machine  consumes  mechanical  energy  and  pro- 
duces electric  energy,  in  this  case  it  is  said  to  act  as  a  generator; 
in  the  second  case  it  consumes  electric  and  produces  mechanical 
energy,  and  acts  as  a  motor. 

392.  Magneto-  and  Dynamo-Electric  Machines.— If  the  field 
in  which  the  disc  rotates  is  produced  by  fixed  magnets,  or  by 
electromagnets  excited  by  an  extraneous  source,  so  as  to  be 
independent  of  the  working  of  the  machine,  this  is  said  to  be  a 

464 
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magneto^lectric  machine.  For  a  given  speed,  whether  on  open 
or  closed  circuit,  it  acts  like  a  battery  of  constant  electromotive 
force.  Formula  (i)  shows,  moreover,  that  this  electromotive  force 
is  proportional  to  the  speed. 

But  we  may  suppose  the  field  in  which  the  disc  rotates  to  be 
maintained  by  the  current  which  traverses  the  disc  It  is  sufficient 
for  this  purpose  for  the  disc  to  be  in  circuit  with  the  wire  of  the 
coil,  or  of  the  electromagnet,  which  produces  the  field,  in  other 
words,  with  the  wire  of  Xh^field-ma^et,  The  intensity  H  of  the 
field  is,  in  that  case,  a  function  of  the  strength  C  of  the  current. 
The  machine  is  then  a  dynamo-electric  machine,  or,  as  it  is  usually 
called,  a  dynamo.  The  whole  of  the  current  may  traverse  the  coil 
of  the  fielS-magnet,  in  which  case  the  machine  is  said  to  be  series- 
wound;  or  a  portion  of  the  current  may  be  shunted,  giving  a 
shunt-wound  dynamo ;  or,  lastly,  we  may  have  a  combination  of 
the  two,  in  which  case  the  machine  is  a  compound  dynamo.  What- 
ever be  the  arrangement,  provided  the  volume  of  the  copper  and 
the  density  of  the  current  are  the  same,  the  same  field  is  always 
produced  (§271). 

393.  Dynamo  without  Soft  Iron.— Two  cases  are  to  be  dis- 
tinguished according  as  the  field-magnet  of  the  dynamo  does  or 
does  not  contain  soft  iron. 

If  the  field-magnet  is  a  coil  without  a  soft  iron  core,  the  intensity 
of  the  field  is  proportional  to  the  strength  of  the  current,  and  if  P 
is  a  constant  we  may  put 

AH=^PC, 

Combining  this  with  equation  (i)  we  obtain  the  relation 

n  =  l (2) 

between  the  constant  Py  the  resistance  R^  and  the  speed ;  the 
condition  here  expressed  depends  only  on  the  construction  of  the 
machine,  and  must  be  satisfied  if  it  is  to  act  as  a  generator. 

For  the  mechanical  energy  taken  in  per  second  from  the  motor 
is  nPC^^  the  energy  expended  in  the  same  time  in  generating  heat 
is  RO,  Assuming  that  there  is  no  other  work  than  generation 
of  heat,  we  have 

nPO  =  RC\ 

that  is  to  say,  equation  (2). 

The  condition  which  this  equation  expresses  is  that  in  every  revolu- 
tion the  machine  expends  exactly  the  amount  of  energy  put  into  it. 
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For  a  speed  n^  <  n,  the  machine  expends  more  than  it  receives. 
In  this  case  it  cannot  maintain  a  current,  and  if  a  current  is 
started  it  dies  down  again.  For  any  velocity  «2  >  «  the  machine 
takes  in,  on  the  contrary,  more  energy  than  it  expends  as  heat, 
and,  if  the  resistance  of  the  circuit  remained  constant,  the  strength 
of  a  current  would  increase  until  the  wires  fused  and  the  machine 
was  destroyed.  Lastly,  for  the  value  «,  the  strength  of  current  will 
increase  until  the  work  done  during  each  turn  is  equal  to  that  fur- 
nished by  the  motor,  and  will  therefore  only  depend  on  the  power 
of  the  motor.    Such  a  machine  could  not  be  utilised  in  practice. 

394.  Dynamo  with  Soft  Iron— Oharacteristic— If  the  field- 
magnet  has  an  iron  core,  the  field  is  still  a  function  of  the  current, 
but  a  more  complicated  one. 

It  increases  with  the  magnetisation,  at  first  almost  proportion- 
ately to  the  strength  of  current,  then  less  rapidly,  and  finally  tends 
towards  a  limit  when  we  get  near  saturation.  If  ^(O  is  the  magnetic 
flux  cut  during  one  turn  of  the  disc  when  the  current-strength  is  C, 
the  function  <^(C)  represents  the  electromotive  force  for  one  turn  per 
second ;  for  a  speed  of  « turns  the  electromotive  force  will  be  n<f}(C). 
The  product  C^(0  represents  the  positive  or  negative  work  of  the 
electromagnetic  forces  for  one  turn  of  the  disc  for  any  speed. 

All  the  properties  of  the  machine  are  known  if  the  function  <f){C) 
is  known.  The  curve  obtained  by  taking  C  as  abscissa  and  <I>(C) 
as  ordinate  is  called  the  characteristic, 

395.  Machine  used  as  Motor.— Let  us  suppose  the  machine 
joined  up  with  a  battery  of  constant  electromotive  force  E^  and 
that  its  axle  is  acted  on  by  a  break,  which  keeps  the  work  done  per 
turn  at  the  constant  value  Wiox  any  speed.  As  the  electric  measure 
of  the  work  done  by  the  machine,  for  each  turn  is  C<^(C)  for  a  current 
of  strength  C,  we  must  have  C<^(C7)  =  W,  Let  R  be  the  resistance 
of  the  circuit.  If  the  battery  cannot  produce  the  current  C  in  the 
resistance  /?,  the  machine  will  not  turn ;  if  it  can  produce  a 
current  of  greater  strength,  the  current  will,  nevertheless,  still  be 
equal  to  C ;  the  machine  will  turn  with  a  greater  or  less  speed  so 
as  always  to  use  up  the  energy  furnished  to  it  in  excess  of  C^R  per 
unit  of  time.    For  a  velocity  of  «'  turns  per  second  we  shall  have 

EC--  aR  +  nfC<f>{Q, 

or  putting  E  =  «'</)(C), 

^      E  "  E 
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The  e^fficiency  is 

u  =  E\E, 

and  the  work  done  by  the  machine  in  each  second 


467 


E'C  =  E 


./   E 


R 


This  work,  being  expressed  by  the  product  of  two  factors  the 
sum  of  which  is  constant,  is  a  maximum  when  the  two  factors  are 
equal,  that  is  to  say,  when 

2E'^E, 

in  other  words,  when  the  current-strength  C  is  half  that  which  the 
battery  would  produce  in  a  circuit  of  resistance  R  if  the  machine 
were  at  rest,  the  correspond- 
ing efficiency  is  equal  to  0.50. 
This  is.  a  result  at  which  we  have 
previously  arrived  (§  132). 

396.  Machine  acting  as 
Geiierator. — Suppose  the  ma- 
chine is  worked  by  a  motor, 
and  the  current  is  employed  to 
do  work  Such  as  the  generation 
of  heat,  the  production  of 
chemical  decomposition,  or 
driving  a  motor.  The  problem 
is  to  determine  the  strength  of 
current  corresponding  to  a  given  speed,  or  conversely. 

Let  us  suppose  a  siniple  circuit  of  the  total  resistance  /?,  and  the 
machine  rotating  with  a  speed  of  n  turns  per  second  :  Ohm's  law 
gives 

C  =  ^(O 

^  D~    » 


from  which  follows 


R 
C         n 


If  OM  is  the  characteristic  (Fig.  329),  and  the  abscissa  OP  repre- 
sents C,  the  ordinate  MP    represents  <^C),  and  2LJ  =  —  is 

the  tangent  of  the  angle  mop.    Hence  to  solve  the  problem,  we 
need  only  take  OA  =  i,  draw  a  perpendicular  at  A,  and  on  this 
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perpendicular  take  a  length  ab  =  - ,  and  join  the  point  B  with 

the  origin  ;  the  point  where  the  right  line  OB  cuts  the  curve  deter- 
mines the  position  of  M,  and  therefore  OP  =  C,  the  strength  of  the 
current. 

It  will  be  seen  that  the  current  will  be  constant  if «  is  made  to 
increase  proportionately  to  /\\ 

For  a  given  speed,  the  current  diminishes  as  R  increases,  the 
point  M  continually  approaching  the  origin.  This  goes  on  until  RIn 
becomes  equal  to  ac/OA,  OC  being  the  tangent  to  the  curve  at  the 
origin.  If  the  resistance  has  a  still  greater  value  the  machine 
ceases  to  work.  The  reason  of  this  has  been  already  given  in 
§  393  ;  it  is  that  the  machine  expends  more  energy  than  it  receives. 
If  the  field  is  proportional  to  the  current,  as  is  the  case  when 
the  field-magnet  has  no  soft  iron, 
/'C  the  characteristic  becomes  simply 

a  straight  line  passing  through  the 
^        origin ;  from  which  it  follows  that 
^^        for  a  given  speed   there    can    be 
I  equilibrium  only  when  the  resist- 

ance of  the  circuit  has  a  definite 
value,  whatever  the  strength  of  the 

"x      current 

'*  For  let    OC    (Fig.   330)  be    the 

Fig.  330.  straight  characteristic,  and  OB  the 

line  whose  angular  coefficient,  — ,  gives  the  ratio  which  must  exist 

between  the  electromotive  force  and  the  current,  in  order  that  the 
latter  may  be  stable.  If,  at  a  given  moment,  the  strength  of  the 
current  were  OPi,  the  machine  would  give  rise  to  an  electromotive 
force,  MiPi,  greater  than  NiPi,  necessary  to  maintain  the  existing 
current.  This  electromotive  force  would  therefore  produce  a 
stronger  current,  OP2,  which  in  turn  would  develop  an  electro- 
motive force  M2P2,  and  so  on ;  the  current  would  thus  continue 
to  increase  without  limit.  The  result  would  be  reversed  if  the 
line  BO  lay  farther  from  Ox  than  CO. 

If  the  electromagnet  has  any  residual  magnetism,  or  if  it  has  a 
second  wire  traversed  by  a  current  independent  of  the  machine, 
<^C)  is  no  longer  zero  when  C  =  o  ;  in  this  case  the  characteristic 
does  not  pass  through  the  origin,  but  is  displaced  parallel  to  itself 
by  a  quantity  OOi  (Fig.  33i)>  so  that  for  C  «  o,  we  have  ^o)  «  OH. 
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The  current  is  obtained  by  the  same  construction  as  before,  but 
the  machine  always  starts  whatever  the  resistance. 

397.  Let  us  suppose  that  the  circuit  having  resistance  R  contains 
a  constant  electromotive  force  E\  independent  of  the  current,  that 
of  a  battery  or  of  a  voltameter,  for  instance.  The  electromotive 
force  ^'must  be  taken  posi- 
tive if  it  acts  in  the  same 
direction  as  the  machine,  and 
negative  if  it  is  in  the  opposite 
direction.  Let  us  consider, 
the  latter  case ;  the  equation 


^__n<t>{C)-E 


(3) 


gives 


C|  =  0(C)- 


n 


It  will  be  seen  (Fig.  332) 
how  the  construction  must  be  modified :  the  line  whose  angular 

coefficient  is  — ,  instead  of  passing  through  the  origin  must  be 

^  .  E' 

drawn  through  a  point  o'  of  the  axis  of  y^  at  a  distance  00'  =  — 


upwards  or  downwards,  ac- 
cording as  Ef  is  negative  or 
positive. 

398.  Let  us  suppose,  lastly, 
that  the  machine  has  to  drive 
a  motor.  Let  <^(C)  and  <^'(0 
be  the  characteristic  func- 
tions for  the  two  machines,  n 
and  fd  their  speeds.  Both 
are  traversed  by  the  same 
current ;  and  the  current- 
strength,  the  efficiency,  and 


M 


5 

i»' 

p' 

/ 

^ 

0, 


Fig.  332. 
the  work  given  out  by  the  motor  are  expressed  by  the  equations 

"^m- « 

W' -  «'C</.'(0 (6) 


(4) 
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The  problem  Tuay  be  stated  in  several  wa5rs.  Most  frequently 
the  prime  mover  drives  the  generator  at  a  fixed  speed,  being  able 
to  supply  energy  to  it  up  to  a  definite  rate.  The  motor  has  to 
do  an  amount  of  work  per  revolution  which  may  or  may  not  be 
defined.  In  the  former  case  the  current  is  determined  by  the 
condition 

and  the  speed  n'  is  given  by  equation  (4).  In  the  second  case 
n'  and  C  are  arbitrary,  and  they  are  determined  either  by  the 
condition  of  having  a  definite  efficiency  or  by  that  of  obtaining  a 
maximum  rate  of  work. 

It  is  clear  that  if  the  motor  is  prevented  from  rotating  the 
current  has  its  maximum  strength,  but  the  work  done  and  the 
efficiency  are  both  nothing.  If  the  motor  were  able  to  move 
without  mechanical  resistance,  its  velocity  would  increase  until  its 
electromotive  force  became  equal  to  that  of  th6  generator;  the 
current  would  then  be  nothing,  and  the  efficiency  unity,  but  only 
because  both  factors  of  the  ratio  would  vanish  (comp.  §  132).  Be- 
tween these  two  extremes  there  may  be  all  possible  efficiencies 
from  o  to  I,  and  the  conditions  for  a  maximum  rate  of  work  may 
be  satisfied.  Although  the  value  of  W\  when  C  is  replaced  by 
its  value  derived  from  equation  (4),  is  represented  by  a  product 
of  two  factors  the  sum  of  which  is  «</>(0,  the  maximum  does  not 
occur  when  the  two  factors  are  equal,  for  this  sum  is  not  constant, 
C  being  a  function  of  «',  and  the  condition  of  the  maximum  cannot 
be  determined  so  long  as  <^C)  is  not  gi^^en. 

If  the  two  machines  are  identical,  thefbrmulae  reduce  to     ; 


\n-n')<l>{C)\ 
R 


n 


(7) 


W  =  n'C<i>{C) 

The  first  shows  that,  for  a  given  current,  the  difference  of 
speeds  is  proportional  to  the  resistance  of  the  circuit ;  the  second* 
that  the  efficiency  is  equal  to  the  ratio  of  speeds  ;  the  third  that 
the  work  transmitted  is  proportional  to  the  speed  of  the  motor. 
It  is  not  correct  to  say,  as  is  often  done,  that  the  maximum  is 

when  ;/'  =  -,  and  corresponds  to  the  efficiency  0.50. 
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399.  Transmission  of  Energy.— Let  us  suppose  that  n  being 
given,  we  wish  to  obtain  from  the  motor  an  efficiency  u.  Equa- 
tion (5)  gives  «',  equation  (4)  gives  C,  and  substituting  the  values 
in  (6)  we  obtain  the  equation 

which  shows  that  we  may  transmit  the  same  quantity  of  energy 
with  the  same  efficiency  and  the  same  speed  of  the  generator  and 
motor,  provided  that  we  make  <^\C)IR  =  constant ;  that  is  to  say, 
provided  the  characteristic  function  of  the  two  machines  is  varied 
ill  proportion  to  the  square  root  of  the^totial  resistance  of  the  cir- 
cuit. Suppose,  for  instance,  that  the  resistance  is  multiplied  by 
25  ;  if  we  make  the  electromotive  force  per  turn  in  each  machine 
five  times  as  great  as  before,  the  strength  of  the  current  given  by 
formula  (4)  will  be  one-fifth  :  the  two  machines  will  do  the  same 
work  as  before  for  the  same  number  of  turns,  and  the  energy  used 
up  in  overcoming  resistance  will  remain  as  it  was. 

In  order  to  make  the  electromotive  force  of  the  two  machines 
five  times  as  g^eat,  their  construction  and  dimensions  may  be 
modified.  But  we  may  also,  at  each  end  of  the  circuit,  couple  on 
the  same  axle  five  machines  connected  in  series  and  each  of  them 
identical  with  the  original  one. 

400.  The  results  obtained  in  this  chapter  apply  to  machines 
with  a  strictly  constant  current,  like  a  Farada/s  disc,  moving  in  a 
uniform  field,  or  one  that  is  synmietrical  about  the  axis.  Un- 
fortunately, machines  of  this  type  only  give  feeble  currents.  The 
very  powerful  currents  obtained  from  ordinary  machines  result 
from  much  more  complicated  conditions  which  we  shall  investigate 
in  the  next  chapter.  They  give  continuous  currents  in  this  sense 
that  their  direction  is  constant,  but  the  strength  is  not  uniform. 
Moreover,  the  electromotive  force  for  a  given  current  is  no  longer 
proportional  to  the  speed,  and  if  <^(C)  represents  the  electromotive 
force  for  a  speed  of  one  turn  per  second,  the  electromotive  force 
for  a  speed  of  n  turns  per  second  is  not  exactly  represented 
by«(/>(Q. 
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CHAPTER  XXXIII. 


CONTINUOUS-CURRENT  MACHINES. 


Fig.  333. 


401.  Gramme  Machine— Essential  Parts.— The  principal  part 
of  the  machine  is  a  coil  formed  of  a  series  of  loops  or  sections, 

B,  all  coiled  in  the  same  direction, 
and  completely  encircling  a  soft 
iron  ring,  A  (Fig.  333).  Each  loop 
is  in  connection  with  the  next  by 
means  of  a  conducting  comtnutator- 
strips  L,  mounted  on  an  insulating 
cylinder  concentric  with  the  ring, 
and  rigidly  connected  with  it,  called 
the  collector.  The  two  ends  of  each 
loop  or  section  of  the  coil  are  fixed 
to  two  consecutive  strips,  and  each 
strip  is  soldered  to  the  termination  of 
the  preceding  section,  and  to  the  be- 
ginning of  that  which  follows.  The 
successive  sections  thus  form  a  con- 
tinuous coil  constituting  a  closed  cir- 
cuit. If  any  two  diametrically  opposite 
strips  were  connected  with  the  poles 
of  a  battery,  the  current  would  divide 
equally  between  the  two  halves  of  the 
ring,  and  the  soft  iron  core  would  be 
magnetised  so  as  to  have  one  pole 
where  the  current  enters,  and  the  other 
where  it  leaves.  Each  section  of  the 
coil  may  be  made  up  of  one  or  of 
several  turns  of  wire. 

The  ring  is  placed  between  the  poles 
of  a  horse-shoe  magnet  or  of  an  electromagnet,  and  is  made  to 
rotate  uniformly  (Fig.  334).    Two  brushes,  cd,  rest  on  the  collector 


Fig.  334. 
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at  the  ends  of  a  diameter,  which  is  nearly  at  right  angles  to  the 
line  of  the  poles  of  the  magnet,  and  collect  the  currents  in  the 
ring ;  these  are  the  poles  of  the  machine. 

Without  the  soft  iron  ring  the  field  between  the  branches  of  the 
magnet,  or  rather  between  the  pole-pieces  of  soft  iron  which  are 
attached  to  it,  would  be  nearly  uniform ;  the  ring,  placed  in  this  field, 
acquires  by  induction  poles  at  the  two  ends  of  a  diameter  which  are 
of  the  opposite  kind  to  those  of  the  adjacent  pole-pieces;  it  thus 
absorbs  die  lines  of  force  proceeding  from  the  pole-pieces,  and 
conducts  them  through  its  mass,  so  that  only  a  very  small  number 
of  lines  pass  through  the  empty  space  inside  the  ring  (Fig.  335). 
It  follows  from  this  that  the  coils  moving  in  the  field  cut  the 

A 


K— - 


Fig.  335. 

magnetic  flux  only  by  the  part  of  each  which  is  on  the  outside  of 
the  ring.  As  far  as  the  explanation  of  the  action  of  the  machine 
is  concerned,  it  is  immaterial  whether  the  iron  core  is  supposed 
stationary,  and  the  whole  set  of  coils  supposed  to  slide  round 
it ;  or  whether  the  core  itself  turns  carrying  the  coils  with  it ;  in 
the  latter  case  the  poles  arc  displaced  within  the  ring,  but  they 
remain  fixed  in  space.  In  this  case,  which  is  that  met  with  in 
practice,  it  is  important,  in  order  to  prevent  currents  from  being 
induced  in  the  mass  of  the  ring,  or  so-called  Foucault  cur- 
rents (§  318),  that  it  should  be  formed  of  a  bundle  of  iron 
wires,  or  thin  plates  placed  close  together  ;  the  wires  or  plates  are 
insulated  from  each  other,  and  their  planes  are  perpendicular  to 
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the  axis  of  the  ring,  in  other  words,  to  the  plane  of  the  windings, 
and  therefore  to  the  direction  in  which  the  electro-magnetic  in- 
duction acts.  The  ring  is  usually  in  the  form  of  a  hollow  cylinder. 
402.  Action  of  the  Machine. — Let  us  confine  our  attention  in 
the  first  place  to  a  single  section  of  the  coil  while  the  machine  makes 
o<ie  complete  revolution.  In  order  to  account  for  the  effects  of 
induction  produced  in  this  section,  we  may  consider  either  the  varia- 
tions of  the  magnetic  flux  through  the  area  enclosed  by  it,  or  the 
flux  cut  at  each  injstant  by  the  various  elcanents  of  the  contour  (§  293). 
According  to  the  first  point  of  view,  the  plane  of  the  coil  at  A  and 

at  B  (Fig.  335)  is  perpendicular 
to  the  magnetic  flux,  but  in 
passing  by  acb  from  the  first 
position  to  the  second  the  coil 
turns  through  180°.  If  Q^  be 
Fig.  336.  the  total  flux  through  the  iron 

ring,  counting  both  halves,  the 
change  of  flux  in  the  coil  is  simply  equal  to  Q^,  An  equal  varia- 
tion, but  of  opposite  sign,  takes  place  in  the  coil  in  the  second 
part  of  the  revolution  as  it  passes  from  B  to  A  through  D. 

According  to  the  second  mode  of  looking  at  the  matter,  it  is 
easy  to  see  that  no  flux  is  cut  except  by  that  portion  of  a  winding, 
which  covers  the  ring  on  the  outside.  The  electromotive  force  of 
induction  is  nothing  at  A,  increases  from  A  to  C,  then  decreases 
from  c  to  B.  At  B  it  passes  through  zero,  changes  sign,  and,  in 
the  second  half  rotation,  from  B  to  A  through  D,  it  again  passes 
through  the  same  series  of  values,  but  with  the  signs  reversed. 

The  direction  of  the  electromotive  force  is  thus  opposite  on  the 
two  sides  of  a  vertical  diameter  perpendicular  to  the  line  of  the 
poles.  In  the  conditions  fot  which  the  figure  is  drawn,  the  lines 
of  the  field  go  from  left  to  right,  and  the  motion  of  the  coil  b  like 
that  of  the  hands  of  a  watch  ;  the  current  then  goes  from  front  to 
back  of  the  figure  in  the  outside  part  of  the  winding  during  the 
motion  bda,  and  from  back  to  front  during  the  motion  ACB.  The 
electromotive  force  varies  during  a  complete  revolution  in  the  way 
represented  by  a  curve  like  aba  (Fig.  336),  more  or  less  resembling 
a  curve  of  sines. 

Let  us  now  consider  the  condition  at  a  given  moment  of  the 
whole  system  of  moving  coils  :  all  those  on  the  left  of  the  diameter 
AB  are  the  seat  of  electromotive  forcSes  in  the  same  direction, 
acting,  for  instance,  in  consequence  of  the  mode  of  winding,  so  as 
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tb  make  the  current  traverse  the  coil  from  B  |to.  A ;  and  since  all 

the  sections  communicate  with  each  other^  these  electromotive 

forces  are  added  together,  and  tend  to  produce  a  current  froro^ 

&  to  A.    All  the  sections  of  the  coil  on 

the  right  of  the  diameter  ab  are  also  the 

seat  of  electromotive  forces  in  the  same 

direction ;   relatively  to  each  section  of 

the  coily  these  electromotive  forces  act  in 

the  opposite; direction  to  the  foi^er,  but  J^ 

as.  the  face  of  each .  section/  which  was  rr" . 

previously  turned  upwards^  is  4$qw  turned 

do^ wards,  the  /electromotive  forces  stiH 

tend  to  make  the  current  go  from  B  to  A, 

and  the  total  electromotive  force  in  this 

half  of  the  coil  is  manifestly  equal  to  that  Fig.  337. 

in  the  first  half. 

Since  the  two  brushes  connect  the  points  A  and  B  with  the  outer 
circuit,  this  will  be  traversed  by  a  continuous  current  from  A 
towards  B,  equal  to  the  sum  of  the  currents  which  traverse  the 
two  halves  of  the  ring.  The  case  is  the  same  as  that  of  a  battery, 
the  elements  of  which  are  arranged  in  two  equal  and  parallel  series 
(Fig.  337) ;  to  make  the  analogy  complete,  it  must  be  assumed 
that  the  electromotive  force  of  the  elements  decreases  symmetri- 
cally in  each  series  from  the  middle  where  it  is  a  maximum  to  the 
ends  where  it  is  zero. 

403.  Variatioiui  of  the  Current.— The  current  is  continuously 
in  the  same  direction,  but  is  .not.  jiuite  uniform.  One  brush  is 
alternately  in  contact  with  a  single  commutator-strip  and  with  two. 

,  In.' the  latter  case,  the  corresponding  sectionr  of^  the  cpilis  short- 
ciriQuited,  ,^d  its  contribution  to  the  resultant  electromotive  force 
is  withdrawn  for  the  tiine  being.  Hence  arise  periodical  variations 
both  of  electromotive  force  and  of  resistance,  and  therefore  of  the 
strength  of  the  current  The  curve  which  represents  the  current 
as  a  function  of  the  time,  instead  of  being  a  straight  line  parallel 
to  the  axis  of  the  time,  is  indented,  the  length  of  each  indentation 
qorresponding  to  the  time  nec^sary  for  one  commutator-strip  to 
take  the  place  of  the  preceding  one.    ; 

The  indentations  are  the  smaller  and  the  current  the  more 
uniform  the  greater  the  number  of  subdivisions  of  the  commutator. 

404.  Displacement  of  the  Bmshes— Angle  of  Iiead.— If  the 
machine  turns  uniformly  on  ^pen- circuit  the  facts  are  in  exact 
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agreement  with  the  preceding  discussion.  A  difference  of  potential 
is  established  between  the  two  poles  formed  by  the  brushes,  and 
this  difference  is  a  maximum  when  the  line  of  the  brushes  is  in 
the  plane  of  symmetry  of  the  field-magnets.  Moreover,  for  a  con- 
stant strength  of  field,  the  difference  of  potential  is  proportional 
to  the  speed  of  rotation  of  the  ring. 

If  the  circuit  is  closed  other  phenomena  are  produced ;  strong 
sparks  pass  between  the  brushes  and  the  conmiutator-strips  which 
they  leave.  These  sparks  would  soon  destroy  the  commutator, 
and,  in  order  to  prevent  them,  experiment  shows  that  the  line  of 
the  brushes  must  be  displaced  in  the  direction  of  the  motion,  A 
position,  a'b'  (Fig.  338),  is  thus  found,  which  varies  with  the 

A 


Fig.  338. 

strength  of  the  current,  for  which  the  sparks  are  totally  suppressed, 
or,  at  all  events,  reduced  to  a  minimum.  The  angle  which  the 
line  a'b'  of  the  brushes  makes  with  the  line  of  symmetry  ab  is 
called  the  angle  of  lead. 

The  machine  is  clearly  reversible.  If  it  works  as  a  motor,  for  a 
current  of  the  same  strength  and  in  the  same  direction,  the  ring" 
will  turn  in  the  opposite  direction,  but  the  position  of  the  brushes 
for  which  sparking  ceases  is  still,  as  before,  the  position  a'b'  ; 
accordingly,  the  diameter  of  contact  must  be  turned  through  the 
same  angle,  but  in  the  opposite  direction  to  the  motion. 

Let  us  consider  the  last  section  of  the  coil  to  the  left  of  the  line 
a'b'  at  the  moment  at  which  the  commutator-strip  connected  with 
the  leading  end  is  in  contact  with  the  brush  ;  it  is  traversed  by  the 
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current  \C ;  the  next  moment  it  is  short-circuited,  the  brush  being 
in  contact  simultaneously  with  the  strips  connected  with  both 
ends,  and  the  current  therefore  ceases  ;  then,  as  soon  as  the  lead- 
ing strip  is  set  free,  the  section  enters  the  second  half  of  the 
rotation  and  is  again  traversed  by  the  current  \Cy  but  in  the 
opposite  direction. 

The  self-induction  of  the  coil  opposes  so  much  resistance  to  the 
sudden  starting  of  the  current,  that  the  greater  part  of  the  flow 
passes  as  a  spark  across  the  air-space  between  the  commutator-strip 
and  the  brush  which  it  has  just  left  It  is  the  same  case  as  that  of 
the  experiment  of  Fig.  293,  except  that  the  quantities  of  electricity 
that  come  into  account  in  the  present  case  are  usually  much 
greater. 

These  discharges  and  their  destructive  effects  would  be  avoided 
if  the  section,  while  on  short  circuit,  were  submitted  to  an  inductive 
action  capable  of  gradually  developing  in  it  beforehand  a  current 
equal  to  that  which  it  will  receive  when  the  commutator-strip 
quits  the  brush.  This  is  done  by  bringing  the  coil  into  a  part 
of  the  field  which  can  produce  this  induction.  It  is  evident  from 
this  that  the  angle  of  lead  must  increase  with  the  strength  of  the 
current 

405.  Reaction  of  the  Armature. — The  necessary  displacement 
of  the  brushes  complicates  the  action  of  the  machine.  The  prin- 
cipal effect  is  to  modify  the  shape  of  the  field  and  the  magnitude 
of  the  electromotive  force. 

The  field  results  from  the  magnetisation  produced  both  by  the 
current  in  the  coils  of  the  field  magnets  and  by  that  in  the  ring. 
In  the.  case  represented  in  the  figure  and  with  the  direction  of 
winding  assumed,  the  current  in  the  ring  would  tend  to  produce  a 
south  pole  at  A,  and  a  north  pole  at  B,  that  is  to  say,  a  magneti- 
sation perpendicular  to  that  due  to  the  field-magnets.  If  the  line 
of  the  brushes  remained  in  the  plane  of  symmetry,  the  field  would 
still  be  symmetrical,  but  if  the  line  of  brushes  is  brought  to  a'b' 
(Fig.  338),  there  results  a  distortion  of  the  field  readily  observable 
by  means  of  iron-filings,  an  idea  of  which  is  given  by  the  figure. 

It  is  not  accurate  to  say  that  the  effective  electromotive  force  is 
the  sum  of  the  electromotive  forces  which  would  be  given  by  each 
of  the  magnetisations  separately,  but  it  is  certain  that  the  second 
acts  in  the  opposite  direction  to  the  first  Moreover  it  is  evident 
that  owing  to  the  displacement  of  the  brushes,  the  poles'  developed 
at  a'  and  B'  must  exert  an  influence  on  the  pole-pieces,  supposing 
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them  hot  independently  magnetised,  tending  to  turn  the  ring  in 
the  direction  of  the  actual  motion.  The  effect  of  this  action  is  to 
diminish  the  work  against  electromagnetic:  forces,  and  as  the 
electromotive  force  is  equal  to  this  work  for  each  unit  of  ctirrent, 
the  effective  electromotive  force  is  diminished  by  so  much; 

When  the  machine  acts  as  a  motor,  the  same  causes  have  the 
effect  of  increasing  the  electromotive  force} 

406.  Losdeb  of  Energy^ — Whenever  a  section  of  the  coil  is 
short-circuited  by  a  brush,  it  loses  the  intrinsic  energy  (§  296) 
which  it  possessed,  and  which  must  be  restored  to  it  a  moment 
after,  without  contributing  to  the  action  of  the  machine.  The 
strength  of  the  current  being  JC,  if  /  is  the  coefficient  of  self- 
induction  of  the  section,  the  loss  of  energy  in  each  turn  is  J/C*. 
As  the  effect  occurs  twice  during  each  revolution  for  each  section, 
if  2m  is  the  number  of'  sections,  and  n  the  number  of  revolutions 

per  second,  the  jogs  for  each  revolution  is  2m f^ ,  and  in  a  second 

2mnl—,0Y  nLr-y  L  being  the  coefficient  of  self-induction  of  the 

4  '4-      ,  .        .  , 

whole  ring.  The  losls  is  the  same  as  would  be  caused  by  an 
increase  of  the  resistance  of  the  ring  equal  to  nL, 

Each  portion  of  the  ring  duritig  *on^  revolution  goes  through  a 
complete  magnetic  cycle,'  which  represents  a  definite  amount  of 
work  (§  20  r).  Lastly,  the  piieqautions  taken  to  diminish  the 
Foucault  currents  (§§  318,  401)  do  not  destroy  them  completdy. 
These  losses  are  usually  greater  than  that  which  arises  from: the 

resistance  of  the  ring,  and  it  is 
to  them  chiefly  that  Uie  heating 
of  the  machine  is  due.  / 

407b  Siemens'  Madiine.— 
This  only  differs  from  Gramme's 
madiine  in  the  winding  of  the 
armature.  A  rectangular  con- 
ducting frame  (Fig.  339)  turning 
Fig.  339.        ^  uniformly  between  the  poles  of 

an  electromagnet,  may  be  re- 
garded as  an  elementary  constituent  of  such  a  machine.  The  two 
sides  of  the  rectangle  parallel  to  the  axis  are  at  each  moment:  the 
seat  of  equal  and  opposite  electromotive  forces,  but^tiiese  evi- 
tiently  act  so  as  to  cause  a  current  to  circulate  in  the  same  direc- 
tion.  round  the  rectangle.     The  electromotive  force  is  a  maxi- 
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mum  as  the  rectangle  passes  the  plane  parallel  to  the  field,  it  is  zero 
and  changes  sign  when  the  rectangle  is  perpendicular  to  this  plane. 

The  ring  of  the  Gramme  machine  is  replaced  by  a  drum  of  soft 
iron  on  the  outside  of  which  wire  is  wound  forming  a  series  of 
rectangular  sections  analogous  to  the  preceding,  and  placed  in 
equidistant  planes  passing  through  the  axis.  Each  of  these 
sections  is  formed  of  several  windings,  and  all  are  connected  by 
means  of  a  Gramme  conmiutator,  the  end  of  one  section  and  the 
beginning  of  the  next  terminating  in  the  same  segment  of  the 
.conmiutator.  Thus,  to  describe  the  simplest  mode  of  winding, 
the  wire  from  the  strip  No.  i  goes  directly  to  the  circumference  of 
the  drum,  follows  the  corresponding  generating  line  of  the  cylinder, 
crosses  the  second  base  diametrically,  returns  along  the  opposite 
generating  line,  and  after  being  carried  round  eight  times  in  this 
way,  is  brought  to  the  conmiutator  strip  No.  2,  and  so  on  for  the 
other  sections.  Only  half  the  whole  number  of  strips  are  used  for 
windings  which  completely  cover  the  drum ;  the  winding  is  con- 
tinued in  the  same  manner,  using  the  second  half  of  the  commu- 
tator, and  forming  a  second  outer  layer  of  wire,  so  that  sections 
connected  to  strips  which  are  diametrically  opposite  each  other 
are  exactly  superposed. 

Two  brushes  placed  in  a  plane  nearly  perpendicular  to  the  field 
receive  a  continuous  current,  but  rather  less  uniform  than  that  of 
the  Gramme  machine,  the  number  of  sections  being  generally  less. 

Thus  the  essential  difference  between  the  two  machines  is  that  in 
the  Gramme  ring  the  wire  is  coiled  on  the  ring  both  outside  and 
inside,  and  that  on  a  Siemens  drum  it  is  only  on  the  outside  ;  the 
drum  might  therefore  be  a  massive  Cylinder, 

The  two  systems  give  pretty  much  the  same  results.  Each  has 
its  inconveniences  and  its  advantages.  With  Siemens*  mode  of 
winding  the  inactive  portion  of  the  airmature  wire  is  shorter  ;  the 
magnetisation  of  the  core  is  less,  and  therefore  the  reaction  of 
the  armature  is  also  less.  But  on  the  basie  of  the  drum  there  are 
portions  of  the  wire  in  close  contact  with  each  other  which  are  at 
very  different  potentials,  and  this  makes  the  insulation  niore  pre- 
carious. Besides,  the  sections  are  more  difficult  to  fix  upon  the 
drum,  and  one  cannot  be  uncoiled  without  uncoiling  all,  while 
in  the  ring  the  sections  are  completely  separate,  and  one  can  be 
easily  replaced  without  interfering  with  the  rest. 

408.  Various  Types  of  Machines.— The  machines  of  Granii;ne 
and  of  Siemens  have  served  as  the  types  of  a  great  number  of 
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dynamos  which  only  differ  from  them  in  the  details  of  their  con- 
struction. 

They  are  manufactured  in  every  variety  of  size  and  strength, 
according  to  the  power  required  and  the  conditions  under  which 
this  power  is  to  be  used.  Machines  are  made  which  are  capable 
of  absorbing  hundreds  of  kilowatts.  A  current-strength  of  1000 
amperes  may  be  attained,  and  electromotive  forces  of  2000  or 
2500  volts  are  attainable. 

The  metals  employed  are  always  wrought  iron  and  cast  iron. 
The  former  has  far  greater  permeability,  but  it  is  difficult  to  work, 
and  its  use  greatly  increases  the  cost  of  construction.     Cast  iron  is 


Fig.  340, 

much  cheaper  and  more  easily  worked,  but  these  advantages  are 
partly  counterbalanced  by  the  greater  weight  necessary  to  produce 
the  same -jnagnetic  conductance.  The  two  kinds  of  metal  are 
often  associated,  soft  iron  being  used  for  the  armature  and  cast 
iron  for  the  pole-pieces. 

The  various  types  differ  chiefly  as  regards  the  shape  of  the 
field-magnets  ;  this  is  most  frequently  a  horse-shoe  electromagnet 

Fig.  340  represents  one  of  the  simplest  and  best  forms  of 
Gramme  machine.  The  ring  turns  between  the  pole-pieces  of 
a  horse-shoe  magnet.  The  cores  are  of  cast  iron,  and  form  a 
single  casting  with  the  framework. 

In  Edison's  machines,  which  are  drum  machines,  the  yoke  of 
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the  electromagnet  is  uppermost,  and  the  drum  turns  at  the  bottom 
near  the  base.  To  prevent  any  of  the  lines  of  force  being  lost  in 
the  base,  this  is  covered  with  a  zinc  plate. 

Sometimes  also  the  field-magnet  is  formed  of  two  horse -shoes 
with  similar  poles  near  each  other,  as  in  Fig.  341.    This  has  the 


^Mi 


Fig.  341. 


Fig.  342. 


advantage  of  greater  symmetry.  Machines  are  also  constructed 
with  several  poles.  Fig.  342  represents  one  with  four  poles ; 
others  have  as  many  as  six  or  eight  poles.  The  humber  of 
brushes  may  be  the  same  as  that  of  the  poles ;  but  by  taking  a 
number  of  sections  divisible  by  the  number  of  the  poles,  and 
connecting  sections  of  the  saine  order  with  each  other,  the  number 
of  brushes  may  always  be  reduced  to  two. 

The  greater  the  speed  of  the  armature,  the  greater  is  the  electro- 
motive force  for  a  given  length  of  wire.  The  linear  velocity  of  the 
circumference  should  not  exceed  1 5  to  20  metres  in  a  second  ; 
unless  a  machine  is  specially  constructed  with  a  view  to  high 
speed,  a  greater  speed  than  this  would  be  likely  to  injure  it. 
One  advantage  of  multipolar  machines  is  to  give  great  electro- 
motive force  with  a  comparatively  small  speed  of  rotation. 

Good  machines  have  an  efficiency  of  over  90  per  cent.  They 
are  all  reversible,  and  may  be  used  either  as  generators  or  as 
motors.  A  well-arranged  machine  ought  to  give  no  sparks  at  the 
brushes. 

409.  Oalcnlation  of  a  Machine.— The  properties  of  a  dynamo- 
machine  like  that  of  Gramme,  considered  as  a  whole,  may  be 
regarded  as  resulting  from  the  relative  motion  of  two  closed 
circuits,  each  of  which  is  the  seat  of  a  special  kind  of  flux :  the 
magnetic  circuit,  the  seat  of  the  flux  of  magnetic  induction,  and 
the  electric  circuit,  the  seat  of  the  electric  current,  these  two 

fluxes  being  connected  by  the  equation  47r«C  =  -  -^  2  (§  277). 
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The  magnetic  circuit  is  made  up  of  the  field-magnets,  the  soft 
iron  core  of  the  ring  or  of  the  drum,  frequently  called  the  armature^ 
and  by  the  space  between  the  pole-pieces  and  the  armature,  a 
space  partly  filled  by  air,  partly  by  copper,  which  is  sometimes 
called  the  interferficum. 

The  flux  of  magnetic  induction  is  not  the  same  in  all  parts  of 
the  circuit ;  part  escapes  at  the  ends  of  the  pole-pieces,  and  a 
further  portion  at  the  entry  into  the  armature.  It  is  the  aim  in 
construction  to  render  these  losses  as  small  as  possible  ;  they  may 
be  taken  as  being  a  constant  fraction  of  the  total  flux  for  a  given 
machine. 

This  fraction  can  be  readily  determined  experimentally  after  the 
machine  is  made,  by  coiling  round  each  part  one  or  two  turns  of 
wire  connected  with  a  ballistic  galvanometer,  and  reversing  the 
inducing  current  (§  307). 

Let  Q^  be  the  total  flux  of  induction  through  the  armature, 
divided  equally  between  the  two  halves  in  the  case  of  a  ring- 
armature,,  2^  the  flux  in  the  interferricum,  Q^  that  in  the  field- 
magnets  :  representing  by^  and  q  factors  greater  than  unity,  which 
may  be  determined  in  the  manner  just  mentioned,  we  may  write 

Qb-PQa 

Qn.-^<iQb-pqQa' 

It  is  evident  that  if  Q^  is  known  we  know  also  the  electromotive 
force.  At  every  revolution  there  is  a  change  of  flux  through  each 
turn  of  wire  equal  to  Q^ ;  if  there  are  zm  turns  of  wire,  and  if  n  is 
the  number  of  revolutions  per  second,  we  have 

E  =  2mnQ^, 

Let  R  with  a  corresponding  suffix  represent  the  factor  --r: 

for  each  part  of  the  circuit ;  in  other  words,  the  magnetic  re- 
luctance of  this  part  (§  276).  The  value  of  R  varies  with  the 
magnetic  induction ;  the  value  of  /*,  which  is  required  for  the 
calculation,  is  deduced  in  each  case  from  the  curves  of  magnetisa- 
tion. If  we  apply  formula  (2)  of  §.  277,  remembering  that,  in  the 
armature,  there  are  as  many  turns  of  wire  traversed  in  one  direc- 
tion as  in  the  opposite  direction,  and  that  therefore  the  corre- 
sponding term  in  the  expression  for  the  magnetomotive  force  will 
vanish,  we  obtain 
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N  being  the  number  of  turns  of  wire  on  the  field-magnet,  and  C 
the  strength  of  the  current  which  traverses  them. 

Assuming  a  series  of  values  for  2^,  the  corresponding  values  of 
C  may  be  calculated,  and  a  curve  may  be  constructed  taking 
C  as  abscissa  and  Q^  as  ordinate.  In  this  way  a  kind  of  charac- 
teristic curve  is  obtained  for  the  machine,  which  may  be  called  its 
magnetic  characteristic.  This  is  not  the  same  as  the  characteristic 
already  spoken  of  (§  394),  and  is  independent  of  the  speed. 

In  actual  machines  the  aim  is  to  get  the  greatest  possible  value 
of  Q^  in  the  armature—  values,  for  instance,  amounting  to  as  much 
as  1 5,000  to  20,000  units  per  square  centimetre  (§  202).  In  the 
field-magnets,  on  the  contrary,  the  aim  is  not  to  exceed  semi- 
saturation.  The  section  of  the  field-magnets  relatively  to  that  of 
the  armature  is  calculated  from  this  consideration,  and  from  the 
values  taken  for  the  coefficients  p  and  q. 
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410.  Qeneral  Propertieg.— The  type  of  all  machines  generat- 
ing alternating  currents  is  the  coil  rotating  about  a  diameter  in  a 
uniform  field  (Fig.  343).  The  current  is  sinusoidal  and  has  a 
retardation  of  phase  <f}  relatively  to  the 
electromotive  force  defined  by  the  equation 


tan  2w<t}  = 


2irL  ^ 
RT* 


Fig.  343. 


the  maximum  value  of  the  current  is 

r-  __  E^  cos  2w<^ 
'~  -       R         ' 

E^  being  the  maximum  value  of  the  electro- 
motive force  (§  321,  equations  (5)  and  (6)). 

The  work  is  equal  to  the  product  of  the 
effective  electromotive  force  into  the  effective 
strength  of  the  current,  multiplied  by  the 
cosine  of  the  difference  of  phase  (§  324), 

E  C 
P  =  — ^-^  cos  27rd>. 
2  ^ 


It  may  be  added,  further,  that  if,  in  Fig.  344,  OB  represents  the 
maximum  value  E^  of  the  electromotive  force,  and  the  angle  BOA 
the  lag  27r<^,  OA  represents  the  maximum  of  the  effective  electro- 
motive force,  and  OC  the  maximum  electromotive  force  of  self- 
induction  (§  322). 

The  effective  strength  of  current  is  ^-7=>  while  the  work  per 

The  phase 


OA 


OB  OA.OA 

second,  or  power,  is  — 7=  x  -^  cos  BOA,  or  - 
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of  the  electromotive  force  of  self-induction  being  always  90*  behind 
the  current,  the  cosine  of  the  difference  of  phase  vanishes,  and  the 
corresponding  work  is  nothing.  Hence  self-induction  produces  no 
loss  of  energy ;  its  only  effect  is  to  limit  the  power  of  the  machine. 
411.  Coupled  Machines. — Let  us  imagine  two  machines  coupled 
together,  two  coils,  for  instance,  mounted  on  the  same  axis,  and 
making  an  angle  of  a  with  each  other,  the  wires  being  joined  so 
as  to  form  a  single  circuit.  Adopting  the  same  mode  of  repre- 
sentation, the  two  lines  OC  and  OD  (Fig.  345)  making  the  angle  a, 
representing  the  given  electromotive  forces,  the  maximum  value  of 


the  resultant  electromotive  force  is  the  diagonal  OB  of  the  parallelo- 
gram, and  the  construction  is  completed,  as  before.  As  the  co- 
efficients of  self-induction  are  simply  added  together,  the  difference 
of  phase  relatively  to  the  effective  electromotive  force  or  the 
current,  that  is  to  say,  the  angle  boa  is  independent  of  a. 
The  work  expended  per  second  in  the  form  of  heat  in  the 
OA        OA     ^^  OA 


circuit   IS 


/eV2 


— ^ ,  or  ^ .  OA  ;   the  contribution  of  the  first 
V2         2/c 


machine  is  —  OP,  and  that  of  the  second  —  OQ.    These  quantities 
of  work  are  respectively  proportional  to  the  lines 

OA,  OP,  OQ, 

and  it  is  apparent  from  the  figure  that  the  first  is  in  all  cases  the 
algebraical  sum  of  the  other  two. 

If  the  two  projections  fall  on  the  same  side  of  the  point  o,  the 
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amounts  of  work  represented  by  them  are  of  the  same  sign,  and 
the  two  machines  act  as  generators  absorbing  work.  If  they 
fall  on  opposite  sides  (Fig.  346),  the  first  machine  absorbs  work 
and  acts  as  a  generator,  the  second  produces  work  and  acts  as  a 
motor.  The  work  that  must  be  done  upon  the  combined  system, 
and  is  dissipated  in  the  form  of  heat,  is  the  difference  between  the 
amounts  of  work  taken  in  by  the  first  machine  and  given  out  by 
the  second. 

412.  Coupled  Alternators  continued.— Instead  of  two  machines 
mounted  on  the  same  axle,  let  us  consider  two  machines 
.each  driven  by  a  special  motor  and  not  connected  with  each 
other  otherwise  than  electrically.  The  motors  are  supposed  to 
be  regulated  so  as  to  drive  the  machines  at  very  nearly  the 
same  speed.  If  the  machines  were  independent,  the  smallest 
difference  of  speed  would  make  them  pass  successively  through 
every  possible  difference  of  phase ;  there  would  be  no  stable  con- 
dition, unless  they  were  able  to  act  on  each  other  in  such  a  manner 
as  to  maintain  their  synchronism  and  their  difference  of  phase. 

Let  us  take  the  simplest  case,  that  of  two  identical  machines  ; 
the  conclusion  arrived  at  will  be  none  the  less  generally  applicable. 
It  follows  evidently  from  the  construction  (Fig.  345)  that  the 
leading  machine  always  makes,  with  the  effective  intensity,  a 
greater  angle  than  the  following  machine.  It  follows  from  this 
that  the  latter  always  does  more  work  than  the  former ;  moreover, 
all  causes  of  disturbance  have  the  effect  of  increasing  the  lead  of 
the  leading  machine  and  the  lag  of  the  follower ;  they  therefore 
tend  to  increase  the  difference  of  phase  until  the  electromotive 
forces  are  in  opposition,  and  the  current  is  at  its  minimum,  which 
minimum  is  zero  when  the  two  machines  are  identical. 

Two  alternate-current  machines  placed  in  series  in  the  same 
circuit  cannot,  therefore,  be  made  to  work  in  the  same  direction  j 
they  can,  however,  if  joined  in  parallel.  For  in  the  closed  circuit 
containing  the  two  machines,  at  two  points  of  which  the  external 
circuit  is  connected,  the  two  machines  will  act  in  opposition  ;  if 
the  external  circuit  has  a  relatively  high  resistance,  which  is  always 
the  case  in  practice,  its  influence  on  the  rdgime  may  be  neglected, 
and  therefore  the  machines  work  under  conditions  qf  stable  equili- 
brium. Hitherto,  ho^^ever,  no  general  agreement  has  been  arrived 
at,  so  far  as  the  machines  are  concerned,  as  to  the  qualities  which 
best  suit  coupled  working. 

These  conditions  are  also  those  met  with  when  one  of  the 
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machines  is  used  as  generator  and  the  other  as  motor.  Equili- 
brium corresponds  to  that  difference  of  phase  for  which  the  motor 
gives  out  the  work  required  from  it  The  efficiency  is  equal  to 
(Fig.  346)  C 

OQ 

and  the  coefficient  of  loss  in 
the  circuit  to 

OA 
op' 

413.  Varioiis  Types  of 
Machines.— There  are  very 
many  kinds  of  alternate-cur- 
rent machines :  in  a  sense, 
such  machines  may  be  said 
to  be  the  most  natural.  The 
currents  in  Gramme's  and  in 
Siemens'  machines  are  only 
continuous  because  the  com- 
mutator combines  in  the 
proper  way  currents  which 
are  really  alternate.  Whatever  be  the  nature  of  the  machine,  the 
current  can  always  be  rectified  in  the  external  circuit  by  means  of 
a  suitable  conmiutator  ;  but  the  use  of  conunutators  always  causes 
a  loss  of  energy  in  the  form  of  sparks  which  rapidly  destroy  the 
collectors. 

Alternate  reversal  of  the  current  causes  no  inconvenience  in  many 
applications,  especially  for  electric  lighting. 

The  field-magnets  of  alternators  are  usually  excited  by  an 
independent  continuous -current  dynamo,  which  is  called  the 
exciter. 

The  armature  has  usually  no  iron  core.  When  such  a  core  is 
used,  it  ought  to  be  very  finely  laminated,  so  as  to  avoid  Foucault 
currents.  Nor  should  the  magnetisation  be  pushed  too  far,  other- 
wise there  is  an  unnecessary  loss  of  energy  in  each  magnetic  cycle. 

The  presence  of  soft  iron  causes  the  value  of  the  coefficient  of 
self-induction  to  vary  with  the  strength  of  the  current,  and  thus 
greatly  complicates  the  theory  of  the  machine. 

One  characteristic  of  alternate-current  machines  is  that  they  can 


Fig.  346. 
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be  easily  made  to  produce  very  high  potentials.  This  is  a  point 
of  great  importance  in  connection  with  the  transfer  of  energy  to 
a  distance,  which  has  received  an  immense  development  since 
the  introduction  of  transformers  (§  417). 

For  equal  differences  of  potential,  alternating  currents  seem  to 
require  more  care  on  the  part  of  those  who  work  with  them  than 
continuous  currents. 

As  regards  efficiency,  alternating  machines  do  not  seem  to  be 
inferior  to  continuous-current  machines,  and  they  are  not  found  to 
heat  more  when  at  work. 

The  frequency  of  ordinary  machines  varies  from  40  to  140.  In 
the  case  of  very  high  frequency,  regard  must  be  had  to  the  want 
of  uniform  distribution  of  the  current  in  the  conductor  (§  327). 

The  work  taken  in  or  given  out  during  any  very  short  interval 
is  given  by  an  elementary  portion  of  the  area  of  a  curve  analogous 
to  curve  B  of  Fig.  289  (§  326),  the  ordinates  of  which  are  the  pro- 
ducts of  the  ordinates  of  two  sine-curves,  one  representing  the 
electromotive  force,  and  the  other  the  current.  This  work  is 
sometimes  work  absorbed,  and  sometimes  work  given  out.  The 
lag  being  always  less  than  90**,  the  work  taken  in  predominates, 
but  it  decreases  in  proportion  as  the  difference  of  phase  increases. 
An  alternating  machine  consequently  acts  like  a  fly-wheel  in 
relation  to  the  motor,  sometimes  absorbing  and  sometimes  giving 

back  work.  The  periodic 
variations  of  the  driving 
couple  produce  vibrations 
which  give  rise  to  a  hum- 
ming sound  more  or  less 
loud. 

As  examples  of  alter- 
nating .machines,  we  will 
describe  those  of  Siemens 
and  of  Gramme. 
414.  Siemens'liachiiie. 
— The  inductor  consists  of  two  sets  of  electromagnets,  each  of 
them  arranged  with  their  axes  parallel  and  at  equal  distances 
round  the  circumference  of  a  circle,  and  presenting  alternately 
opposite  poles  in  the  same  direction  (Fig.  347,  SNS).  The  two 
circles  of  magnets  are  set  facing  each  other  a  small  distance 
apart,  the  axis  of  each  magnet  on  one  circle  coinciding  with 
that  of  one  on  the  other  circle  which  has  the  same  direction 


Fig.  347. 
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of  magnetisation  as  itself,  so  that  opposite  poles  are  pre- 
sented towards  each  other.  The  space  comprised  between  the 
two  circles  of  magnets  forms  a  magnetic  field,  the  maxima  of 
which,  alternately  in  opposite  directions,  coincide  with  the  axes  of 
the  successive  electromagnetic  coils.  The  armature  consists  of 
a  corona  of  fiat  coils,  without  soft  iron  cores,  equal  in  number 
to  the  electromagnets.  These  coils  are  wound  alternately  in 
opposite  directions,  and  move  uniformly  in  the  inducing  field. 
The  variation  of  magnetic  fiux  through  the  movable  coils  vanishes 
when  their  axes  coincide  with  those  of  the  fixed  coils,  and  at  this 
moment  the  direction  of  the  current  is  reversed  without  the  efi*ects 
of  self-induction.  A  complete  period  corresponds  to  the  interval 
which  separates  two  poles  of  the  same  name.  If  there  are  eight 
coils  in  each  circle,  the  number  of  periods  is  four  for  one  revolution. 
The  current  is  almost  exactly  simple  harmonic. 


Fig.  348. 

415.  Qramme's  Machine. — In  this  machine  the  armature  is 
fixed  and  the  field-magnets  revolve  (Fig.  348).  The  armature 
consists  of  a  cylindrical  drum,  formed  like  that  sA  a  continuous- 
current  Gramme  machine  (§  401),  of  a  core  of  soft  iron  wire  wound 
with  insulated  copper  wire  parallel  to  the  generating  lines  of  the 
cylinder.  These  windings  are  divided  into  eight  sections  coiled 
alternately  in  opposite  directions.  The  inductor  is  formed  of 
eight  electromagnets  with  alternate  poles,  which  turn  inside  the 
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drum.  These  electromagnets  carry  with  them  the  magnetic  flux, 
which  penetrates  the  core  and  traverses  the  different  windings  ;  at 
each  instant  the  current  has  the  same  value  in  all  the  sections. 
The  ends  of  the  coils  being  fixed,  they  may  be  combined  in  any 
way  that  is  required. 

416.  Alternating  Motors.  — Most  alternators  can,  like  the 
preceding,  be  used  either  as  generators  or  as  motors.  In  this 
latter  case  the  field-magnets  are  excited  by  an  independent  con- 
tinuous-current machine,  and  an  alternating  current  is  sent  through 
the  armature  coils.  The  armature  can  move  indifferently  in  either 
direction.  Nevertheless,  as  the  number  of  dead  points  is  con- 
siderable, the  load  can  only  be  put  on  after  the  armature  has  been 
made  to  rotate  by  hand  or  otherwise  with  something  like  the 
velocity  which  it  ought  to  have.  The  reactions  finally  determine 
the  synchronism  of  the  motor  and  of  the  alternating  generator 
that  drives  it. 

There  are,  however,  several  motors  constructed  on  a  different 
principle,  in  which  the  alternating  current  of  the  generator  is  sent 
into  the  field-magnets,  and  the  armature,  forming  a  dosed  circuit 
of  itself,  has  no  connection  with  other  parts. 

The  motor  of  E.  Thomson  depends  upon  the  effects  described 
in  §  326.  The  field-magnet  is  an  electro-magnet  with  alternating 
poles,  and  the  armature  is  a  drum,  divided  into  several  sectors, 
which  can  turn  between  the  poles.  The  alternating  current  is 
allowed  to  circulate  at  first  in  the  armature  as  well  as  in  the  field- 
magnet,  until  the  armature  has  acquired  a  sufficient  speed ;  the 
current  is  then  cut  off  from  the  armature,  which  is  short-circuited, 
and  continues  to  revolve  in  virtue  of  the  reactions  set  up  between 
the  currents  induced  in  it  and  the  field. 

Tesla's  motor  is  a  form  of  Arago's  experiment  (§  316),  in  which 
a  revolving  magnet  draws  round  after  it  a  conducting  disc. 

The  disc  is  replaced  by  a  drum,  that  can  rotate  about  its 
geometrical  axis,  and  is  divided  into  four  sectors,  each  of  which 
forms  a  closed  circuit.  The  drum  is  concentric,  with  a  soft  iron 
ring,  similar  to  that  of  a  Gramme  alternator,  but  having  only  four 
coils,  those  at  opposite  ends  of  the  same  diameter  forming  part 
of  the  same  circuit.  The  two  systems  of  coils,  aa'  ahd  bb',  are 
traversed  by  currents  that  alternate  harmonically  in  the  same 
period,  with  a  difference  of  phase  of  90°,  as,  for  example,  the 
currents  from  two  parts  of  a  single  alternator. 

As  is  well  known,  two  equal  simple  harmonic  vibrations  of  the 
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same  period,  at  right  angles  to  each  other,  differing  in  phase  by 
a  quarter  of  a  vibration  (or  by  90"),  compound  to  a  uniform  rota- 
tion in  a  period  equal  to  that  of  either  component.  As  magnetic 
fields  are  compounded  geometrically,  the  two  alternating  electro- 
magnets give  a  field  of  constant  strength,  the  direction  of  which 
revolves  uniformly,  and  they  consequently  drag  the  armature 
round  in  the  same  direction  with  an  amount  of  lag  that  depends 
on  the  work  done  by  the  armature.  As  in  this  arrangement 
brushes  are  dispensed  with,  there  is  no  sparking. 

417.  Transformers. — Instead  of  directly  wsiftg  the  alternating 
current,  it  may  be  used  to  excite  a  current  of  the  satme  kind  in 
a  neighbouring  circuit  The  primary  current  corresponding  to 
certain  numbers,  E  and  C,  of  volts  and  amperes,  the  secondary 
current  would  correspond  to  other  numbers  E'  and  C.  If  the 
transformation  is  effected  without  loss  of  energy,  we  hav« 

EC--E'C\ 

and  by  a  suitable  arrangement  of  apparatus  the  two  factors  of  the 
product  may  be  modified  at  will. 

Such  apparatus  are  called  transformers.  They  seem  destined 
to  play  an  extremely  important  part  in  the  transmission  of  elec- 
trical energy  to  a  distance.  An  example  will  illustrate  the  practical 
aspect  of  the  question. 

Suppose  that  it  is  desired  to  transmit  500  amperes  at  an  electro- 
motive force  of  100  volts,  or  50,000  watts,  to  a  distance  of  1000 
metres  with  a  loss  of  10  per  cent. 

For  direct  transmission,  the  conductor,  2000  metres  in  length, 
must  have  a  resistance  of  only  0.02  ohm ;  this  would  imply  a 
section  of  16  square  centimetres ;  the  weight  of  the  conductor 
would  be  28,000  kilogrammes,  and  its  price  about  ;£336o. 

If  the  same  amount  of  energy  were  transmitted  by  a  current  of 
50  amperes  with  a  potential  difference  of  1000  volts,  and  then 
transformed  at  the  farther  station  into  a  secondary  current  of 
500  amperes  at  100  volts,  the  resistance  of  the  connecting  wire 
might  be  2  ohms,  its  section  0.16  square  centimetre,  its  weight 
280  kilogrammes,  and  its  price  about  £z^' 

4ia  Various  Tsrpes  of  Transfonners.— In  any  transformer 
there  are  three  circuits  to  be  considered :  the  primary  circuit, 
the  secondary  circuit,  and  the  magnetic  circuit.  It  is  most 
advantageous  to  use  a  closed  magnetic  circuit.  The  types  which 
appear  to  give  the  best  results  are  represented  in  Figs.  349  and 
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350.  The  arrangement  of  the  first  is  like  that  of  a  Gramme  ring ; 
the  primary  circuit  AB  and  the  secondary  ab  are  coiled  simulta- 
neously on  a  soft  iron  core,  which  usually  consists  of  a  coil  of 
wire.  In  the  second  the  two  electrical  circuits  ab  and  ab  are 
wound  together,  so  as  to  form  the  core,  and  the  iron  wire  is  coiled 
on  the  outside.     In  the  former  case  the  core^  and  in  the  latter  the 


Fig.  349. 


Fig.  350. 


envelope^  is  of  soft  iron ;  in  the  former  the  magnetisation  is 
longitudinal,  and  in  the  second  transverse  (§  281).  Both  systems 
appear  to  give  equally  good  results. 

419.  Theory  of  the  Traasfonner.— Let  us  suppose  that  at  the 
two  terminals  of  the  primary  circuit  ab  a  difference  of  potential  is 
established  which  varies  harmonically.  If,  as  in  §  325,  we  neglect 
variations  of  m  and  the  effects  of  hysteresis,  the  two  electrical 
circuits  and  the  magnetic  one  will  each  be  the  seat  of  a  flux  which 
varies  harmonically  in  the  same  period,  but  with  different  phases. 

We  will  represent  by  the  same  letters,  but  with  suffixes  i  and  2, 
corresponding  quantities  connected  with  the  two  circuits,  primary 
and  secondary ;  thus,  n\  and  n^  will  be  the  number  of  turns  of 
wire,  R\  and  R^  the  resistances,  and  C\  and  c^  the  simultaneous 
current-strengths. 

The  maximum  strengths  of  current  C\  and  Cj,  which  are  directly 
deduced  from  the  effective  currents,  may  be  regarded  as  data 
furnished  by  experiment. 
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The  variation  of  the  flux  of  induction  is  the  same  for  each  turn 
of  the  primary  and  of  the  secondary  circuit ;  if  we  represent  by  Q 
the  maximum  value  of  the  flux  of  induction,  the  maximum  values 
of  the  electromotive  forces  developed  in  the  two  circuits  are  (§  320) 

^i  =  «i^a    and    ^2  =  «a?5e; 

they  are  therefore  in  the  same  ratio  as  the  numbers  of  the  turns  of 
wire,  and  both  differ  in  phase  by  90**  as  compared  with  g.  If  we 
further  assume  that  the  secondary  circuit  is  without  self-induction, 
there  is  no  difference  of  phase  between  the  electromotive  force  and 
the  current  which  it  produces,  and  we  have  simply 

E^  E^  and  Q  are  thus  known. 

Moreover,  if  R  is  the  magnetic  reluctance  (§  276) 

R^  =  ^'K{nyC^  +  «2^a) ; 

this  equation,  in  which  ^  =  2  sin  27r  ^^  and  c^  =  Q  cos  29r^  enables 
us  to  calculate  n^Cx-    We  have 

n^Cx  =  «iQ  sin  2.1?  (1  +  0) 

where  27r0  is  the  acute  angle  of  a  right-angled  triangle  oab 
(Fig.  351),  the  hypothenuse  OB  of  which  is  n^Cx  and  the  opposite 
side  AB  is  ;i2C2.  It  remains  to  find  the  in- 
tensity and  the  phase  of  the  electromotive 
force  acting  at  the  ends  of  the  primary 
wire.  If  the  values  at  a  given  moment 
are  denoted  by  small  letters,  we  have 

e  =  AVi  +  ^1. 

With  the  mode  of  construction  already 
used,  it  will  be  seen  that  the  electromo- 
tive force  required  is  the  projection  of 
the  diagonal  E  of  a  parallelogram,  the 
sides  of  which  are  Ci  A'l  and  E^*  To  con- 
struct this  parallelogram,  let  us  take  two 
rectangular  axes,  and  draw  the  triangle 
mentioned  above.  The  direction  OA  corre- 
sponds to  the  magnetic  induction  g,  the  direction  OB  to  the  current 
Cx ;  let  us  represent  the  electromotive  forces  of  induction  by  the 


Fig.  351. 
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lines  OEj  and  OE,  petpendicular  to  OA ;  on  OB  take  a  length  oc, 

equal  to  Q^,  and  complete  the  parallelogram ;  the  diagonal  OE 

is  the  maximum  value  of  the  difference  of  potential  between  the 

ends  A  and  B  of  the  primary  wire,  and  the  angle  2Tr(<^  +  V^)  which  it 

makes  with  OA  is  the  angle  of /^^w/ relatively  to  the  magnetisation. 

In  ordinary  transformers  the  angle  27r(<^  +  ^)  is  very  near  90*  ; 

hence  the  angle  2ir^  is  the  complement  of  27r0.     Observing  that 

n  C 
sin  27r0  =  — ~  ,  we  have  approximately 

£  =  i^,  +  7?iQcos27n/r=Cag^,+  ^^^j). 
From  this  equation  we  obtain 


or,  observing  that  the  factor  ( —  )   is  very  small, 


C,= 


an  expression  which  shows  that  the  secondary  current  is  very 
nearly  that  which  would  be  produced  in  the  secondary  circuit  by 

an  electromotive  force  which  was  a  fraction  —  of  that  acting  at  the 

ends  of  the  primary  wire. 

The  resistance  /?£  is  made  up  of  two  parts  :  the  resistance  of  the 
external  circuit,  and  that  of  the  wire  ab  ;  as  this  does  not  exceed 
a  few  hundredths  of  an  ohm,  it  follows  that  the  difference  of 
potentials  at  the  terminals  of  the  secondary  circuit  is  sensibly 

The  work  per  second  done  in  the  secondary  circuit  is 

the  energy  supplied  at  the  terminals  of  the  primary  circuit  is 
W^  =  i^Q  cos  2ir^  =  \E  ^  C^  ; 
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the  efficiency  is  therefore 


2^2 
W, 


«i 


I  + 


This  differs  but  little  from  unity.  Experiment  shows  that  the 
practical  efficiency  is  greatest  when  the  transformers  work  at  full 
load.  The  magnetisation,  thus  oscillates  within  narrow  limits,  and 
the  losses  due  to  hysteresis  are  small. 

420.  Bnhmkorif's  OoiL—RuhmkorfPs  coil  is  a  true  transformer, 
in  which,  contrary  to  what  occurs  in  modem  transformefs,  the 


Fig.  352. 

aim  is,  by  means  of  a  strong  current  generated  by  a  source  of 
small  electromotive  force,  to  obtain,  in  the  secondary  wire,  a  con- 
siderable electromotive  force  capable  of  giving  long  sparks  and 
of  charging  Leyden  batteries, — capable,  in  short,  of  reproducing 
all  the  effects  which  are  ordinarily  obtained  with  electrostatic 
machines. 

The  apparatus  represented  in  Fig.  352  consists  of  a  cylindrical 
core  of  soft  iron  formed  of  a  bundle  of  parallel  wires  ;  on  this  core 
is  wound  the  primary  coil  formed  of  stout  insulated  wire,  and 
outside  this  is  coiled  the  secondary  wire,  consisting  of  a  great 
number  of  turns  of  fine  wire  connected  wA  the  two  tenainals 
B  and  C.    This  secondary  wire  is  very  carefully  insulated  so  as  to 
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avoid  internal  discharges.  Instead  of  coiling  it  in  successive  layers 
parallel  to  the  axis,  it  is  wound  in  separate  sections  perpendicular 
to  the  axis,  and  these  are  separated  from  each  other  by  insulating 
partitions.  In  this  way  the  potential  increases  from  one  end  of 
the  wire  to  the  other  without  there  being  anywhere  too  great  a 
difference  between  two  adjacent  layers. 

The  primary  current  is  given  by  a  battery,  and  the  induction 
results  from  the  alternate  making  and  breaking  of  the  circuit 
This  arrangement,  which  would  not  be  suitable  in  the  case  of 
a  closed  magnetic  circuit  in  consequence  of  the  retention  of  mag- 
netisation (§  196),  may  be  used  in  the  case  of  a  short  cylinder,  and 
it  is  even  preferable  to  the  use  of  a  current  varying  harmonically, 
inasmuch  as  variations  of  the  current  are  more  sudden. 

421.  Make  and  Break. — The  make  and  break  is  often  effected 
by  means  of  a  piece  of  soft  iron,  O,  placed  below  the  end  M  of 


Fig.  353. 

the  soft  iron  core  (Fig.  353).  The  hammer,  OD,  and  its  anvil,  with 
the  corresponding  pieces,  e^  a^  H,  form  part  of  the  primary  circuit. 
When  the  current  passes,  the  core  is  magnetised,  the  hammer  is 
raised,  and  the  circuit  broken  ;  the  hammer  in  falling  again  closes 
the  circuit,  and  so  forth. 

The  break  is  made  less  sudden  by  the  spark  which  passes  be- 
tween the  hammer  and  the  anvil.  In  order  to  make  the  break 
more  rapid,  Foucault  used  a  platinum  point  vibrating  vertically 
up  and  down  and  dipping  into  mercury  (Fig.  354).  The  spark 
is  considerably  reduced  by  covering  the  mercury  with  a  layer  of 
alcohol.  The  vibrating  motion  is  kept  up  by  a  separate  battery, 
and  electromagnetic  contact  breaker. 

422.  Fizean's  OondMiser.— The  power  of  the  coil  is  increased 
by  connecting  the  ends  of  the  primary  wire  with  the  two  coatings  of 
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a  condenser.  The  effect  is  a  maximum  when  the  condenser  has 
a  certain  definite  size. 

When  the  circuit  is  broken  the  greater  part  of  the  energy  of  the 
primary  current,  instead  of  being  expended  in  producing  a  spark 
at  the  contact-breaker,  charges  the  condenser;  this  is  then  dis- 
charged in  the  form  of  an  oscillating  current  through  the  primary 
wire. 

At  the  first  oscillation  the  current  is  in  the  opposite  direction  to 
the  battery  current ;  the  effect  is  almost  the  same  as  if  the  battery 
current  had  been  reversed  instead  of  being  broken,  so  that  the 
variation  of  the  magnetic  flux  through  the  secondary  wire  is 
virtually  doubled. 


Fig.  354. 

It  will  be  understood  that  the  effect  is  greatest  when  the  periods 
of  oscillation  are  the  same  for  both  the  primary  and  secondary 
circuits. 

423.  Direct  and  Inverse  Onrrents.— If  the  two  poles  of  the 
apparatus  are  connected  by  a  conductor,  this  is  traversed  by  equal 
currents  alternately  in  opposite  directions,  which  neutralise  each 
other  as  regards  action  on  the  galvanometer. 

If  the  wire  is  cut  and  the  ends  are  separated,  the  current  con- 
tinues to  pass,  forming  loud  sparks,  which  sometimes  attain  a 
great  length.  The  large  coils  made  by  Ruhmkorff,  which  are 
about  6o  centimetres  in  length,  and  have  120  kilometres  of 
secondary  wire,  are  capable  of  giving  sparks  45  centimetres  long. 

These  sparks  are  always  somewhat  slender.  They  become 
denser  and  less  frequent  if  the  ends  of  the  secondary  wire  are 
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connected  with  the  coatings  of  a  condenser.  In  this  way  the 
capacity  of  the  wire  is  increased.  With  large  coils  a  single  Leyden 
jar  would  be  incapable  of  withstanding  the  great  difference  of 
potential  between  the  two  poles,  and  accordingly  two  or.  more  jars 
are  used,  arranged  in  cascade. 

When  the  two  ends  of  the  wires  attached  to  the  terminals  of  the 
secondary  coil  are  drawn  gradually  apart,  it  may  be  observed  that 
in  general  the  direct  current  passes  more  readily  than  the  inverse 
one,  and  when  the  distance  is  sufficiently  great  the  former  alone 
passes.  The  coil  gives  then  an  intermittent  current  always  in  the 
same  direction,  which  pan  be  used  to  charge  a  Leyden  battery. 

When  the  poles  are  connected  by  a  tube  containing  a  rarefied 
gas,  a  Geissler's  tube,  for  instance,  beautiful  stratifications  are 
obtained.  The  investigation  of  these  luminous  phenomena  by 
means  of  a  rotating  mirror  shows,  moreover,  that  the  discharge  is 
not  a  continuous  phenomenon,  but  is  due  to  a  series  of  oscillations 
alternately  in  opposite  directions. 

This  is  also  the  case  when  the  ends  of  the  coil  are  separated 
so  far  that  no  spark  can  pass :  by  measuring  the  difference  of 
potentials  at  the  ends  of  the  secondary  wire,  after  successive  very 
short  intervals  of  time,  it  is  found  that,  at  each  break  of  the  primary 
current,  the  secondary  wire  is  the  seat  of  isochronous  oscillations, 
which  are  rapidly  damped  out,  as  shown  in  Fig.  292  (§  330). 

424.  Yield  of  the  OoiL — The  yield,  as  in  the  case  of  electro- 
static machines,  may  be  measured  by  the  time  necessary  to  charge 
a  battery  to  a  given  potential.  The  two  coatings  of  the  insulated 
battery  are  connected  on  the  one  hand  with  the  arms  of  a  spark- 
micrometer,  with  its  knobs  at  a  distance,  J9,  and  on  the  other 
with  the  two  terminals  of  the  coil,  a  break,  d<  D^  being  inter- 
posed in  one  of  the  connecting  wires,  so  as  only  to  allow  the  direct 
current  to  pass,  and  to  prevent  the  battery  from  being  discharged 
at  each  alternation. 

At  each  spark  of  the  coil  the  battery  receives  the  same  quantity 
of  electricity  ;  after  a  certain  time  it  is  discharged  through  the 
micrometer.  This  phenomenon  is  periodic,  and  one  spark  of  the 
battery  corresponds  to  a  constant  number  of  sparks  of  the  coiL 
Experiment  shows  that  the  quantity  of  electricity  corresponding  to 
one  spark  of  the  coil  gradually  diminishes  when  the  rapidity  of 
the  breaks  is  increased  beyond  a  certain  limit. 
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ELECTRIC  LIGHTING. 


425.  Incandescent  Lighting. — Electric  energy  is  used  for 
lighting  purposes  chiefly  in  two  ways,  namely,  in  incandescent 
lamps  and  in  arc  lights. 

The  former  method  consists  in  raising  a  conducting  thread  to 
so  high  a  temperature  that  it  becomes 
luminous.  Platinum  was  first  tiied  for 
this  purpose,  but  it  rapidly  disintegrates. 
The  best  substance  is  a  thin  filament  of 
carbon  placed  in  a  vacuum  so  as  to  pre- 
vent its  being  burnt.  In  Edison*s  lamp, 
for  instance  (Fig.  355),  the  carbon  is  a 
filament  of  bamboo  calcined  at  a  high 
temperature,  and  contained  in  a  glass 
bulb  which  is  exhausted  by  means  of  a 
mercury  pump ;  it  is  fixed  at  the  ends  to 
two  platinum  wires  fused  into  the  glass, 
which  are  the  electrodes. 

Before  the  bulb  is  finally  sealed  the  fila- 
ment is  kept  incandescent  for  some 
time  in  an  atmosphere  of  a  hydrocarbon. 
Carbon  resulting  from  the  decomposi- 
tion of  the  hydrocarbon  by  the  great 
lieat  is  deposited  on  the  filament,  which 
thereby  becomes  more  compact  and 
Tegular. 

The  rarefaction  is  pushed  to  one  or 
two  hundredths  of  a  millimetre  of 
■mercury.  At  a  lower  pressure  the  filament  rapidly  disinte- 
:grates,  and  the  bulb  becomes  covered  with  a  layer  of  carbon  ;  at  a 
.greater  pressure,  2  or  3  millimetres,  for  example,  the  bulb  becomes 
heated. 

499 


Fig.  355. 
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The  illumination*  rapidly  increases  with  the  strength  of  the 
current ;  but  the  life  of  the  lamp  is  thereby  shortened. 

The  conditions  of  maximimi  economy  are  those  in  which  the 
gain  in  luminosity  and  the  loss  in  the  life  of  the  lamp,  each 
estimated  by  its  money  value,  exactly  compensate  each  other. 

Equilibrium  of  temperature  is  attained  when  the  rate  at  which 
heat  is  lost  by  radiation  is  equal  to  the  rate  at  which  it  is  gene- 
rated in  the  carbon  filament,  the  conditions  of  this  generation 
being  expressed  by  Joule's  law.  The  ratio  of  the  light  emitted 
to  the  energy  expended  is  a  function  of  the  temperature  only, 
and  does  not  depend  on  the  shape  of  the  carbon  filaments,  pro- 
vided they  have  the  same  emissive  power. 

By  measuring  the  quantity  of  heat  imparted  by  the  lamp  to  a 
calorimeter  with  opaque  sides,  which  absorbs  the  whole  of  the 
radiation,  and  then  to  one  which  transmits  the  light,  it  is  found 
that  the  light  is  about  5  per  cent,  of  the  total  energy ;  in  the  case 
of  an  ordinary  candle  the  ratio  is  scarcely  3  in  1000. 

An  Edison  lamp  of  15  candle-power  works  with  a  current  of 
0.8  ampere,  and  a  difference  of  potential  of  100  volts.  Such  a 
lamp  usually  lasts  about  1000  hours. 

The  energy  consumed  in  this  case  per  second  is  100  x  0.8  =  80 
joules.  But  80  joules  per  second,  or  80  watts,  is  nearly  one-ninth 
of  a  horse-power  ;  hence  i  horse-power  radiated  from  such  lamps 
would  amount  to  about  140  candle-power.    The  resistance  of  the 

lamp  when  hot  is  -^  =125  ohms. 
0.0 

The  lamps  are  generally  arranged  in  parallel  circuit.     Suppose 

there  are  n  lamps  of  the  same  kind  :  let  r  be  the  resistance  of  one 

lamp,  and  c  the  current  through  each.     On  the  other  hand,  let  E 

be  the  electromotive  force  of  the  generator  and  R  the  resistance 

of  the  circuit,  exclusive  of  the  lamps  ;  the  resistance  p  of  the  whole 

of  the  n  lamps  in  parallel  is  - ,  and  we  have 

n 

E^{R'\'p)nc=-  (nR  +  r)c; 
the  useful  work  is  nrc^,  and  the  efficiency 


nR  +  r 


*  The  English  official  standard  of  illumination  is  a  spermaceti  candle,  g«inch< 
in  diameter,  six  to  the  poimd,  burning  120  grains  per  hour.  The  French 
standard  is  the  Carcel  lamp,  burning  43  grammes  of  oil  in  an  hour :  this  is. 
equivalent  to  about  8.9  English  candles. 
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Suppose  it  is  desired  to  work  lamps  of  the  preceding  type  by 
means  of  a  battery.  Let  us  assume  that  the  only  appreciable 
external  resistance  is  that  of  the  battery ;  in  order  to  obtain  the 
maximum  rate  of  doing  work  (§  131),  we  must  take  «A'  =  r  =  125 
ohms.     For  Bunsen's  elements  the  preceding  formula  gives 

\,Zx  =  250  X  0.8  =  200, 

X  being  the  number  of  elements.  From  this  we  deduce  x—  1 1  i.i. 
Hence  there  must  be  iii  elements  in  series,  whatever  be  the 
number  of  lamps  to  be  maintained.  The  resistance  alone  must 
vary  with  the  number  of  lamps,  and  will  be  equal  to 

125       1. 126    , 

— —  = ohms. 

iwn         n 

Lamps  of  the  Edison  type  require  a  high  electromotive  force 
and  a  weak  current.  As  an  example  of  a  different  type,  the 
Bernstein  lamp  may  be  mentioned.  This  is  formed  of  a  straight 
rod  of  carbon,  and  requires  a  current  of  10  amperes  at  a  potential 
difference  of  7  volts,  which  gives  0.7  ohm  for  the  resistance  of  a 
single  lamp  when  hot.  The  lamps  are  arranged  in  series.  A 
calculation  similar  to  the  foregoing  shows  that  to  work  them 
with  Bunsen's  elements,  arranged  to  give  the  maximum  of  external 
energy,  eight  elements  must  be  taken  per  lamp,  each  having  one- 
eighth  the  resistance  of  a  single  lamp. 

The  use  of  Bunsen's  elements  is  only  mentioned  by  way  of 
example.  In  practice  the  lamps  are  always  fed  by  dynamos  or 
accumulators.  Take  the  case  of  an  installation  of  1000  lamps. 
With  high-resistance  Edison  lamps  arranged  in  parallel  circuit, 
the  dynamo  must  give  800  amperes  with  an  electromotive  force 
of  100  volts.  With  Bernstein  lamps  in  series,  10  amperes  would 
be  required  with  7000  volts.  As  no  machine  could  in  practice 
work  under  these  latter  conditions,  the  lamps  might  be  arranged 
in  five  parallel  series  with  200  lamps  in  each.  A  current  of  50 
amperes  at  1400  volts  would  in  that  case  be  sufficient.  In  this 
calculation  no  allowance  is  made  for  the  resistance  of  the  Qon- 
ductors. 

426.  Voltaic  Arc. — Davy  having  attached  two  rodsV)f  carbon 
to  the  poles  of  a  battery  of  2000  elements,  found  that,  on  gently 
drawing  them  apart  after  being  in  contact,  a  flame  formed  between 
the  two  points,  to  which  he  gave  the  name  of  the  voltaic  arc. 

The  phenomenon  is  so  brilliant  that  it  can  only  be  looked  at 
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thiougfa  a  dark  glass  ;  a  still  mofe  convcnieiit  way  of  observing  it 
is  to  project  the  image  of  the  arc  and  the  two  carbons  on  a  screen 
by  means  of  a  lens.  It  is  then  seen  that  the  arc  has  fiu-  less 
brilliance  than  the  points  of  the  carbons  themselves  (Fig.  356) ; 
that  it  consists  of  two  distinct  parts — one  the  arc,  properly  so 

(called,  which  is  blue,  and  the  other,  which  has  the 
ordinary  appearance  of  a  flame,  and  is  reddish ;  that 
the  positive  carbon  is  brighter  than  the  negative, 
and  that  a  greater  length  of  it  is  luminous,  indi- 
cating that  its  temperature  is  higher;  that  the 
positive  carbon  is  hollowed  out  in  the  fbrm  of  a 
crater,  while  the  n^^ve  one  is  sharpened  to  a 
point ;  finally,  that  the  positive  wears  away  more 
rapidly  than  the  n^[ative  carbon.  In  a  vacuum 
_  -  the  effects  are  the  same,  apart  from  the   action 

j^^^^'  of  air  on  the  carbons,  and  it  is  clearly  seen  that 
^^^^^  matter  is  carried  from  the  positive  to  the  negative 
^^^^H     carbon. 

^^^^H         The  temperature  of  the  arc  is  very  high,  and 
^^^^1     difficultly  fusible  substances,  such  as  platinum,  melt 
^^^^H     easily  in  it.    Hence  a  permanent  arc  can  only  be  pro- 
I^Pmi     duced  with  rods  of  carbon.   For  illuminating  purposes 
it  is  best  to  have  the  positive  carbon,  which  is  the 
brightest,  above,  as  the  light  is  thereby  better  dif- 
fused. ,  If  the  heat  is  to  be  used  for  melting  or  volatilising  a 
substance,  the  lower  carbon  is  made  the  positive  one,  and  its 
extremity  is  hollowed  out. 

The  light  emitted  is  very  rich  in  highly  refrangible  rays,  and 
appears  bluish  as  compared  with  sunlight.  In  the  spectroscope 
the  carbons  give  a  continuous  spectrum  extending  far  towards  the 
violet ;  the  arc  itself,  like  all  incandescent  gases,  gives  a  fluted 
spectrum  showing  the  rays  of  carbon,  and  those  of  any  metals 
which  may  be  present  in  the  carbons. 

Calorimetrical  experiments  made  in  a  transparent  and  in  an 
opaque  vessel  show  that  the  fraction  of  energy  converted  into 
luminous  rays  is  about  one-tenth  of  the  total  energy  expended 
in  the  arc. 

The  arc  is  acted  upon  by  a  magnet  like  ordinary  movable  con- 
ductors (§  266). 

In  air  the  arc  produces  ozone,  and  in  an  atmosphere  of  hydrogen 
it  gives  acetylene. 


Digitized  by 


Google 


§428.]  Electroinotive  Force  of  the  Arc.  503 

427.  Electromotive  Force  of  the  Ara— Measured  either  by 
an  electrometer  or  by  a  high-resistance  galvanometer,  the  difference 
of  potential  between  the  two  carbons  is  found  to  be  never  lower 
than  30  volts.  It  varies  from  30  to  70  volts.  Experiment  shows 
that  this  difference  or  fell  of  potential,  which  of  course  takes  place 
in  the  direction  of  the  current,  consists  of  two  parts.  One  of  these 
is  fixed,  and  is  independent  of  the  strength  of  the  current  and  of 
the  distance  of  the  carbons,  acting  therefore  like  a  true  electro- 
motive force ;  the  other  varies  with  the  strength  of  the  current 
and  the  distance  of  the  carbons.  According  to  recent  experiments 
by  Mrs.  Ayrton,  the  connection  between  the  observed  difference  of 
potentials,  jE",  the  length  of  the  arc,  Z,  and  the  strength  of  the 
current  may  be  expressed  by  an  equation  of  the  form 

when  the  strength  of  the  current  is  constant ;  and  by  an  equation 
of  the  form 

when  the  length  of  the  arc  is  constant ;  ^,  ^,  j,  and  /  being 
numerical  quantities  determined  by  experiment.  These  expressions 
are  included  in  the  following  more  general  equation 

E  =  a  +  bL  +  t±fI-, 

when  a,  by  ^,/are  again  constants. 

When  the  length  of  the  arc  was  measured  in  millimetres,  the 
current  in  amperes,  and  difference  of  potentials  in  volts,  the  values 
obtained  with  solid  carbons  agreed  with  the  formula 

£  =  38.9  +  2.o7A  +  ll:7jMasZ. 

This  formula  indicates  an  electromotive  force  at  the  carbons  of 
about  52.6  volts  as  being  required  to  maintain  an  arc  of  4  mm. 
with  a  current  of  10  amperes. 

428.  Work  Expended  in  the  Arc.— The  difference  of  potentials 
multiplied  by  the  strength  of  the  current  gives  the  rate  of  expen- 
diture of  energy  in  the  arc.  For  the  rate  of  expenditure  in  watts, 
Mrs.  Ayrton's  experiments  give 

rr=     II.7    +     10.5    L    +    (38.9    -h    2.07   L)   Cy 

or  526  watts  for  an  arc  such  as  that  referred  to  in  §  427. 
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A  brilliant  arc  of  about  900  candle-power  requires  a  curreirt  of 
15  amperes  and  a  potential  difference  of  50  volts  at  the  carbons — 
that  is  to  say,  750  watts,  or  almost  exactly  one  horse-power.  The 
brightness  of  the  illumination  increases  much  more  rapidly  than 
the  energy  expended ;  and  therefore  large  lamps  are  relatively 
more  economical  than  small  ones. 

429.  Use  of  Alternating  Onrrents.— With  alternating  currents 
the  light  is  as  steady  as  with  continuous  ones,  although  it  gives  rise 
to  a  peculiar  humming  sound,  the  pitch  of  which  depends  on  the 
number  of  reversals  of  the  current  per  second.  The  carbons 
wear  away  at  equal  rates,  and  both  become  pointed.  By  means 
of  a  kind  of  phenakistoscope  their  condition  may  be  examined, 
and  even  photographed,  at  various  phases  of  the  period.  The 
arc  disappears  when  the  current  is  zero,  but  it  is  spontaneously 
renewed  in  the  incandescent  gas.  The  brightness  of  the  two 
carbons  varies  periodically,  and  passes  through  maxima  and 
minima ;  further,  each  of  the  two  carbons  becomes  in  turn  the 
most  luminous  when  it  is  positive.  These  variations  can  be  easily 
observed,  even  when  they  are  reproduced  a  hundred  times  in  a 
second. 

If  the  difference  of  potential  is  continuously  observed,  it  is  found 
that  it  does  not  vary  harmonically  in  the  same  way  as  the  strength 
of  the  current.  Its  absolute  value  remains  almost  constant,  but 
the  sign  changes  very  rapidly  the  moment  the  current  is  reversed, 
a  result  agreeing  well  with  the  existence  of  an  inverse  electro- 
motive force. 

430.  Oarbons. — Davy  used  wood  charcoal.  Foucault  replaced 
this  by  the  carbon  deposited  in  the  interior  of  gas  retorts  and 
known  as  gas-g^raphite ;  it  is  harder,  is  a  better  conductor,  and 
does  not  waste  so  rapidly.  Carbons  prepared  artificially  are  used 
now ;  they  are  purer,  more  homogeneous,  and  more  regular  in 
shape.  They  are  prepared  from  a  paste  of  powdered  coke,  lamp- 
black, and  a  very  thick  syrup  of  gum  and  sugar.  The  whole  is 
well  mixed,  pressed,  passed  through  a  draw-plate,  dried,  and 
hardened  at  a  high  temperature.  The  carbons  are  baked 
repeatedly,  being  each  time  dipped  in  boiling  syrup.  What 
are  called  cored  carbons  are  now  frequently  used ;  the  centre  of 
these  carbons  is  of  a  different  composition  from  the  rest.  They 
take  a  better  shape  when  in  use,  and  give  a  more  regular  arc, 
like  that  in  Fig.  356.  It  is  very  important  that  the  carbons  should 
be  pure  ;  in  particular,  they  ought  to  be  free  from  silica. 
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Carbons  are  often  coated  with  copper  or  nickel ;  by  this  means 
their  conductivity  is  increased,  and  they  last  rather  better. 

431.  Regulators  of  the  Electric  Light.— The  prime  require- 
ment of  any  system  of  lighting  is  the  constancy  of  the  light. 
In  order  to  obtain  this  constancy  with  the  electric  arc,  notwith- 
standing the  wasting  of  the  carbons  and  accidental  variations 
in  the  current,  regulators  are  used.  We  shall  not  attempt  more 
than  to  give  the  principle  of  the  chief  arrangements  which 
are  used. 

Two  mechanisms  are  obviously  necessary ;  one,  which  brings 
the  carbons  near  each  other  when  the  current  diminishes,  and 
makes  them  touch  each  other  when  it  stops,  since  they  do  not 
relight  unless  they  are  in  contact ;  and  another  which,  as  soon  as 
the  current  is  re-established,  pulls  the  carbon  apart  to  the  proper 
distance,  so  as  to  strike  the  arc^  and  separates  them  still  further 
when  the  current  tends  to  increase.  To  keep  the  light  steady,  the 
two  carbons  must  move  at  the  same  rat^,  if  the  current  is  an 
alternating  one  ;  while  the  positive  carbon  must  move  at  twice  the 
rate  of  the  negative  one,  if  the  current  is  continuous.  Otherwise 
it  is  sufficient  if  one  of  the  carbons  is  movable.  In  most  cases, 
the  upper  carbon,  which  should  be  the  positive  one,  tends  to  sink 
from  its  own  weight.  The  function  of  the  mechanism  is  to 
regulate  its  descent  and  to  raise  it  by  a  suitable  amount  if  it 
comes  into  contact  with  the  negative  carbon.  The  mechanism, 
of  whatever  nature,  is  controlled  by  a  coil  through  which  the 
whole  or  part  of  the  current  passes.  Two  plans  are  in  use ; 
in  one  the  coil  is  traversed  by  the  whole  of  the  current,  and 
the  regulation  depends  upon  and  determines  the  strength  of  the 
current ;  in  the  other  the  coil  is  wound  with  a  very  fine  wire, 
forming  a  shunt  in  respect  of  the  two  carbons.  The  regulation 
in  this  case  depends  upon  the  strength  of  the  current  in  the 
coil,  but  as  this  in  its  turn  depends  on  the  difference  of  potential 
at  the  ends  of  the  shunt,  the  regulation  causes  a  fixed  difference 
of  potential  in  the  arc  As  the  former  system  affects  the  whole 
current,  it  can  only  be  applied  where  there  is  a  single  lamp 
in  a  circuit ;  when  there  are  several  lamps  in  series  in  the 
same  circuit,  one  regulator  must  not  be  affected  by  the  action 
of  another  regulator  in  its  vicinity ;  the  second  plan  is  adapted 
for  this  case. 

432.  Cost  of  Electric  Lighting.— Experiment  shows  that  one 
horse-power  supplied  in  the  form   of  electrical  energy  at  the 
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terminals  of  a  lamp  gives  about  900  candle-power  with  a  con- 
tinuous arc,  450  with  an  alternating  arc,  and  180  with  incan- 
descent lamps. 

Taking  90  per  cent,  as  the  efficiency  of  the  dynamo,  and  10  per 
cent,  for  the  loss  in  the  leads,  one  horse-power  at  the  lamp 
represents  1.25  horse-power  in  the  engine.  With  the  very  best 
engines  this  represents  a  consumption  of  between  two  and  three 
pounds  of  coal  in  the  hour. 

Of  1000  units  of  thermal  energy  due  to  the  combustion  of  the 
coal,  the  steam-engine  utilises  100 ;  of  this  the  lamp  receives  80, 
and  converts  8  into  light  in  the  case  of  an  arc,  and  4  in  that  of 
an  incandescent  lamp. 

These  numbers  are  far  smaller  in  the  case  of  gas.  A  simple 
calculation  shows  that  the  quantity  of  light  produced  by  burning 
a  given  volume  of  gas  directly  is  far  less  than  if  the  same  volume 
is  used  in  a  gas-engine  employed  to  drive  a  dynamo. 

433.  Electrical  Furnace. — Another  application  of  the  heating 
effects  produced  by  electricity  is  to  the  fusion  of  minerals  and 
metals  by  the  voltaic  arc.  The  temperatures  which  can  be 
obtained  by  combustion  are  necessarily  limited  by  dissociation, 
but  this  does  not  apply  to  the  voltaic  arc.  The  question  of  tem- 
perature, however,  is  not  the  only  one  that  comes  into  account ; 
in  many  cases  the  reducing  properties  of  the  negative  electrode 
appear  to  play  an  important  part. 

Sir  William  Siemens  showed  that  electric  energy  might  be 
economically  employed  to  melt  iron  and  steel.  A  crucible  of 
graphite  about  20  centimetres  in  diameter  is  used,  surrounded  by 
charcoal  powder.  A  carbon  rod,  like  those  used  for  electric  lighting, 
passes  through  the  bottom  of  the  crucible  and  forms  the  positive 
electrode.  The  negative  electrode  is  kept  at  a  proper  distance 
above  it  by  a  kind  of  regulator.  With  a  current  of  36  amperes 
and  a  motive  power  of  4  horse-power,  a  kilogramme  of  steel  is 
melted  in  fifteen  minutes.  It  may  be  taken  that  the  heating  and 
fusion  of  a  kilogramme  of  steel  requires  450  kilogramme- degrees 
of  heat,  or  450  x  4180  =  1,881,000  joules  of  work.  Now,  4  horse- 
power in  fifteen  minutes  give  4  x  745  x  15  x  60  =  2,682,ocx> 
joules  ;  so  that  the  efficiency  is  about  70  per  cent. 

434.  Electrical  Welding. — Of  all  known  modes  of  heating,  the 
electric  arc  is  that  by  which  the  greatest  quantity  of  heat  can  be 
concentrated  in  a  given  point.  This  fact  is  made  use  of  industri- 
ally for  fusing  together  two  pieces  of  the  same  metal — iron,  for 
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example — without  using  a  second  metal  as  solder.  In  order  to 
join  two  pieces  of  sheet-iron,  they  are  placed  one  over  the  other 
with  their  edges  together ;  they  are  then  connected  with  the 
positive  and  negative  pole  of  a  battery  of  80  to  90  volts,  and  the 
carbon,  held  in  a  suitable  handle,  is  moved  along  the  edge  ;  the 
arc  which  passes  between  the  carbon  and  the  iron  melts  the  iron 
and  solders  the  two  pieces  firmly  together. 

Another  entirely  different  method,  for  joining  two  rods  end 
to  end,  consists  in  pressing  the  ends,  suitably  prepared,  against 
each  other,  and  then  passing  a  current  which  fuses  the  parts  in 
contact.  The  current,  which  only  needs  to  act  a  short  time,  should 
have  great  strength  with  low  electromotive  force.  It  is  obtained  by 
means  of  a  transformer.  The  apparatus  is  arranged,  for  instance, 
so  that  a  mean  current  of  20  amperes  and  600  volts  in  the  primary 
gives  I  volt  and  12,000  amperes  in  the  secondary  circuit. 
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CHAPTER  XXXVI. 
GALVANIC  DEPOSITION. 

435.  Applications  of  Electrolysis.— This  chapter  gives  a  brief 
account  of  the  methods  in  which  the  electric  current  is  utilised  to 
liberate  the  metal  contained  in  the  solution  of  a  salt ;  either  in 
order  to  deposit  a  thin  coating  of  the  metal  on  any  object,  or  to 
take  a  cast  in  the  metal,  or  for  the  extraction  or  purification  of 
the  metal  in  the  solution. 

The  only  metals  which  meet  with  important  industrial  applica- 
tions in  one  or  the  other  of  these  respects  are  nickel,  silver,  gold, 
and  copper.  The  methods  must  obviously  be  different  for  different 
metals.  We  have  to  consider— (i.)  the  nature  and  composition  of 
the  bath  ;  (2.)  the  electromotive  force  required  for  the  operation, 
ai^d  the  density  of  the  current,  that  is,  the  strength  of  the  current 
per  unit  surface  of  the  electrode  ;  (3.)  the  treatment  of  the  object 
both  before  and  after  its  immersion  in  the  bath. 

436.  Electrodes. — The  object  to  be  coated  forms  the  negative 
electrode  or  kathode;  it  must  have  a  conducting  surface,  and  if 
the  material  is  not  itself  a  conductor,  a  conducting  surface  is 
produced  by  a  coating  of  graphite  or  of  silver  sulphide,  which  is 
obtained  by  dipping  the  object  in  a  solution  of  silver  nitrate,  and 
then  exposing  it  to  the  action  of  sulphuretted  hydrogen.  The 
preparation  of  the  surface  is  one  of  the  most  important  conditions 
for  the  success  of  the  process. 

The  positive  electrode  or  the  anode  is  ordinarily  a  plate  of  the 
same  metal  as  that  in  solution ;  it  loses  as  much  metal  as  is 
deposited  on  the  kathode,  and  the  average  strength  of  the  solution 
remains  constant.  The  strength  of  the  solution  is  kept  uniform 
throughout  by  stirring  it. 

When  the  metal  of  the  two  electrodes  is  the  same  as  that  of  the 

bath,  the  fall  of  potential  is  the  same  at  both  electrodes,  and  the 

corresponding  consumption  of  energy  at  the  two  electrodes  is 

the  same  but  of  opposite  signs.     It  follows  that  the  work  of 
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electrolysis,  properly  so  called,  is  zero,  or  practically  so ;  the 
whole  energy  expended  is  reduced  to  the  work  of  overcoming  the 
resistance. 

437.  Chemical  Work  of  an  Ampere.— Starting  from  the  fact 
that  a  coulomb  liberates  0.00001038  of  the  equivalent  of  the  metal 
expressed  in  grammes  (§  1 53),  we  obtain  the  following  table  : — 

Metal  deposited  by  a  current  of  one  ampere  in       Number  of 


Silver  . 
Copper . 
Nickel  . 


Eq. 

107.7 
31.6 
29-3 


I  second. 

grra. 
0.001 1 18 
0.000528 
0.000304 


I  minute. 

grm. 
0.06708 
0.01968 
0.01824 


I  hour, 
grm. 
4.025 
1. 184 
1.094 


coulombs 
for  I 

gramme. 
894.5 
3050 
3289 


438.  Electrical  Deposition  of  Nickel.— For  this  purpose  a 
10  per  cent  solution  of  the  double  sulphate  of  nickel  and  ammo- 
nium is  used.  The  solution  should  be  nearly  neutral — rather  acid, 
however,  than  alkaline ;  it  is  important  that  all  the  substances 
used — salt,  water,  and  metal— should  be  perfectly  pure.  It  is 
desirable,  especially  in  coating  iron,  to  begin  with  a  rather  strong 
current,  so  as  to  coat  the  object  rapidly,  and  thus  protect  it  from  the 
action  of  the  bath  ;  the  density  of  the  current  is  then  diminished. 
It  is  easy  to  deposit  nickel  on  iron  to  the  extent  of  2  grammes 
per  square  decimetre ;  this  represents  a  layer  ^  of  a  millimetre 
in  thickness,  and  on  account  of  the  hardness  and  solidity  of  the 
metal  this  is  quite  sufficient  The  more  highly  the  surface  to  be 
coated  is  polished,  the  more  brilliant  is  the  coating  of  nickel ;  great 
pains  should  therefore  be  taken  with  the  preparation  of  the  surface. 
The  object,  suitably  polished,  is  placed  in  a  bath  of  boiling  caustic 
potash,  then  carefully  washed  and  placed  in  a  bath  of  potassium 
cyanide,  and  after  being  again  washed  is  placed  in  the  nickel  bath. 
When  taken  out  it  is  washed,  heated,  and  dried  rapidly  in  sawdu.st 

The  bath  becomes  alkaline  by  use  and  turbid,  and  the  deposit 
of  nickel  acquires  a  yellow  tint ;  citric  acid  is  then  added  to  the 
bath  until  it  slightly  reddens  litmus  paper. 

439.  Electrosilvering. — This  is  a  very  important  industry. 

The  bath  is  a  solution  of  double  cyanide  of  silver  and  potassium, 
:its  composition  being — 

Potassium  cyanide     ....    500  granmies. 

Silver  cyanide 250        „ 

Distilled  water 10  litres. 
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The  pieces  to  be  silvered,  which  are  usually  of  metal,  undergo 
the  following  four  operations  in  succession  before  being  immersed 
in  the  bath  : — 

1.  The  removal  of  grease  by  immersion  in  a  lo  per  cent,  boiling 
solution  of  caustic  potash,  followed  by  washing  in  hot  water. 

2.  Treatment  with  acid  in  a  lo  per  cent  bath  of  sulphuric  acid, 
and  subsequent  washing  in  cold  water. 

3.  Scouring  in  a  bath  formed  of  a  mixture  of  nitric  and  sulphuric 
acids  and  salt,  followed  by  washing  with  a  large  volume  of  water. 

4.  Amalgamation  by  immersion  for  a  few  seconds  in  a  bath 
formed  of  10  litres  of  water  and  100  grammes  of  mercuric  oxide, 
dissolved  by  the  requisite  quantity  of  sulphuric  acid.  The  object 
is  once  more  washed  with  pure  water,  and  is  finally  transferred  to 
the  bath. 

The  dynamo  employed  should  give  2  to  3  volts,  and  a  current 
of  at  most  50  amperes  per  square  metre.  The  operation  lasts 
three  or  four  hours.  The  deposition  of  300  grammes  of  silver  per 
square  metre  gives  a  good  coating.  On  being  taken  out  of  the 
bath  the  objects  are  immersed  in  a  solution  of  potassium  cyanide, 
washed  with  boiling  water,  and  dried  in  sawdust 

It  is  important  that  the  soluble  electrodes  be  of  pure  silver. 
The  coatings  are  more  brilliant  and  more  adhesive  when  old  baths 
are  used  than  with  new  ones. 

440.  Electsrogilding. — Gilding  is  also  effected  with  baths  of 
double  cyanide  of  gold  and  potassium.  The  coating  is  always 
extremely  thin,  but  nevertheless  looks  well,  and  is  very  durable. 
It  is  obtained  in  a  few  minutes  with  a  current  which  should  not 
exceed  10  amperes  per  square  metre,  and  an  electromotive  force 
of  I  volt  The  mode  of  preparing  the  objects  is  the  same  as  for 
silver.  The  tint  of  the  deposit  of  gold  is  varied  by  adding  to  the 
gold  bath  solutions  of  copper  or  of  silver ;  the  former  gives  a 
reddish  and  the  latter  a  greenish  tint  to  the  gold. 
.  441.  Electrical  Depositioii  of  Oopper-— Electrotypiiig.— 
t  Copper  is  the  metal  most  readily  deposited  under  the  action  of 
the  current,  and  it  is  the  one  which  gave  rise  to  the  first  use  of 
the  process  (a.d.  1839).  The  bath  most  frequently  used  is  a 
slightly  acid  solution  of  copper  sulphate.  Four  methods  may  be 
employed.  The  object  itself  may  be  taken  as  the  positive  plate  of 
a  Daniell's  element,  which  is  then  closed  on  short  circuit;  the 
■  copper  is  deposited  on  the  positive  plate,  and  crystals  of  copper 
sulphate  are  kept  in  the  solution,  so  as  to  keep  it  nearly  saturated. 
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Otherwise,  an  external  electromotor  is  used,  which  may  be  either 
a  battery  or  a  dynamo.  In  the  former  case  the  best  solution  is  an 
almost  saturated  one  of  copper  sulphate,  to  which  12  granunes  of 
sulphuric  acid  per  litre  are  added ;  in  the  second  case  825  grammes 
of  sulphuric  acid  are  added  to  10  litres  of  water,  and  the  water 
thus  acidulated  is  saturated  with  copper  sulphate. 

To  begin  with,  the  current  must  be  very  weak,  and  its  strength 
should  be  gradually  increased.  After  the  first,  the  density  of  the 
current  may  vary  within  wide  limits  ;  for  instance,  from  20  to  200 
amperes  per  square  metre. 

A  mould  is  made  of  the  object  to  be  reproduced— for  example, 
a  medal,  an  engraved  wooden  block,  or  a  statuette ;  the  mould 
may  be  either  of  gutta-percha,  gelatine,  or  plaster  of  paris  soaked 
in  stearine,  so  as  to  make  it  impervious ;  the  surface  is  rendered 
conducting,  and  the  mould  is  then  used  as  a  negative  electrode. 

In  this  way  medals,  statuettes,  &c.,  may  be  reproduced.  One 
of  the  most  important  applications  is  that  of  electrotyping—^2X  is, 
the  reproduction  of  plates  engraved  on  wood  or  on  metal.  The 
clichd  thus  obtained  is  used  to  print  with,  and  the  original  plate 
..preserved  to  procure  fresh  ones  if  necessary. 

CHch^s  which  are  to  be  used  for  printing  are  hardened  by  the 
operation  of  steeling;  the  cliche  is  cleaned,  then  brushed  with 
caustic  potash,  and  immersed,  along  with  a  plate  of  pure  iron 
forming  the  positive  electrode,  in  a  bath  of  iron.  The  bath  in 
question  is  made  by  passing  the  current  between  two  plates  of 
pure  iron  through  a  solution  of  12  parts  of  ammonium  carbonate 
in  75  parts  of  water.  When  the  bath  has  taken  up  a  sufficient 
quantity  of  iron,  the  cliche  is  substituted  for  the  negative  plate. 
The  electromotive  force  should  be  4  volts.  The  cliche  is  dipped 
several  times,  the  operation  lasting  for  a  few  minutes ;  it  is  then 
carefully  washed  in  boiling  water,  then  in  cold  water,  and  is  lastly 
rubbed  with  benzine. 

An  equally  important  industry  is  that  of  coppering  objects  of 
cast-iron,  such  as  statues,  candelabra,  &c.  The  difficulty  is  to 
get  a  solution  which  does  not  attack  iron.  Such  an  one  is 
obtained  by  dissolving  copper  sulphate  in  a  solution  of  cupro- 
potassic  tartrate  made  alkaline  by  caustic  soda.  The  excess  of 
soda  makes  the  copper  tartrate  soluble,  and  prevents  it  from 
attacking  iron.  An  external  current  may  be  used,  or  the  objects 
may  be  connected  with  zinc  plates  in  porous  vessels  containing 
soda  placed  inside  the  bath  itself. 
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442.  Beflning  of  Copper.— The  conductivity  of  copper  is  greater 
the  greater  its  purity.  In  order  to  avoid  loss  of  energy  in  dynamos 
and  in  conducting  circuits,  copper  of  high  conductivity  should  be 
used.  Ordinary  copper  is  not  sufficiently  pure,  and  at  the  present 
time  electrolytic  copper  is  almost  exclusively  used  for  these  pur- 
poses. The  ore  is  treated  by  the  ordinary  methods,  so  as  to 
obtain  plates  containing  at  least  95  per  cent,  of  copper.  These 
plates  are  used  as  positive  electrodes  in  a  bath  of  copper  sulphate, 
and  the  pure  metal  is  transferred  by  the  current  to  thin  sheets  of 
copper,  which  form  the  negative  electrode.  Impurities,  among 
which  are  gold  and  silver,  fall  as  mud  to  the  bottom  of  the  bath, 
and  are  afterwards  treated  separately. 

In  this  way  plates  of  i  square  metre,  and  i  or  2  centimetres 
thick,  may  be  obtained,  of  great  purity,  very  malleable,  and  of 
high  conductivity. 

As  the  electrolysis  takes  place  between  electrodes  which  are 
practically  identical,  the  opposing  electromotive  force  is  almost 
zero,  and  the  work  to  be  done  is  reduced  to  that  against  the 
resistance  of  the  bath.  If  W  is  the  available  energy,  A^  the  total 
number  of  troughs  arranged  in  p  series  of  n  troughs,  r  the  resist- 
ance of  one  trough,  p  that  of  the  rest  of  the  circuit,  and  R  the 
total  resistance  ;  we  have 

P^Nm^  =  nfaC\ 
P 

o  being  the  weight  of  metal  reduced  by  one  coulomb,  and  P  the 
total  weight  obtained  in  a  second.     From  this  we  get 


■^2» 


which  shows  that,  for  a  given  amount  of  energy  expended,  the 
weight  of  metal  deposited  will  be  greatest  when  n  is  as  great  as 
possible,  and  therefore  when  n  —  N,  that  is  to  say,  when  all  the 
troughs  are  joined  in  series ;  and  moreover  that  this  weight  will 
increase  indefinitely  with  the  number  of  troughs.  But  the  formula 
shows  also  that  to  double  the  quantity  of  metal,  the  number  of 
troughs  must  be  quadrupled.  There  is  thus  a  limit  beyond  \^hich 
the  expense  arising  from  the  increase  of  plant  would  not  be  com- 
pensated by  the  increased  output. 
443.   Electrometallurgy. —  By  this  name  is  understood  the 
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whole  of  the  electrical  methods  suited  for  the  preparation  and 
the  extraction  of  metals. 

Electrolysis  has  been  tried  for  the  production  of  metals  in  two 
ways  :  the  wet  way  and  the  dry  way, 

Davy  in  1807  first  obtained  the  alkaline  metals  and  those  of 
the  alkaline  earths  by  means  of  electricity  (§  152).  He  used 
mercury  as  negative  electrode,  with  which  the  metal,  when  libe- 
rated, at  once  amalgamated ;  by  then  heating  the  resulting  amal- 
gam in  an  inert  gas  the  mercury  was  driven  off,  and  the  metal 
left  behind. 

Bunsen  obtained  larger  quantities  of  the  metals  by  electrolysing 
the  fused  salts,  particularly  the  chlorides,  by  means  of  two  carbon 
electrodes.  When  the  metal  is  lighter  than  the  fused  mass,  it 
rises  to  the  surface  and  is  burnt,  and  to  prevent  this  notches  are 
cut  in  the  negative  electrode,  in  which  the  metal  lodges.  The 
experiment  is  always  a  difficult  one,  and  it  only  yields  small 
quantities  of  metal.  It  is  only  used  for  such  metals  as  calcium  or 
barium,  which  have  not  yet  been  obtained  by  the  usual  methods. 

It  has  been  attempted  to  extend  these  methods  to  the  metals  in 
common  use.  The  methods  by  the  wet  way  have  two  drawbacks  : 
the  necessity  of  using  considerable  electromotive  forces  which 
render  the  operations  very  costly,  and  the  secondary  reactions. 
In  the  case  of  copper  the  method  seems  to  have  been  successfully 
applied.  The  ore,  which  is  a  double  sulphide  of  copper  and  iron, 
is  run  into  plates,  which  are  then  used  as  the  negative  electrodes 
in  a  bath  containing  copper  sulphate. 

Aluminium  has  been  extracted  in  the  dry  way,  either  combined 
with  copper  as  aluminium-bronze  or  in  the  free  state. 

Mr.  Cowles  obtains  directly  aluminium-bronze  containing  15  to 
20  per  cent,  of  aluminium  and  quite  free  from  iron.  The  ore  used 
is  a  corundum  or  crystallised  alumina,  which  is  powdered  and  then 
mixed  with  bruised  charcoal,  and  with  twice  its  weight  of  very 
pure  granulated  copper,  such  as  that  of  Lake  Superior. 

The  whole  is  placed  between  two  electrodes  formed  of  large 
charcoal  rods,  such  as  are  used  for  lighting,  which  are  sur- 
rounded by  a  packing  of  charcoal  previously  soaked  with  milk  of 
lime  in  order  to  prevent  its  being  changed  into  graphite  under  the 
action  of  heat.  Aluminium  unites  very  energetically  with  copper. 
The  operation  is  effected  by  means  of  a  dynamo  giving  5000 
amperes  at  an  electromotive  force  of  60  volts,  representing  there- 
fore 300,000  watts  ;  1 5  kilos  of  corundum  with  70  kilos  of  copper 
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arc  worked  in  one  operation,  and  give  about  82  kilogrammes  of 
alloy.  Each  kilogramme  of  aluminium  in  the  alloy  represents  the 
work  of  44  horse-power  during  an  hour. 

M.  Minet  obtains  free  aluminium  by  electrolysing  fused  cryolite, 
mixed  with  60  per  cent,  of  sodium  chloride,  between  two  carbon 
electrodes.  The  mixture  is  contained  in  a  rectangular  iron  trough 
connected  with  the  negative  electrode ;  the  trough  thus  transmits 
about  5  per  cent,  of  the  current,  and  so  becomes  coated  with  a 
thin  layer  of  aluminium,  which  protects  the  iron.  The  aluminium 
liberated  falls  in  drops  into  a  crucible  placed  underneath  the 
negative  electrode.  The  aluminium  thus  obtained  contains  only 
2  to  5  thousandths  of  iron. 
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444.  General  Conditions.— The  applications  which  form  the 
subject  of  the  preceding  chapters  utilise  the  energy  of  the  electric 
current,  and  the  question  of  greatest  importance  is  that  of  effi- 
ciency. Electric  telegraphy  belongs  to  that  category  of  appli- 
cations which  only  require  a  current  giving  a  very  small  amount 
of  useful  work — in  most  cases  only  as  much  as  suffices  to  call  into 
action,  by  a  sort  of  detent,  some  other  mechanical  energy,  such  as 
that  of  a  weight  or  of  a  spring.  The  characteristic  properties  on 
which  this  class  of  applications  de- 
pends are  the  facility  with  which  the  ?:— — ..t 

time  and  place  at  which  electrical 
effects  occur  can  be  controlled,  and 
the  rapidity  with  which  an  electrical 
action  at  one  point  is  followed  by  a 
resulting  effect  at  a  distant  point 

445.  Electrical  Oommimication 
between  Two  Points.— Practice  has 
shown  that  in  order  to  put  two  sta- 
tions, A  and  B,  into  electrical  con- 
nection only  one  wire  is  needed,  pro- 
vided that  at  the  station  A  that  pole 
of  the  battery  which  is  not  joined  up 
with  the  line  wire,  and  at  the  station  B  the  end  of  the  wire  itself, 
are  connected  with  large  copper  plates  buried  in  the  ground.  The 
action  is  as  if  the  earth  itself  played  the  part  of  a  return  wire. 
This  arrangement  has  a  twofold  advantage  ;  in  the  first  place  it  is 
more  economical,  as  the  wire  is  the  most  costly  part  of  the  installa- 
tion, and  in  the  second  place  there  is  only  half  the  resistance  in 
the  circuit,  since  the  resistance  of  a  good  earth-connection  is 
almost  inappreciable. 

The  same  wire  can  be  used  for  sending  in  either  direction. 
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Each  station  must  have  its  battery  P,  its  transmitter  T,  and  its 
receiver  R  (Fig.  357) :  s  and  S  are  the  copper  earth-plates.  The 
receiver  may  be  placed  either  at  R  or  at  r'.  In  the  second  case 
the  two  receivers  always  work  at  the  same  time,  which  enables 
the  signals  sent  to  be  verified  at  the  sending  station. 

446.  Duplex  Method.— It  may  even  be  arranged  that  the  two 
stations  communicate  simultaneously  by  the  same  wire.  One  of 
the  arrangements  for  this  purpose  is  that  represented  in  Fig.  358. 
The  receiver  is  placed  on  the  bridge  of  a  Wheatstone's  balance, 
the  two  sides  a  and  d  of  which  are  equal,  while  the  two  other  sides 
are  the  line  and  a  resistance  p  put  to  earth.  If  the  two  resistances 
are  equal,  it  is  readily  seen  that  a  current  from  A  does  not  pass 
through  the  receiver  at  A  as  the  bridge  is  in  equilibrium,  but  that 
it  acts  on  the  receiver  at  B,  and  conversely.    Three  cases  are 

possible.     In  the  first 

^'  case    a    single   key   is 

Cj)R  ^^^^^'^       depressed,  which  is  the 

J— l^    case    just     described. 


1 


0    8 
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Fig.  358. 


Secondly,  the  two  keys 
are  depressed  simul- 
taneously ;  the  two  re- 
ceivers then  give  the 
same  signal  under  the 
influence  of  the  same 
current  if  the  two  bat- 


teries have  their  opposite  poles  to  the  line,  and  under  the  influence 
of  a  local  current  if  they  are  arranged  in  the  same  direction—that 
is,  so  that  the  same  poles  are  joined  to  the  line,  their  electromotive 
forces  acting  then  in  opposition  to  each  other.  Lastly,  one  of  the 
keys  is  depressed,  while  the  other  is  free  and  is  not  connected 
either  with  the  battery  or  the  earth  :  the  current  then  gives  the 
desired  signal  at  the  receiving  station,  but  it  acts  also  on  the  local 
receiver,  though  only  for  so  short  a  time  that  no  great  incon- 
venience is  caused  ;  this  difficulty  may,  moreover,  be  obviated 
by  a  somewhat  more  complicated  arrangement,  which  we  need 
not  now  describe. 

By  means  of  condensers  c,  joined  to  the  resistance  p,  the 
capacities  of  the  real  line  and  the  artificial  line  may  be  balanced 
in  the  same  way  as  their  resistances  are. 

447.  Lilies  with  Oondensers.— It  is  often  desirable  to  isolate 
the  line  wire  completely  by  interposing  condensers  C  at  the  ends 
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Fig.  359. 
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(Fig.  359).    When  the  key  is  depressed  the  local  battery  charges 

the  first  coating  of  the  condenser,  and  the  potential  of  the  second 

becoming  raised  or  lowered  to  a 

corresponding    degree,    sends    to 

the  line  a  fiux  of  the  same  kind  as 

that  which  the  battery  would  have 

given.    This  flux  charges  the  first 

coating  of  the  second  condenser, 

which  by  the  same  action  causes 

a  flux,  always  of  the  same  sign, 

through  the  instrument  of  the  re- 
ceiving station.    The  advantage  of 

this  arrangement  is  that  it  protects 

the  line  against  the  action  of  earth- 
currents,  which  sometimes  interfere  with  the 
working. 

448.  Air  Lines.--The  wire  ordinarily  used 
for  air  lines  is  galvanised  iron  4  millimetres 
in  diameter.  Its  resistance  is  10  ohms,  and 
its  electrostatic  capacity  0.0 1  microfarad  per 
kilometre.  The  use  of  copper  had  been  given 
up,  owing  to  its  small  tenacity  and  its  high 
price  ;  but  it  is  coming  into  use  again  in  the 
form  of  a  special  kind  of  bronze,  of  which 
wires  can  be  made  which  are  almost  as 
strong  as  iron,  and  have  almost  as  high  a 
conductivity  as  pure  copper. 
As  the  wire  is  surrounded  by  a  medium 

which   is  absolutely  devoid  of  conduc- 
tivity, it  is  sufficient  if  it  is  insulated  at 

the  points  of  support.    Porcelain  is  gene- 
rally   used    for    insulators    (Fig.    360). 

There  is  a  certain  amount  of  leakage 

at  the  supports,  which  varies  with  the 

state  of  the    atmosphere :    an    estimate 

of  its  magnitude  at  any  time  can  be 

obtained    by    observing    the   extent   to 

which  the  apparent  resistance    of   the 

line  is  decreased. 
449.  Submarine  and  Subterranean  Wires.— In  lines  laid  in 

the  ground  or  under  water,  where  the  surrounding  medium  is 


Fig.  360. 


Fig.  361. 
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a  conductor,  an  insulating  envelope  is  needed.  The  conductor 
or  core  consists  of  a  strand  of  copper  wires  CC  (Fig.  361),  sur- 
rounded by  several  layers  of  gutta  percha,  then  by  a  layer  of  jute, 
and  lastly  by  a  protecting  sheath  of  steel  wire  covered  with 
tarred  hemp.  The  whole  thus  forms  a  condenser  having  a  con- 
siderable capacity.  The  cable  from  Ireland  to  Newfoundland  has 
a  capacity  per  kilometre  of  0.22  microfarad,  with  a  resistance  of 
1.62  ohm. 
450.  Signalling  Instruments— Alanun.-— We  shall  only  de- 


FiG.  362. 

scribe  a  few  of  the  ordinary  pieces  of  apparatus,  and  shall  restrict 
ourselves  to  the  indication  of  their  most  important  features. 

A  piece  of  soft  iron  L  (Fig.  362),  is  held  in  front  of  an  electro- 
magnet by  means  of  a  spring,  D.  When  at  rest  it  touches  a 
spring,  r.  The  circuit  comprising  the  wire  of  the  electromagnet 
is  thus  closed  between  the  terminals  A  and  E,  and  when  a 
current  passes  the  electromagnet  is  thereby  excited  and  attracts 
the  iron,  L,  so  that  it  now  does  not  touch  the  spring,  r;  the 
current  is  thereby  broken,  the  iron,  L,  again  touches  r,  and  so 
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forth.    This  arrangement  is  known  as  an  alarum^  and  can  be 
constructed  so  as  to  give  as  many  as  1000  vibrations  in  a  second. 

451.  Morse's  Appara- 
tus. —  The  characteristic 
part  of  a  Morse  instru- 
ment is  a  horizontal  lever, 
AB  (Fig.  363).  At  the 
end  A  is  a  piece  of  soft 
iron  which  is  attracted  by 
an  electromagnet,  forming 
part   of   the    line    circuit,  ^-33. 

when  the  current  passes ;    the    end    B    then    strikes   against  a 
paper  strip  or  tape,  which  is  payed  out  by  a  clockwork  motion 


Fig.  364. 

and  makes  either  a  dot  or  a  dash  according  to  the  duration  of  the 
contact.  The  complete  apparatus  is  represented  by  Fig.  364. 
The  case,  B,  contains  the  clockwork  which  drives  the  cylinder  a. 
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This  forms  with  the  cylinder  b  a  pair  of  rollers  which  pull  the 
tape  through  the  instrument.    The  end  of  the  lever  makes  the 

paper  strike  against ,  a  thin 
rotating  disc,  the  circumfer- 
ence of  which  is  kept  fed  with 
ink.  The  sending  instrument 
is  a  simple  contact-key,  by 
depressing  which  the  line  is 
brought  into  the  circuit  of 
the  battery  (Fig.  365).  The 
various  letters  of  the  alphabet 
are  represented  by  combinations  of  dots  and  dashes,  the  number 
of  signals  varying  from  one  to  four  for  each  letter,  the  more 
frequently  occurring  letters  having  the  simplest  signs  (Fig.  366). 


Fig.  365. 
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M        N 
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W  X 

Fig.  366. 


452.  Hughes's  Printing  Telegraph.— The  main  element  of  the 
receiving  instrument  is  a  small  wheel,  the  type-wheel^  the  circum- 
ference of  which  carries  the  twenty-six  letters  of  the  alphabet 
standing  out  in  relief,  a  space  being  left  between  Z  and  A.  The 
etters  are  kept  constantly  inked  with  a  fatty  ink. 

The  wheel  revolves  uniformly  about  its  axis  at  the  rate  of  one 
or  two  turns  a  second.  Every  time  the  electromagnet  acts,  the 
travelling  strip  of  telegraph-paper  is  sharply  pressed  against  the 
lowest  part  of  the  circumference  of  the  wheel  and  thus  receives 
the  impression  of  whatever  letter  occupies  this  position  at  the 
moment,  but  the  motion  is  so  rapid  as  not  to  interfere  with  the 
rotation  of  the  wheel.  On  falling  back  from  the  type,  the  paper 
moves  forward  through  a  distance  equal  to  the  breadth  of  a  letter, 
so  that  the  next  letter  is  printed  alongside  the  last  one  and  not  on 
the  top  of  it.  Accordingly,  in  order  to  print  a  word,  it  is  only 
needful  to  make  the  electromagnet  act  at  the  proper  moments,  so 
as  to  catch  the  successive  letters  of  the  word  as  they  pass. 
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The  sending  instrument  consists  of  a  horizontal  slab  having 
twenty-six  holes,  corresponding  to  the  letters  of  the  alphabet, 
arranged  round  the  circumference  of  a  circle.  These  holes  allow 
small  vertical  rods  to  pass  freely  through  them,  any  one  of  which 
can  be  raised  at  pleasure  a  little  above  the  surface  of  the  slab  by 
pressing  the  proper  key  of  a  key-board.  A  horizontal  arm  revolves 
uniformly  above  the  circle  of  holes,  carrying  an  appropriate  con- 
tact-maker at  its  outer  end,  and  whenever  this  encounters  a  rod 
projecting  above  the  rest,  a  current  is  sent  into  the  line  and  acts 
upon  the  electromagnet  of  the  receiving  instrument.  Conse- 
quently, if  the  revolving  arm  and  the  type-wheel  have  exactly  the 
same  period  of  rotation,  and,  allowing  for  the  time  taken  in  trans- 
mission, the  same  phase,  letters  will  be  printed  at  the  receiving 
end  corresponding  to  whatever  keys  may  be  successively  pressed 
at  the  sending  end  and  in  the  same  order. 

In  order  to  test  whether  the  sender  and  receiver  are  properly 
adjusted  to  work  together,  the  same  key,  corresponding  to  the 
letter  A,  for  example,  is  struck  several  times  in  succession.  If  the 
same  letter  is  printed  by  the  receiving  instrument  an  equal  number 
of  times,  the  adjustments  are  right ;  but  if,  instead  of  the  letter  A, 
the  receiver  prints,  say,  M,  N,  O,  P,  Q,  .  .  .,  the  speed  of  the 
type- wheel  is  too  great,  and  exceeds  that  of  the  sender  by  1/26. 
In  this  case  the  speed  is  altered  until  the  receiver  prints  the  same 
letter,  R,  for  instance,  every  time.  All  that  is  now  required  is  to 
alter  the  phase  so  as  to  make  the  receiver  give  the  letter  A.  By 
a  simple  mechanical  contrivance,  these  two  adjustments  can  be 
made  without  interfering  with  each  other. 

As  in  this  arrangement  only  a  single  battery-contact  is  required 
for  each  letter,  messages  can  be  sent  by  it  more  quickly  than  by 
the  Morse  instrument. 

453.  Eapidity  of  Signalling. — We  have  so  far  not  taken  into 
account  the  propagation  of  electricity,  and  have  tacitly  assumed 
that  at  a  given  instant  all  sections  of  the  circuit  are  traversed  by 
the  same  quantity  of  electricity.  This  assumption  is  no  longer 
admissible  in  the  case  of  very  long  circuits,  especially  of  those 
having  a  large  capacity  like  the  Transatlantic  cables.  When  one 
end  of  the  wire  is  connected  with  the  pole  of  a  battery  at  constant 
potential,  the  current  is  not  immediately  set  up  through  the  whole 
extent  of  the  line.  It  does  not  move  in  the  wire  like  a  cannon- 
ball,  but  rather  hke  a  mass  of  water  issuing  from  a  reservoir  to 
fill  a  channel  communicating  with  lateral  basins,  which  have  to  be 
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filled  at  the  same  time  as  the  channel  itself.  The  wave  front 
advances  with  increasing  inclination  from  the  vertical,  and  between 
the  first  arrival  of  the  water  and  the  final  establishment  of  the 
ultimate  level  an  interval  elapses  which  is  longer  the  more  distant 
the  section  considered  is  from  the  origin.  Thus,  on  the  Trans- 
atlantic cables  from  Ireland  to  Newfoundland,  there  is  no  trace  of 
a  current  in  Newfoundland  until  0.2  of  a  second  after  connection 
has  been  made  with  the  battery  in  Ireland ;  at  the  end  of  0.4 
second  the  current  has  only  0.07  of  its  final  strength ;  it  has  one- 
half  at  the  end  of  a  second,  and  only  after  3  seconds  can  it  be 
considered  that  the  full  strength  is  attained.  Hence  in  the  pro- 
pagation of  electrical  phenomena  there  is  no  definite  velocity,  as 
for  light  and  sound.  The  apparent  velocity,  which  it  has  some- 
times been  attempted  to  measure,  on  the  assumption  that  the 
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propagation  is  uniform,  by  determining  the  time  necessary  for 
producing  a  definite  effect  at  a  certain  distance,  depends  on  the 
nature,  the  form,  and  the  position  of  the  wire,  and  also  on  the 
sensitiveness  of  the  apparatus  employed  for  observing  the  effect. 

454.  Lord  Kelvin's  Theory,—  Lord  Kelvin  has  given  the 
mathematical  theory  of  these  phenomena,  and  has  shown  that  if, 
for  a  given  wire,  and  at  a  given  distance  from  the  origin,  a  curve  a 
(Fig*  3^7)  is  constructed,  taking  as  abscissae  the  intervals  of  time 
that  have  elapsed  since  connecting  the  end  of  the  wire  with  the 
battery,  and  for  ordinates  the  corresponding  strengths  of  the 
current  at  the  given  distance,  the  final  strength  being  taken  as 
unity,  this  same  curve  may  be  used  for  all  cables  and  all  distances, 
provided  the  interval  represented  by  unit-length  along  the  axis  of 
time  is  suitably  chosen.  Let  a  be  this  interval :  if  p  is  the  resist- 
ance in  ohms  and  y  the  capacity  in  microfarads  of  unit-length  of 
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the  cable,  the  value  of  a  for  a  point  M  at  a  distance  /  from  the 
origin  O  is  given  by  the  formula 

a  =  233  X  lO'^^ypA 

Let  R  be  the  resistance  of  the  cable,  and  V  its  capacity,  from  O 
to  M  :  we  have 

R^lp,     r  =  /y,     and  ypl^  =  VR  ; 
consequently 

a  =  233  X  lo-^^YR, 

It  is  to  be  observed  that  the  value  of  a  is  independent  of  the  unit 
of  length  taken.  The  product  r^  represents  a  time  (§  328) ; 
it  may  be  regarded  as  the  constant  characteristic  of  the  cable. 

The  formula  shows  further  that  the  value  of  a  increases  propor- 
tionally to  the  square  of  the  distance  /. 

For  the  Transatlantic  cable  already  mentioned  we  have,  taking 
the  kilometre  as  unit  of  length,  7  =  0.22  farad,  />  =  1.62  ohm, 
/  =  5000  ;  from  this  we  deduce 

a  =  0.2  seconds. 

In  ordinary  iron  telegraph  wires  4  millimetres  in  diameter 
y  =  o.oi  farad  at  most ;  />  =  10  ohm.  For  the  line  from  Paris  to 
Bordeaux,  which  is  nearly  600  kilometres  long,  we  have 

a  =  0.0008  second, 

that  is,  0.00 1  as  a  round  number— or  a  time  200  times  as  small  as 
with  the  submarine  cable. 

The  examination  of  the  curve  of  arrival  shows  that  the  current 
may  be  regarded  as  having  attained  its  normal  value  after  a  time 
equal  to  20a  :  if  it  is  broken  at  the  origin  after  the  lapse  of  this 
time,  it  will  still  require  20a  to  vanish.  If  then  two  successive 
currents  are  to  attain  their  maximum  value,  and  produce  signals 
which  do  not  encroach  on  each  other,  they  must  not  follow  each 
other  at  smaller  intervals  than  40a.  . 

455.  Use  of  Alternate  Contacts.— By  means  of  the  arrival- 
curve  the  effect  produced  by  a  rapid  succession  of  currents  either 
in  the  same  or  in  opposite  directions  may  be  estimated.  Suppose, 
for  instance,  that  the  current  is  broken  at  the  sending  end  of  the 
wire,  after  having  been  made  for  a  time  na ;  in  order  to  find  the 
effect  at  the  receiving  station,  it  is  only  needful  to  draw  a  curve 
identical  with  the  first,  but  shifted  parallel  to  itself  through  a 
distance  equal  to  na^  then  to  construct  a  fresh  curve,  B,  the  ordinates 
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of  which  are  the  differences  of  those  of  the  two  former  curves. 
Suppose  now  that,  after  a  fresh  interval  «'o,  a  negative  current  of 
the  same  strength  is  started  at  the  sending  end.  The  original 
curve  must  be  displaced  parallel  to  itself  by  the  amount  {n  +  n')a.^ 
and  the  differences  obtained  by  subtracting  its  ordinates  from 
those  of  B  taken  for  a  new  curve,  and  so  on.  In  this  way  dentated 
curves  more  or  less  regular  are  obtained,  the  ordinates  of  which 
are  sometimes  positive  and  sometimes  negative,  but  in  which  the 
effect  of  each  positive  or  negative  contact  is  well  marked,  although 
the  actual  current  at  any  instant  depends  on  the  previous  contacts, 
as  many  as  thirty  or  forty,  for  example,  producing  an  effect  if  they 
follow  each  other  at  intervals  of  a. 

456.  Use  of  the  Mirror  Q-alvanometer.— The  effect  of  these 
rapid  contacts,  some  positive  and  the  others  negative,  succeeding 
each  other  at  regular  intervals,  is  very  apparent  in  a  mirror  gal- 
vanometer suitably  damped. 
Every  positive  contact  moves 
the  spot  of  light  suddenly 
to  the  right,  for  example, 
and  every  negative  contact  to 
the  left ;  and  this  no  matter 
whether,  as  the  result  of  pre- 
ceding impulses,  the  instanta- 
neous position  is  at  the  zero, 
or  to  the  right  or  left.  The 
Morse  alphabet  (Fig.  366)  is 
used,  a  dot  being  represented 
Ijy  a  movement  towards  the 
right  and  a  dash  by  a  move- 
ment towards  the  left. 

457.  Siphon  Recorder. — 
For  submarine  signalling.  Lord 
Kelvin  has  substituted  for  the 
mirror  galvanometer  a  writing 
instrument,  which  works  as  rapidly  as  the  former,  and  is  known  as 
the  siphon  recorder.  This  apparatus,  on  which  the  Deprez  d'Ai-son- 
val  galvanometer  (Fig.  314)  is  based,  consists  of  a  very  light  and 
mobile  rectangular  coil,  S  (Fig.  368),  placed  in  the  field  of  a 
strong  electromagnet,  AB ;  a  piece  of  soft  iron,  /  occupies  the  space 
in  the  middle  of  the  coil,  and  increases  the  strength  of  the  field  in 
the  space  occupied  by  the  wire.    The  coil  has  a  bifilar  suspension  ; 


Fig.  368. 
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it  moves  either  way  according  to  the  direction  of  the  current,  which 
enters  at  pq.  The  motions  are  rapid  and  very  well  marked,  beingf 
nearly  dead-beat  in  consequence  of  the  very  great  damping.  The 
motion  of  the  coil  either  to  the  right  or  the  left  is  communicated  to 
a  fine  capillary  glass  siphon,  one  end  of  which  dips  in  a  reservoir 
of  ink,  while  the  end  of  the  longer  limb  is  close  to  a  paper  tape, 
payed  out  at  a  regular  speed  by  clockwork.  The  ink  is  electrified 
by  a  small  electrical  machine,  not  represented  in  the  figure,  and, 
owing  to  electrical  repulsion,  a  continuous  jet  is  sent  against  the 
paper,  forming  on  it  a  straight  line  if  the  current  does  not  pass, 
but  giving  deflections  either  to  the  right  or  the  left  according  to 
the  direction  of  the  current.  Fig.  369  represents  the  alphabet, 
and  will  give  an  idea  of  the  manner  in  which  the  apparatus  works. 


/       g 


t       U        V         w 

Fig.  369. 


understood 


458.  Phonograph. — Everyday  experience  proves  that  sonorous 
vibrations  transmitted  through  the  air  are  capable  of  being  com- 
municated to  solid  matter,  and  that  this,  in  turn,  can  give  back 
again  to  the  air  the  vibrations  that  have  been 
imparted  to  it.  It  is  thus  that  speech  can  be 
transmitted  clearly  and  unchanged  through  a 
wall  or  other  solid  obstacle. 

If  a  solid  body  is  in  the  form  of  a  plate  of 
sufficient  thinness,  the  vibrations  produce  very 
perceptible  movements  of  the  surface.  This 
is  clearly  shown  by  Edison's  phonograph 
(Fig.  370) :  m  is  the  vibrating  plate,  and  a 
style,  rt,  attached  to  it  impresses  every  move- 
ment of  it  on  a  moving  sheet  of  tin-foil,  or 
better,  on  a  revolving  wax  cylinder,  C.  If 
afterwards  the  point  of  the  style  is  made  to 
retrace  the  impression  it  has  made,  the  vibrating  plate  is  caused  to 
repeat  all  its  previous  movements  and  so  to  give  back  to  the  air 
vibrations  identical,  in  all  but  intensity,  with  those  which  produced 
these  movements. 


Fig.  370. 
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459.  Bell's  Telephone.— In  BelPs  telephone  (Fig.  371)  a  thin 
plate  of  iron,  M,  is  fixed  in  a  frame  immediately  in  front  of  a  bar- 
magnet,  A,  the  end  of  which  is  surrounded  by  a  coil,  B,  of  fine  wire. 
Any  motion  of  this  thin  plate  modifies  the  magnetisation  of  the 
bar,  and  causes  a  variation  of  the  magnetic  flux  through  the  coil. 


Fig.  371. 

The  resulting  induced  currents  pass  into  the  coil  of  a  second 
apparatus  identical  with  the  first,  and  cause  corresponding  changes 
in  the  magnetisation  of  the  second  magnet,  and  motions  in  the 
iron  plate  which  are  identical  with  those  of  the  first,  except  as 
regards  strength. 
The  system  is  perfectly  symmetrical,  and  therefore  reversible. 

The  two  apparatus,  the 
transmitter  and  the  re- 
ceiver, are  in  reality  two 
identical  alternating  cur- 
rent machines,  the  fonner 
acting  as  generator  and  the 
latter  as  motor  ;  the  period 
continually  varies  from  one 
moment  to  another,  but  at 
each  instant  is  identical  for 
the  two. 

460.  Microphone.— The 
currents  which  work  the 
telephohe  are  extremely 
feeble,  not  exceeding  a  few 
hundred-thousandths  of  an  ampere.  The  action  has  been  greatly 
improved  by  using  the  current  of  a  battery  instead  of  induced 
currents.    This  is  effected  by  means  of  Hughes's  microphone. 

A  pointed  rod  of  carbon  A  (Fig.  372)  is  in  contact  with  two 
pieces  of  carbon  c  and  c',  fixed  to  an  upright  piece  of  wood.    The 


Fig.  372. 
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carbon  forms  part  of  a  circuit  made  up  of  the  battery  v,  the  line 
wire,  and  the  telephone  receiver.  With  a  permanent  current  the 
telephone  does  not  speak,  but  any  movement  of  the  carbon 
changes  the  resistance  of  the  circuit,  and,  modifying  the  strength 
of  the  current,  entails  a  displacement  of  the  plate  of  the  telephone. 
Experiment  shows  that,  when  a  person  speaks  before  the  instru- 
ment, the  vibrations  communicated  to  it  are  transmitted  to  the 
plate  of  the  telephone  so  as  to  reproduce  the  spoken  words  with 
greater  or  less  distinctness. 

Theoretical  considerations  show  that  the  effect  of  a  periodical 
variation  in  the  resistance  is  equivalent  to  a  periodic  variation  of 
the  electromotive  force,  the  resistance  remaining  constant.  They 
also  show  that  if  in  a  complex  sound  the  ratios  of  the  amplitudes 
and  the  differences  of  phase  of  the  constituents  are  to  be  retained, 
and  therefore  the  clearness  and  quality  of  the  original  sound,  the 
variation  of  the  telephonic  currents  must  be  a  very  small  fraction 
of  their  mean  strength. 

The  form  of  the  original  microphone  has  been  variously  modified. 
It  is  desirable  to  increase  the  number  of  contacts,  so  as  to  avoid 
scratching  noises.  The  Ader  microphone  consists  of  ten  carbon 
rods,  laid  in  two  sets  of  five  each  on  three  cross-pieces,  also  of 
carbon,  fixed  to  the  same  piece  of  wood.  Good  results  are  also 
obtained  by  using  small  fragments  or  filaments  of  carbon.  One 
of  the  best  microphones  consists  essentially  of  a  thin  plate  of 
carbon  resting  on  a  packing  of  the  filaments  of  incandescent 
lamps. 

461.  Transmission  by  the  Telephone.-— In  the  telephone, 
which  is  an  apparatus  producing  very  rapidly  alternating  currents, 
a  considerable  influence  of  the  effects  of  induction  and  capacity  is 
to  be  expected.  Applying  the  theory  which  explains  so  well  the 
phenomena  of  transmission  in  cables,  we  arrive  at  this  result,  that 
in  the  case  of  a  vibratory  motion  the  electrical  effect  is  propagated 
in  the  wire  at  a  uniform  rate,  with  a  velocity  dependent  on  the 
duration  of  the  period.  Now  it  is  known  that  the  complex  motions 
corresponding  to  articulate  speech  may  be  regarded  as  arising  at 
each  instant  from  the  superposition  of  a  certain  number  of  harmonic 
vibrations  of  different  periods.  If  the  corresponding  electrical 
effects  were  propagated  with  different  velocities,  they  would  undergo 
a  kind  of  dispersion  in  the  wire,  and  would  not  be  superposed  on 
arrival.  The  quality  and  the  articulation  would  be  profoundly 
modified.    Experiments  show  that  this  is  not  the  case.    This  is  pro- 
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bal)ly  due  to  the  very  rapidity  of  the  vibrations,  which  brings  into 
play  the  effects  of  self-induction,  which  does  not  affect  the  relatively 
very  slow  vibrations  employed  in  telegraphic  transmission,  and 
acts  in  the  contrary  direction  to  the  capacity  (§§  327,  328). 

However  this  may  be,  experiment  shows  that  in  suitable  con- 
ditions of  installation,  conversation  may  be  directly  kept  up  at 
great  distances,  between  Paris  and  Marseilles,  for  instance,  a 
distance  of  upwards  of  500  miles.  The  conditions  are  to  use 
copper  instead  of  iron,  and  not  to  use  the  earth  for  the  return 
circuit,  but  two  wires  wound  round  each  other  like  a  double 
screw,  so  as  to  eliminate  the  effects  of  external  inductive  actions. 

The  line  may  even  be  used  simultaneously  for  telephonic  and 
telegraphic  transmission.  At  each  end  the  receivers  of  the  tele- 
phone and  of  the  telegraph  are  connected  in  parallel  circuit,  and 
in  order  to  prevent  the  telegraph  currents  from  acting  on  the 
telephone,  and  the  telephone  currents  from  being  partially  lost  in 
the  telegraph  circuit,  .electromagnets  are  introduced  into  the  latter, 
and  condensers  into  the  telephone  circuit :  the  effect  of  this  is  to 
increase  tjie  self-induction  of  the  one  and  the  capacity  of  the  other. 
The  telegraph  signals  are  thus  retarded,  flattened  out,  as  it  were, 
so  that  the  movements  they  impart  to  the  membrane  of  the 
telephone  give  no  sound.  As  regards  the  telephone  currents,  the 
quasi-resistance  due  to  the  self-induction  causes  them  to  pass 
entirely  in  their  own  circuit. 
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462.  Potential  at  a  Point  in  the  Air. — Experiment  shows  that 
in  an  open  space  the  potential  at  a  point  in  the  air  is  always  different 
from  that  of  the  earth.     Two  methods  may  be 
used  to  determine  the  value  of  this  potential. 

Let  a  small  insulated  sphere,  of  radius  r,  be 
placed  at  the  point  in  question  and  connected 
for  a  moment  with  the  earth  by  means  of  a  very 
fine  wire.  If  V  is  the  value  of  the  potential 
at  this  point  due  to  external  masses,  the  poten- 
tial of  the  earth  being  as  usual  taken  as  zero, 
the  sphere  will  acquire  a  charge,  m,  of  electricity 
such  that  the  potential  of  the  sphere  becomes 
zero,  like  that  of  the  earth.     The  potential  at 

the  centre  beine  F  +  — ,  we  have  V-\ —  =  o. 

If  the  sphere  is  then  placed  in  a  Faraday 
cylinder  (§  15),  we  may  measure  its  charge  /«, 
and  so  obtain 

F=  -^. 
r 

But  the  simplest  method  consists  in  putting 
at  the  place  in  question  a  point  which  forms 
part  of  an  insulated  conductor  (§  20).  As- 
suming that  the  point  is  perfect^  equilibrium 
cannot  exist  so  long  as  the  point,  and  there- 
with the  conductor  of  which  it  forms  part,  is 
at  a  different  potential  from  that  of  the  air  near 
the  point. 

Saussure  used  a  small  electroscope  provided  with  a  point  (Fig. 
373)'     If  the  case  is  at  the  potential  of  the  ground,  the  divergence 
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of  the  leaves  varies  with  the  potential  of  the  air  at  the  end  of  the 
point ;  but  the  action  of  the  point  is  too  inxperfect  to  allow  us  to 
consider  that  equilibrium  is  attained. 

We  have  seen  how  a  water-dropping  apparatus  (§81)  enables  us 
to  realise  the  effect  of  a  perfect  point,  and  how  it  assumes  the 
potential  of  the  air  at  the  point  where  the  drops  separate  from  the 
conductor.    The  dropping  apparatus  (Fig.  374)  is  preferable  to  a 
-.  g  lighted  wick,  owii\g  to  a  small 

•juuL-»>f  I  difference  of  potential  produced 

by  the  combustion,  which  may 
amount  to  half  a  volt. 

The  insulated  reservoir  is 
connected  with  an  electrometer, 
the  deflection  of  which  measures 
the  potential.  By  using  a  mirror 
and  allowing  the  image  to  fall 
on  a  uniformly  moving  band 
of  photographic  paper,  a  con- 
tinuous registration  of  the  in- 
dications of  the  instrument  is 
obtained. 

It  is  thus  found  that  in  Jine 
weather  the  potential  anywhere 
in  the  open  air  is  always  posi- 
tive j  that  its  value  increases  with 
the  height  of  the  point  above  the  ground,  and  almost  in  direct 
proportion ;  but  that  at  the  same  place  rapid  and  often  large 
variations  occur. 

The  results  vary  so  much  that  it  is  difficult  to  give  numerical 
statements.  Above  an  open  plain,  for  example,  the  change  of 
potential  with  height  is  often  between  10  and  1000  volts  per  metre, 
but  it  is  sometimes  far  more. 

If,  instead  of  insulating  the  point,  or  the  arrangement  which 
acts  a£&  a  point,  we  connect  it  with  the  earth,  statical  equilibrium 
cannot  be  established,  and  a  continuous  flow  of  electricity  traverses 
the  conductor.  The  flow  is  manifestly  equal  to  the  amount  given 
out  by  the  point.  It  increases  with  the  difference  of  potential,  but 
it  cannot  be  used  to  measure  this  difference,  the  quantity  given  off 
being  always  so  extremely  small. 

If  there  is  a  small  break  in  the  conducting  wire,  the  difference 
of  potential  at  the  break  may  be  great  enough  to  produce  a  succes- 


Fig.  374. 
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sion  of  sparks.     Sparks  are  sometimes  produced  in  this  way  be- 
tween the  needle  and  the  quadrants  of  the  electrometer. 

463.  Distribution  of  PotentiaL— At  a  given  instant,  the  sur- 
faces where  the  potential  has  constant  and  equidistant  values 
above  an  open  plain  are  equidistant  horizontal  planes.  If  the 
surface  of  the  ground  is  irregular,  the  nearest  equipotential  surfaces 
follow  its  undulations,  and  approach  each  other  over  the  elevated 
parts,  and  the  more  so  the  higher  and  more  abrupt  these  are. 
Around  a  house,  all  parts  of  which  may  be  regarded  as  connected 
with  the  earth,  and  therefore  at  zero  potential,  the  equipotential 
surfaces  are  vertical  near  the  walls  and  follow  the  contours  of  the 
roof,  being  closer  to  each  other  over  the  ridge ;  on  the  other  hand, 
they  separate  widely  from  each  other  in  a  court  surrounded  by  high 
walls,  or  in  a  street.  As  we  rise,  the  effects  of  the  inequahties 
disappear,  and  it  may  be  assumed  that  beyond  a  certain  height 
the  equipotential  surfaces  are  horizontal  planes. 

As  the  equipotential  surfaces  tend  to  become  parallel  to  the 
surface  of  the  ground  the  nearer  they  are  to  it,  the  electric 
force  at  each  point  is  perpendicular  to  the  surface.  And  since,  in 
fair  weather,  the  value  of  the  potential  increases  with  the  distance, 
it  follows  that  the  electric  force  is  directed  towards  the  earth ;  its 
intensity  at  each  point  is  inversely  proportional  to  the  distance 
between  two  consecutive  equipotential  surfaces  (§  33). 

464.  Negative  Electrification  of  the  Earth.— The  phenomena 

observed  near  the  ground  are  thus  the  same  as  they  would  be  near 

a  negatively  electrified  conductor  in  equilibrium.     It  follows  from 

Coulomb's  theorem  (§  43),  that  if  F  is  the  value  of  the  force  near  a 

conductor,  the  electric  density  <r  at  the  corresponding  point  of  the 

surface  is  given  by  the  equation 

F 
<r  =  —  • 

47r 

Let  us  assume  that  the  equipotential  surfaces  are  horizontal, 
anid  that  the  potential  increases  by  i  volt  per  centimetre— that  is,  in 

|q8  I 

electrostatic  C.G.S.  units,  by  .^.  =  —  ;    we  deduce  from 

-^  3  X  iqI**      300 

this  for  the  value  of  F  in  dynes,  i^=  — ,  and  for  the  density,  or 

300 

charge  per  square  centimetre,  <r  = .    Expressed  in  practical 

units,  that  is  to  say  in  coulombs,  this  is ^ =5  =   }^  ,. 

-,o-"neariy.  i20O,r  X  3  x  ,o«»     36.r,o«« 
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The  electrostatic  pressure — or,  in  other  words,  the  force  which 
would  tend  to  lift  a  surface  of  i  square  centimetre  placed  on  the 
ground — would  be  4 

27ro-2  = =  4.4  X  io~^, 

727r 

that  is  to  say,  half  a  millionth  of  a  dyne,  a  force  wholly  insufficient 
to  raise  the  lightest  body. 

This  charge,  small  as  it  is,  might  however  be  made  evident  by 
a  method  like  that  of  the  proof  plane :  a  disc  like  that  of  an 
electrophorus  applied  to  the  ground,  and  then  removed  by  an 
insulating  handle,  would  show  a  negative  charge  when  tested  by 
a  delicate  electroscope. 

Let  r  be  the  radius  of  the  disc  ;  it  will  take  a  charge  q  —  Tf^a, 

and  since  the  capacity  of  a  circular  disc  of  radius  r  is  — ,  this 

w 

charge  will  raise  it    to    the    potential    ^^ra.      If   we    assume 

a-  = ,  and  remember  that  an  electrostatic  unit  of  potential  is 

I200ir'  '^ 

equal  to  300  volts,  the  expression  for  the  potential  in  volts  will  be 

Jirr.    If  the  radius  were  25  centimetres,  this  would  give  a  potential 

of  nearly  10  volts. 

The  measurement  of  the  charge  of  the  disc  would  give  the 

value  of  0-,  and  therefore  of  F.    We  deduce  from  it  for  the  value 

of  the  potential  at  a  height  A  from  the  ground  (§  32), 

V=F/i, 

The  potential  of  the  air  is  not,  however,  always  positive,  and 
therefore  that  of  the  ground  is  not  always  negative ;  in  cloudy 
weather,  especially  during  rain,  and  sometimes,  though  very  rarely, 
with  cloudless  sky,  the  potential  of  the  air  is  negative,  and  there- 
fore that  of  the  soil  positive.  This,  however,  must  be  regarded  as 
quite  exceptional,  and  there  is  reason  to  believe  that  if  at  a  given 
moment  the  sky  were  clear  over  the  whole  surface  of  the  globe, 
the  globe  itself  would  be  wholly  negative. 

465.  Position  of  the  Acting  Masses.— The  measurement  of 
the  potential  at  a  point  of  the  air  near  the  ground  teaches  us 
nothing  as  to  the  situation  of  the  acting  electrical  masses.  An 
example  will  make  this  intelligible.  Suppose  that  a  water-dropping 
collector  is  placed  in  a  closed  room,  and  that  a  sphere  charged 
with  positive  electricity  is  then  introduced  ;  the  electrometer  will 
at  once  show  positive  potential.  Again,  instead  of  bringing  in  an 
electrified  body,  let  the  positive  charge  of  a  Leyden  jar,  whose  outer 
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coating  is  connected  with  the  inside  of  the  room,  escape  by  a  point, 
the  air  of  the  room  will  be  positively  charged,  and  the  electrometer 
will  again  indicate  a  positive  electrification,  equal,  it  may  be,  to  that 
in  the  former  case,  although  the  acting  masses  are  distributed  in 
a  totally  different  manner.  As  a  matter  of  fact,  any  observations 
made  near  the  ground  giv^  nothing  more  than  the  electrical  con- 
dition of  the  ground  itself;  they  tell  us,  as  we  have  seen,  the 
density  of  the  surface-layer,  but  furnish  no  information  as  to 
whether  this  layer  is  the  result  of  an  independent  charge,  or  is 
due  to  an  external  influence— that  of  the  air,  for  example,  which  is 
positively  electrified. 

It  may  be  observed,  however,  that  if  the  electrification  belongs 
exclusively  to  the  earth,  the  potential  above  an  extended  plane 
ought  to  vary  strictly  as  the  distance — in  other  words,  the  electric 
force  should  be  constant.  On  the  other  hand,  if  the  mass  of  the  air 
is  itself  electrified,  the  force  must  vary  with  the  height,  and  should 
diminish  if  the  air  is  positive,  and  increase  if  it  is  negative.  We 
have,  however,  no  data  as  to  the  law  of  the  variation  of  the  force. 

Experiment  seems  to  show  that  the  mass  of  air  is  positive  ;  two 
water-dropping  apparatus  set  up,  one  in  the  open  and  the  other 
under  a  wire  cage,  with  large  meshes  completely  closed  and  in 
communication  with  the  ground,  give  in  general  proportional  indi- 
cations. External  charges  have  no  effect  on  the  second  apparatus  ; 
the  potential  is  due  solely  to  the  electricity  of  the  air  within  the 
cage,  and  this  may  be  regarded  as  being  at  each  instant  only  a 
specimen  of  the  outer  air. 

If  the  air  has  really  an  independent  charge,  the  incessant  varia- 
tions of  potential  at  a  given  point  are  explicable  as  due  to  the 
displacement  of  masses  of  air  more  or  less  electrified,  and  we 
might  infer  the  distance  of  those  masses  from  the  extent  of  the 
surface  of  the  ground  over  which  the  variations  of  potential  at  the 
same  moment  are  proportional. 

466.  Origin  of  Atmospheric  Electricity.— The  question 
naturally  suggests  itself:  What  is  the  origin  of  the  electricity 
of  the  air  and  the  ground  ?  A  very  seductive  hypothesis  is  that 
which  ascribes  the  electricity  to  the  evaporation  of  water ;  the 
vapour  being  supposed  to  carry  positive  electricity  with  it,  leaving 
negative  electricity  in  the  water  and  on  the  ground.  Unfortunately 
none  of  the  experiments  made  with  a  view  of  confirming  this  hypo- 
thesis have  given  it  any  conclusive  support  ,*  on  the  contrary,  the 
fact  that  rain  is  usually  negatively  electrified  appears  to  contradict  it* 
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The  origin  of  atmospheric  electricity  has  also  been  sought  for  in 
the  induction  currents  which  the  motion  of  the  earth  might  develop 
in  the  upper  regions  of  the  atmosphere,  supposing  these  to  be  con- 
ductors (§  73).  Let  us  imagine  a  conducting  arc,  ab  (Fig.  375),  of 
any  given  shape,  connecting  the  pole  and  the  equator,  to  be  either 

'fixed,  or  at  any  rate  to  have  a 
smaller  angular  velocity  than  the 
earth.  The  magnetic  flux,  cut  by 
the  arc  as  the  earth  turns  from  west 
to  east,  develops  therein  an  induc- 
tive electromotive  force,  the  direc- 
tion of  which  is  from  the  equator  to 
the  pole.  If  the  arc  were  in  contact 
with  the  globe  by  sliding  contacts  at 
N  and  E,  and  the  circuit  closed,  the 
induction  would  produce  a  continu- 
ous current ;  if  the  supposed  con- 
V^  \y^  ducting  arc  were  insulated,  there 
would  be  an  accumulation  of  posi- 
tive electricity  at  the  pole  and  of 
negative  at  the  equator,  and  to  this 
accumulation  might  be  ascribed  the  polar  auroras  on  the  one  hand, 
and  on  the  other  the  daily  thunderstorms  in  the  equatorial  regions. 
467.  Polar  Aurora.— In  the  polar  regions  the  aurora  borealis 
is  visible,  we  may  say,  every  night  in  winter.  Its  forms  are  ex- 
cessively varied,  and  we  shall  not  attempt  to  describe  them.  It 
is  certain  that  the  aurora  is  an  electrical  phenomenon.  It  is  a 
discharge  in  rarefied  air  quite  analogous  to  that  produced  in 
Geissler's  tubes  (§  72).  The  discharge,  or,  in  other  words,  the  flow 
of  positive  electricity,  appears  to  be  towards  the  surface  from  the 
upper  regions  of-  the  air.  The  phenomenon  is  produced  at  very 
various  distances  ;  some  have  been  observed  at  as  small  a  height 
as  a  mile  and  a  quarter,  and  others  at  more  than  ninety  miles. 
The  upper  summits,  moreover,  are  often  seen  to  be  bounded  by 
a  yellow  glow.  The  light  of  the  aurora  is  due,  like  that  of  the 
tubes,  to  gaseous  substances  made  incandescent  by  the  discharge. 
In  addition  to  the  rays  ordinarily  seen  in  tubes  from  which  the 
air  has  been  exhausted,  spectrum  analysis  shows  a  special  ray 
between  the  yellow  and  the  green  (X  =  5570),  which  has  not  yet 
been  identified  in  laboratory  experiments.  M.  Lemstrom  has  made 
experiments  on  a  large  scale  on  the  production  of  the  aurora  ;  he 
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constructed  a  network  of  copper  wire  in  the  polar  regions  extend- 
ing over  an  elevated  area  of  900  square  metres,  and  having  a 
number  of  points  directed  towards  the  sky  ;  he  thus  succeeded  in 
producing  the  characteristic  luminous  phenomena,  including  the 
peculiar  ray  of  the  aurora. 

468.  Earth  Onrrents. — All  electnc  potentials  are  in  practice 
referred  to  that  of  the  earth  taken  as  zero  ;  if  there  were  electric 
equilibrium,  the  potential  of  the  earth  would  be  the  same  at  all 
points  of  the  surface  ;  but  experiment  shows  that  this  is  rarely  the 
case.  Telegraph  lines,  the  two  ends  of  which  are  connected  to 
earth,  are  generally  traversed  by  currents  of  very  irregular  strength 
and  direction,  which  are  sometimes  so  powerful  as  to  stop  the 
working  of  the  lines.  Such  interruptions  are  remedied  in  certain 
cases  by  using  condensers  (§  446).  Experiments  show  further  that 
the  currents  are  the  same  whether  the  wire  is  in  the  air  or  in  the 
ground ;  that  they  have  the  same  phases  on  two  lines  which  are 
in  the  same  direction  but  of  different  lengths,  and  that  the  electro- 
motive force  is  proportional  to  the  distance  of  the  extreme  points. 
The  simultaneous  investigation  of  the  currents  on  two  lines  in 
different  directions,  one  parallel  and  the  other  perpendicular  to 
the  meridian,  show  that  the  maximum  is  more  or  less  north  and 
south. 

A  comparison  of  the  earth-current  curves  with  the  simultaneous 
curves  of  rhagnetic  variations  reveals  an  intimate  relation  between 
the  two  orders  of  phenomena.  There  is  an  obvious  correspon- 
dence between  the  variations  of  current-strength  parallel  to  the 
meridian  and  those  of  magnetic  declination  on  the  one  hand,  and 
on  the  other  between  the  variations  of  the  earth-currents  perpen- 
dicular to  the  meridian  and  those  of  the  horizontal  component. 
There  is,  however,  this  remarkable  circumstance,  that  the  phases 
do  not  coincide,  but  that  the  maxima  of  the  one  correspond  to 
the  minima  of  the  other.  This  can  only  be  explained  by  assuming 
that  the  same  current  which  exerts  an  electromagnetic  action  on 
magnetic  needles  acts  by  induction  on  the  lines.  According  to 
this,  earth -currents  must  be  looked  upon  as  only  secondary  cur- 
rents, and  a  comparison  of  the  directions  of  these  currents  with  the 
deflections  of  the  needle  shows  that  the  primary  currents,  the 
direct  cause  of  both  sets  of  phenomena,  have  their  jeat  in  the  upper 
regions  of  the  atmosphere. 

469.  ThunderBtorms.— To  Franklin  the  credit  is  due  of  having 
demonstrated  by  the  use  of  insulated  pointed  conductors  that 
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thunderstorms  are  purely  electrical  phenomena.  Thunderclouds 
are  electrified  conductors,  some  of  then>  charged  positively  and 
others  negatively  ;  lightning  is  a  spark  passing  between  two  clouds, 
or  between  a  cloud  and  the  earth. 

Passing  from  these  general  statements  to  details  there  is  great 
uncertainty.  Conjectures  only  can  be  made  as  to  the  constitution 
of  thunderclouds  and  their  origin,  or  as  to  the  conditions  and 
character  of  their  discharge. 

It  is  easy  to  understand  that  a  cloud  which  is  formed  in  contact 
with  the  earth  may  take  with  it  negative  electricity  ;  also  that  the 
condensation  of  a  mass  of  vapour  in  the  midst  of  a  mass  of 
positively  electrified  air  may  produce  a  positive  cloud  ;  and  lastly, 
that  a  cloud  already  charged  may  produce  an  inductive  charge  of 
the  opposite  kind  upon  another  cloud  that  is  for  the  moment  in 
connection  with  the  earth.  We  may  even  imagine  actions  like 
those  of  Holtz's  machine,  and  conceive  of  electrification  being  pro- 
duced by  the  relative  displacement  of  two  layers  of  clouds,  one  of 
which  acts  like  the  armature  of  such  a  machine.  But  can  these 
causes  account  for  the  duration  of  some  storms,  the  multitude  of 
lightning  discharges  by  which  they  are  accompanied,  and  for  the 
enormous  quantity  of  electricity  they  put  in  play  ? 

Are  thunderclouds  themselves  to  be  regarded  as  conductors 
charged  with  electricity  only  on  the  surface,  or  as  agglomerations 
of  isolated  masses,  each  having  its  own  charge  ?  'The  latter 
opinion  appears  the  more  probable. 

Up  to  a  certain  point  we  can  form  some  idea  of  the  charge. 
Let  us  assume  that  the  surface  of  the  cloud  is  parallel  to  the 
earth  ;  the  density  is  the  same  on  the  two  faces  opposite  each  other 
(§  42).  This  density  is  lo"^^  coulombs  if  the  potential  increases 
one  volt  per  centimetre  (§  464) ;  if  we  assume  that  in  a  violent 
storm  it  increases  1000  volts  per  centimetre,  which  is  certainly 
exaggerated,  the  charge  will  be  io~^**  per  square  centimetre,  and 
therefore  one  coulomb  per  square  kilometre.  This  is  certainly  an 
outside  estimate. 

470.  Various  Kinds  of  Lightning.—In  his  celebrated  ^^  Notice 
sur  le  Tonnerre^^  Arago  discriminates  between  three  classes  of 
lightning,  zigzag  or  forked^  sheets  and  globe  lightning.  The  dis- 
charges of  the  first  class  consist  of  well-defined  lines  of  fire,  which, 
excepting  as  to  dimensions,  are  perfectly  similar  to  artificial  electric 
sparks  ;  they  are  accompanied  by  a  more  or  less  prolonged  noise 
which  is  called  thunder.     Those  of  the  second  class  are  the  flashes 
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of  light  which  suddenly  illuminate  clouds  without  being  accom- 
panied by  any  noise  ;  they  seem  due  to  ordinary  discharges  con- 
cealed from  the  observer,  or  rather  to  partial  discharges  between 
the  clouds.  Globe  lightning  consists  of  balls  of  fire  moving  slowly 
through  the  air,  and  then  exploding  suddenly  ;  if  globe  lightning 
is  not  a  mere  optical  delusion,  it  is  a  phenomenon  which  in  the 
present  state  of  our  knowledge  is  wholly  inexplicable.  The  only 
known  phenomena  which  at  all  resemble  it  are  the  luminous 
globules  obtained  by  Plante  by  putting  the  poles  of  a  battery  of 
3000  to  4000  volts  in  contact  with  the  surface  of  a  liquid. 

Photographs  of  lightning  flashes  taken  in  recent  years  show  that 
discharges  of  the  first  class  have  a  much  more  complicated  struc- 
ture than  appears  at  first  sight.  The  principal  line  of  light  is 
always  accompanied  by  numerous  ramifications,  which  seems  to 
prove  that,  from  the  electrical  poiAt  of  view,  the  cloud  does  not 
act  as  a  continuous  conductor. 

471.  Effects  of  the  Discharge.— The  effects  are  those  of  an 
electrical  discharge,  but  on  a  larger  scale.  The  lightning  discharge 
heats  conductors,  sometimes  to  the  melting,  or  even  the  volatilising 
point.  It  smashes  and  scatters  badly  conducting  substances,  kills 
or  paralyses  living  beings.  Trees  struck  by  lightning  are  generally 
torn  to  pieces  as  though  by  a  sudden  explosion  of  steam.  In  its 
path  it  frequently  presents  the  most  inexplicable  appearances. 

In  order  to  get  some  idea  of  the  energy  at  work,  let  us  take  the 
case  of  a  cloud,  such  as  that  considered  in  §  464,  at  a  height  of 
1000  metres  ;  its  potential  will  exceed  that  of  the  earth  by  lo^ 
volts.  As  the  charge  is  one  coulomb  per  square  kilometre,  the 
complete  discharge  will  represent  an  amount  of  work  equal  to 
^.  10^  joules,  or  very  nearly  5  x  10^  kilogramme -metres  (§  39); 
this  represents  the  work  done  by  a  mass  of  5000  kilogrammes 
falling  from  the  height  of  the  cloud. 

472.  Duration  of  the  Lightning  Discharge.— An  interesting 
point  to  consider  is  the  duration  of  the  lightning  discharge.  Arago 
indicated  the  principle  on  which  the  observations  may  be  made. 
Let  the  light  from  a  discharge  illuminate  a  wheel  formed  of  a 
number  of  white  radial  lines  on  a  black  ground  rotating  with 
uniform  velocity.  Let  the  number  of  lines  be  100,  and  the  velocity 
100  turns  per  second.  The  time  required  for  one  line  to  take  the 
place  of  its  neighbour  will  be  the  ten-thousandth  part  of  a  second. 
If  the  duration  of  the  flash  is  equal  or  superior  to  the  ten- 
thousandth  of  a  second,  the  wheel,  owing  to  the  persistence  of 
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luminous  impressions,  will  appear  as  a  uniformly  illuminated  disc  ; 
but  if  the  duration  is  one-half,  one-third,  or  one-quarter  of  a  ten- 
thousandth  of  a  second,  the  wheei  will  appear  formed  of  alternately 
bright  and  dark  sections,  the  bright  sections  being  equal  to  one- 
half,  one-third,  or  one  quarter  of  the  dark  sections,  If,  as  stated 
by  Arago,  the  lines  appear  as  sharp  as 
if  the  wheel  were  stationary,  the  dura- 
tion of  the  lightning  is  not  an  appreci- 
able fraction  of  a  ten-thousandth  of 
a  second.  Everything  seems  to  show 
that  it  is  less  than  the  hundred-thou- 
sandth of  a  second. 

By  photographing  a  lightning  dis- 
charge upon  a  rapidly  revolving  plate, 
more  definite  results  might  be  obtained 
than  by  means  of  Arago's  wheel.  Pro- 
bably this  process  would  show  whether 
the  discharge  is  continuous  or  oscil- 
latory. 

473.  Two  Kinds  of  Discharge.— 
We  have  already  seen  that  discharges 
may  be  produced  under  two  very  dif- 
ferent conditions.  Let  us  return  to  the  experiment  of  §  331.  At  A 
(Fig.  376),  the  difference  of  potential  increases  gradually,  and  when 
it  has  reached  the  value  corresponding  to  the  sparking  distance, 
the  discharge  takes  place  ;  at  B  the  difference  of  potentials  is 
produced  suddenly,  and  the  spark  passes  at  once  without  previous 

preparation.  The  effects  of  self- 
induction  are  more  intense,  the 
spark  is  longer  and  the  lateral  dis- 
charges more  violent.  We  shall 
distinguish  the  two  cases  by  the 
letters  rt  and  ^.  In  order  to  show  the 
application  to  the  case  of  thunder- 
clouds, Professor  Lodge  arranged 
experiments  in  the  following  manner:— A  and  B  (Figs.  377-379) 
are  two  insulated  conducting  plates,  between  which  the  discharge 
of  a  Leyden  jar  passes.  The  wires  marked  -I-  and  -  connect  the 
jar  to  the  machine,  and  enable  it  to  be  charged.  Fig.  377  corre- 
sponds to  the  case  aj  Figs.  378  and  379  to  case  b.  Bodies  of  very 
various  shapes  are  placed  at  varying  heights  between  the  two  plates, 


Fig.  377. 
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a  dome,  a  knob,  a  point,  or  a  flame.  In  case  a^  the  point  and  the 
flame  produce  a  silent  discharge,  and  protect  the  other  bodies  ;  in 
case  ^,  they  are  all  struck  indiscriminately,  and  by  sparks  of  the 


Fig.  378. 


Fig.  379. 


same  kind  ;  it  seems  immaterial  also  whether  the  object  is  placed 
directly  on  the  lower  plate  or  is  insulated. 

Do  these  two  cases  occur  in  nature  ?    There  seems  little  doubt 
that  they  do,  especially  if  we  consider  the 
clouds  as  made  up  of  isolated  masses. 

In  the  experiments  described,  the  discharge 
is  oscillatory.  Are  the  conditions  which  per- 
mit oscillation  (§  329)  realised  in  the  case  of 
a  thunder  -  cloud  ?  This  is  more  doubtful ; 
but  it  may  be  observed  that  the  effects  which 
we  have  in  view  are  not  so  much  connected 
with  the  oscillatory  character  of  the  discharge 
as  with  the  extreme  rapidity  of  the  variations 
of  potential. 

474.  Lightning  Conductors.— Shortly  after 
the  discovery  of  the  properties  of  points, 
Franklin  conceived  the  idea  of  utilising  them 
for  protecting  buildings  against  the  effects  of 
lightning  discharges.  Franklin's  lightning 
conductor  consists  of  a  long  metal  rod  pointed 
at  the  top,  placed  at  the  highest  part  of  the 
building  to  be  protected,  and  connected  with 
the  earth  by  continuous  good  conductors.  As 
now  made,  lightning  conductors  have  a  fine 
point  of  platinum  or  a  stouter  one  of  copper 
(Figs.  380  and  381).  Franklin  ascribes  to  the 
lightning  conductor  a  twofold  effect.  Under 
the  influence  of  the  cloud  the  point  allows  the  electricity  of  the 
opposite  kind  to  escape,  and  this,  carried  by  the  particles  of  air, 
silently  neutralises  the  electricity  of  the  clouds.    This  is  the  pre- 
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ventive  effect.  But  instead  of  supposing  that  the  electricity  which 
issues  by  the  point  neutralises  that  of  the  cloud,  we  may  also  attri- 
bute the  preventive  action  to  the  electrification  of  the  air  by  the 
point ;  in  this  way  there  may  be  formed  an  electrified  cloud,  which 
tends  to  produce  at  all  points  below  it  a  potential  of  opposite  sign 
to  that  of  the  thundercloud,  and  therefore  neutralises  the  influence 
of  the  latter.  If  such  a  cloud  of  electrified  air  remained  floating 
above  the  conductor,  equilibrium  would  be  rapidly  attained,  and 
the  point  itself  would  cease  to  act. 

If,  notwithstanding  the  point,  a  discharge  takes  place,  it  strikes 
the  rod  in  preference  to  the  other  parts  of  the  building  which  are 
within  the  radius  of  its  protection,  and  the  conductor  leads  the 
electricity  to  earth  without  any  damage.  This  is  the  preservative 
effect. 

The  conductor  is  usually  an  iron  rod,  1.5  centimetres  in  diameter, 
experience  having  shown  that  lightning  has  never  damaged  a  rod 
having  this  section  ;  its  lower  end  is  connected  with  water  or  earth 
that  is  always  damp.  All  large  pieces  of  metal  belonging  to 
the  building,  whether  inside  or  outside,  should  be  connected  with 
it.  It  is  sometimes  assumed,  but  quite  arbitrarily,  that  a  con- 
ductor protects  a  circular  area,  the  radius  of  which  is  equal  to 
twice  the  height  of  the  conductor. 

In  the  erection  of  lightning  conductors,  and  in  instructions  drawn 
up  for  this  purpose,  the  case  a  has  alone  been  taken  into  con- 
sideration, and  even  within  these  restricted  conditions  it  does  not 
appear  that  sufficient  allowance  has  ever  been  made  for  the  effects 
of  self-induction.  The  duration  of  the  discharge  is  so  short  that 
the  effects  of  self-induction  greatly  preponderate  over  those  of 
resistance.  A  flat  band  of  metal  is  better  than  a  solid  circular 
rod.  The  relative  advantages  of  copper  and  iron  have  frequently 
been  discussed.  Iron  appears  preferable  if  magnetic  permeability 
does  not  come  into  play.  The  experience  of  more  than  a  century 
shows  that  Franklin's  lightning  conductor  is  an  efficient  protection 
in  the  great  majority  of  cases,  but  it  would  be  an  exaggeration 
to  say  that  it  has  never  failed  except  by  some  defect  in  the  con- 
struction. 

475.  Theoretical  Oonditions. — If  we  inquire  what  conditions 
theory  prescribes  for  the  protection  of  a  structure  and  all  that  it 
contains  against  damage  by  lightning  discharge,  we  arrive  at  the 
conclusion  that  the  structure  should  be  a  closed  conductor,  such 
as  a  room,  the  walls,  flooring,  and  ceiling  of  which  are  of  iron. 
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Whatever  forces  may  be  exerted  from  outside,  the  potential  in  the 
state  of  equilibrium  will  be  constant  for  all  points  of  the  surface 
and  the  bodies  which  it  encloses ;  there  would  be  no  trace  of 
electricity  on  any  of  them.  When  equilibrium  is  disturbed,  as  by 
a  lightning  discharge,  it  is  to  be  supposed  that  the  sides  would 
form  a  protecting  screen  for  all  bodies  in  the  interior,  and  that 
sparks  like  those  of  Hertz  would  not  be  obtained.  In  any  case, 
these  sparks  would  not  be  dangerous,  and,  except  perhaps  in  the 
case  of  a  gunpowder  magazine,  there  would  be  no  need  to  con- 
sider them. 

For  an  external  body  connected  with  the  ground  no  sparks  are 
possible  in  the  case  of  equilibrium,  but  in  the  case  of  a  sudden 
discharge,  there  might  be  dangerous  sparks. 

We  have  already  seen  that,  in  order  to  produce  a  conducting 
surface  at  constant  potential,  it  is  not  necessary  that  the  metal 
should  be  continuous  ;  the  conditions  are  realised  by  a  network  of 
even  larger  meshes.  The  experiment  in  §  335  shows  that  even 
when  equilibrium  is  disturbed  a  network  has  the  same  effect  as  a 
continuous  surface.  The  essential  condition  is  that  no  conductor 
shall  project  intg  the  interior,  which  might  have  a  potential 
different  from  that  of  the  envelope,  and  might  therefore  form  a 
kind  of  electrode  capable  of  giving  sparks.  Such,  for  instance, 
would  be  gas  or  water  pipes ;  conductors  of  this  kind  should  be 
connected  with  the  conducting  enclosure  at  the  point  where  they 
enter. 

476.  Practical  Oonclnsion. — The  general  result  at  which  we  ulti- 
mately arrive  is  that  the  most  certain  way  to  protect  a  building  from 
the  effects  of  lightning  is  to  encase  it  in  a  metal  network  in  perfect 
conducting  communication  with  the  earth.  The  network  may  be 
made  of  galvanised  telegraph  wire.  The  conductors  should  follow 
the  ridge,  the  corners,  the  angles,  the  chimneys,  &c.,  and  loops 
or  sharp  angles  should  be  avoided.  Gas  and  water-pipes  should 
be  connected  with  the  network  on  their  entrance,  and  inside  the 
building  the  pipes  should  be  in  metallic  connection  wherever  they 
are  near  each  other.  The  external  network  should  be  connected 
with  the  ground  by  the  greatest  possible  number  of  points.  All 
masses  of  metal  on  the  outside — roofing,  eaves,  rain-troughs,  &c. 
— should  form  part  of  the  network.  Connection  should  be  made 
with  the  undergrotmd  water-bearing  stratum  by  means  of  large 
plates  dipping  in  a  pit  dug  in  this  stratum,  and  so  deep  that  even 
when  the  water  is  at  its  lowest  the  plate  is  partially  immersed. 
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Large  masses  of  metal  inside  the  building  should  be  connected 
with  each  other,  but  instead  of  joining  them  to  the  outer  network, 
it  is  better  that  they  should  have  an  independent  connection  with 
the  earth.  The  building  thus  protected  might  be  struck  by  light- 
ning, but  there  would  be  nothing  to  fear  from  the  effects. 

A  few  strokes  of  lightning,  probably  harmless  in  any  case,  might 
perhaps  be  avoided  by  providing  the  conductors  with  points. 
From  this  point  of  view,  it  should  be  attempted  to  surround  the 
building  with  an  electrified  atmosphere,  and  this  would  be  attained 
more  easily  the  more  numerous  are  the  points  and  the  more 
widely  they  are  distributed.  We  are  thus  led  to  the  plan  of 
lightning  conductors  devised  by  Melsens. 

The  most  important  point,  and  that  most  frequentiy  neglected, 
especially  in  the  older  installations,  is  that  of  connection  with  the 
earth.  A  system  of  lightning  conductors  badly  connected  with 
the  earth  is  not  only  useless  but  dangerous. 
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RESISTANCE  OF   METALS  AND  ALLOYS. 


Silver,  annealed . 

Resistance  in  ohms  of  a 
length  of  lo  metres. 

Coefficient  of 
variation  for  1°. 

0.2 

I  sq.  mm. 
section.  1 

I  mm. 
diameter. 

0.1492 

0.1900 

0.00380 

„     hard-drawn 

0.1620 

0.2062 

... 

Copper,  annealed 

0.1584 

0.2017 

0.00388 

„       hard-drawn  . 

0.1620 

a2063 

... 

1  Gold,  annealed  . 

0.2041 

0.2599 

0.00365 

„    hard-drawn 

0.2077 

0.2645 

... 

Aluminium. 

0.2889 

0.3679 

0.00390 

Platinum    . 

0.8982 

1.1435 

0.00247 

Iron    .... 

0.9638 

1.227 

0.00463 

Nickel 

1.236 

1.573 

Mercury     . 

9.4073 

11.978 

0.000887 

2  gold  +  I  silver 

1.078 

1.372 

0.00065 

9  platinum  +  i  iridium 

2.163 

2.754 

0.000133 

2  platinum  +  i  silver  . 

2.419 

3.080 

0.00025 

German  silver     . 

2.076 

2.643 

0.00040 

1  By  shifting  the  decimal  point  in  this  colimin  four  places  to  the  right,  the 
values  of  the  specific  resistances  in  C.G.S.  units  are  obtained. 

2  Rt  —  Ro^T^-\-  «/).  5  Length  of  i  ohm  =  106.3  cm. 
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RESISTANCE   OF  AQUEOUS   SOLUTIONS. 


1 

Specific  Resistance  in  C.G.S.  Units. 

I  part  Crystalised 

1    Salt  dissolved  in 

1 

At  10''  C. 

Sulphuric  Acid  at  16". 

Copper 
Sulphate. 

Suf;Sate.        Density. 

Resistance. 

40    parts  water 
20        „      „ 
10        „      „ 

5        >»      »> 

;  2.6  „   „  \ 
0.752  „   „  i 

16.44XI0IO 
9-87     „ 
590     „ 
3.81     „ 

2.93     » 
(saturated) 

18.29X10^0 

II. II          „ 

6.38         „ 

4.21          „ 
1 

3.37         „ 

(saturated) 

I.IO 
1.20 
1.25 
1.30 
1.50 

1    1.70 

0.845  Xioi" 
0.666     „ 
0.624     „ 
0.662     „ 

1.72        „ 
4.23        » 

ELECTROMOTIVE  FORCES  OF  GALVANIC  CELLS. 


Volta 


PoggendorfF 


Daniell  . 


Grove    .     . 


Latimer  Clark 
(standard) 


{Zinc 
Water 
Copper 

(Amalgamated  zinc 
Solution  of  sal-ammoniac 
Binoxide  of  manganese  and  carbon 

Amalgamated  zinc 

12    potassium    bichromate,    25    sul- 
phuric acid,  100  water 
^  Carbon 

^  Amalgamated  zinc 

I  part  sulphuric  acid,  10  parts  water 

Saturated  solution  of  copper  sulphate 
^  Copper 

Amalgamated  zinc 

I  sulphuric  acid,  12  water 

Nitric  acid 

Platinum 

{Amalgamated  zinc 
Saturated  solution  of  zinc  sulphate 
Paste  of  mercurous  sulphate 
Mercury 


■about  I 


1.46 


2.01 


1.88 


1.435 
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Abreast,  connection  of  voTtarc  ele- 
ments, XII,  of  dynamo  machines, 
411 

Absorption,  electric,  in  condensers,  78 

Acceleration,  unit  of,  371 

Accumulators,  160 

Actions,  secondary,  in  voltaic  circuits, 

v£pinus's  condenser,  58 

Air  lines,  in  telegraphy,  448 

Alarum,  electrical,  449 

Alternate  currents,  320-328,  machines, 

410;   use  of,  in  electric  lighting, 

439 ;  motors,  416 
Aluminium,  prepared  by  electrolysis, 

443 

Amalgamated  zinc,  106 

Ampere,  defined,  377 ;  chpmical  work 
of  an,  153,  437 ;  hours,  160 

Ampere's,  law,  242 ;  movable  cur- 
rents, 240;  rule,  237;  theorem, 
254 ;  theory  of  magnetism,  257 

Anchor-ring,  magnetised,  273 

Annealing  of  steel,  219 

Anode,  150 

Aperiodic  motion  of  a  needle,  344 

Arago's  experiment,  269;  on  light- 
ning, 470,  47a 

Arc,  connection  of  elements  in  mul- 
tiple, III,  117 ;  lights,  425 ;  voltaic, 
426,  work  required  to  produce,  428 

Armature,  reaction  of,  405 

Astatic  needles,  343 ;  Ampere's,  238 

Atmospheric  electricity,  81,  461,  465 

Aurora,  polar,  466 

Aurum  musivum,  88 

Axis,  magnetic,  of  a  magnet,  164 


Balance,  Coulomb's,  7*6 

Barlow's  wheel,  267 

Battery,  bichromate,  Bunsen's,  107; 
chemical  work  in,  158 ;  constant, 
107 ;  Cruickshank's,  105 ;  Daniell's, 
107 ;  galvanic,  compared  with  an 
electrical  machine,  103;  Grove's, 
107;  gas,  160;  Leclanch6*s,  107; 
secondary,  160  5  thermoelectric, 
140 

Bell's  telephone,  459 

Bifilar  suspension,  79,  216 

Kot  and  Savart's  experiments,  246 

Bridge,  Wheatstone's,  358 ;  wire,  358 

Broken  magnets,  experiment  of,  178 

Brush  discharge,  72 

Brushes,  collecting,  in  a  dynamo,  401 ; 
displacement  of,  404 

Capacity,  of  an  electric  field,  49 ;  of 
a  tube  of  force,  50  ;  calculation  of, 
in  special  cases,  51 ;  specific  induc- 
tive, 10,  64;  of  polarisation,  156; 
influence  of,  on  electrical  oscilla- 
tions, 328;   measurement  of,  364, 
389 
Capillary  electrometer,  161 
Carbons,  430 
Cascade,  charging  by,  59 
Cast-iron,  magnetisation  of,  203 
Cavendish's  experiment,  14,  74 
Cell,  galvanic,  96;  E.M.F.  of  a,  102 
Cells,  best  arrangement  of,  119 
Centimetre,  376 
C.G.S.  system  of  units,  10,  376 
Characteristic  curve  of  dynamo,  394, 
409 

2M 


Digitized  by 


Google 


546 


Index. 


Charge,  residual,  of  a  condenser.  65 

Charts,  magnetic,  232 

Chemical  action  of  the  current,  150, 
&c. 

Chemical  theory  of  voltaic  electricity, 
100 

Choking  coil,  325 

Circuit,  energy  of  the  voltaic,  124  ; 
magnetic,  276,  277 ;  thermoelectric, 
136,  &c. 

Clamond's  thermo-electric  battery, 
140 

Cliches,  steeling  of,  441 

Cobalt,  magnetisation  of,  204 

Coefficient,  Peltier,  134,  143 ;  Thom- 
son, i43> 

Coercive  force,  190 

Coil,  choking,  325 ;  Ruhmkorffs,  420, 
yield  of  the,  424 

Ccilector  of  electricity,  water  drop- 
ping, 81,  462,  465 

Combs*  of  an  electrical  machine,  88 

Compass,  declination,  228 

Compound  wound  dynamo,  392 

Condenser,  57;  charging  and  dis- 
charging a,  60;  with  movable 
coatings,  66 ;  energy  of  a,  62 ;  Fi- 
zeau's,  422 ;  used  in  telegraphic 
lines,  447 ;  Volta's,  98 

Conduction,  electrical,  in  two  dimen- 
sions, 120 

Conductors,  and  non-conductors,  3; 
inductive  action  on  bad,  25  ;  light- 
ning, 474-476 ;  resistance  of,  68 

Consequent  poles,  269 

Constant,  batteries,  107 ;  current  ma- 
chines, 391 

Contact,  Volta's  theory  of  electrifica- 
tion by,  98 

Copper,  electrical  deposition  of,  441 ; 
refining  of,  442 

Coulomb,  10,  160,  376 

Coulomb's,  balance,  76 ;  experiments 
on  magnetisation,  214 ;  law,  9, 166 ; 
theorem,  43 

Couples,  thermoelectric,  measurement 
of  temperature  by,  149 

Crookes'  experiment,  72 

Cruickshank's  trough  battery,  105 


Current,  earth,    467;   eleeuic,   103, 
108,  strength  of  the,  131 ;  polarisa- 
tion, 157 ;  movable,  action  of,  242  ; 
measurement  of,  353 ;  unit  of,  373 
Curve,  characteristic  of  dynamo*  409 
Cycles,  of  magnetisation,  198 
Cylinder,  Faraday's,  24;  electromag- 
netic, 256 

Damping  the  vibrations  of  a  magnet, 

317.344 

Daniell's  battery,  107 

D'Arsonval's  galvanometer,  349 

Davy's  experiment,  152,  266 

Deadbeat  motion,  344 

Declination,  magnetic,  027 ;  compass, 
228,  229 

Decomposition  of  water,  152 

De  la  Rive's  experiment,  b65 

Density,  electric,  12,  determination 
of,  at  different  parts,  17 ;  surface, 
18 

Derived  units,  367 

Desprez  and  D'Arsonval's  galvano- 
meter, 349 

Diagram,  thermoelectric,  147 

Diaroagnetic  bodies,  191 

Diametral  conductor  of  an  induction 
machine,  92 

Dielectric  coefficient,  10,  64;  and 
index  of  refraction,  337 

Differential  galvanometer,  346 

Dimensions  of  units,  370 

Dip,  magnetic,  227 

Direct  and  inverse  current,  288 

Direction  of  a  current,  108 

Discharge,  disruptive,  20,  72,  and 
conductive,  67  ;  through  bad  con- 
ductors, .70;  over  the  surface  of  bad 
conductors,  71 ;  physiological  effects 
of  the,  75 

Discharger,  60  ;  universal,  69 

Displacement,  electric,  373 ;  layers  of, 
26 

Disruptive  discharge,  20,  72 

Distance,  striking,  of  the  discharge,  72 

Distribution  of  magnetism  in  a  mag- 
net, 214;  of  alternating  currents, 
327 
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Duplex  method  of  telegraphy,  446 
Dynamo,  393;  armature  of  a,  409 
Dynamoelectric  machine,  392 
Dynamometer,  Pellat's,  351 
Dyne,  10,  376 

Earth  :  connection  with,  of  lightning- 
conductors,  476;  effects  of  earth- 
currents,  467 ;  magnetisation  by 
the,  225  ;  electrification  of  the,  464 

Edison's  lamp,  424 ;  machine,  407 

Efficiency,  of  a  battery,  132;  of  a 
dynamo,  398 ;  of  a  transformer, 
419 

Effluvium,  electric,  74 

Electrification,  by  friction,  i ;  by  con- 
tact, 2 ;  of  the  earth,  464 ;  by  in- 
duction, 22  ;  on  the  surface  only, 
14;  of  various  substances,  6;  by 
contact,  Volta's  theory  of,  98 

Electric,  density,  12 ;  field,  7,  capa- 
city, 49,  energy,  55,  56  ;  absorp- 
tion, 65,  78 ;  current,  103,  108 ; 
charge,  373 ;  effluviiun,  74 ;  tgg,  72; 
energy,  7 ;  force,  8,  18,  373,  due  to 
a  sphere,  19  ;-  machines,  85 ;  light, 
424 ;  oscillations,  328 ;  potential, 
31 ;  strength,  59 ;  telegraph,  444 ; 
wind,  20 ;  work,  125 

Electricity,  atmospheric,  81, 461 ;  ori- 
gin of,  466  ;  measurement  of  quan- 
tity of,  354,  387  ;  and  optics,  337 

Electrocapillary  phenomena,  161 

Electrochemical  equivalents,  153 

Electrodes,  150,  435  ;  polarisation  of, 
156 ;  two  equal  and  opposite,  in  a 
conducting  sheet,  121 

Electrodynamometer,  350,  351 

Electrogilding,  440 

Electrolysis,  150,  153 ;  applications 
of,  434 ;  work  of,  155 

Electrolyte,  150 

Electromagnetic,  cylinder,  256 ;  energy, 
297 ;  field,  336 ;  rotations,  262- 
264  ;  screens,  319 ;  solenoid,  255  ; 
unit,  246,  374 

Electromagnetism,  236 

Electromagnets,  270,  271,  278-280 

Electrometallurgy,  443 


Electrometer,  absolute,  82 ;  Henley's, 
84 ;  quadrant,  79 ;  Lippmann's  ca- 
pillary, 161 

Electromotive  force,  effective,  of  a  cell, 
102,  of  combinations  of  cells,  119 ; 
of  a  dynamo,  409 ;  inverse,.  130  ; 
measurement  of,  360,  362,  388 ; 
standard  of,  363;    thermoelectric, 

'  141 

Electrophorus,  29 

Electroscope,  condensing,  77 ;  gold 
leaf,  13,  77;  inductive  action  on 
the,  28  ;  Saussure's,  462 

Electrosilvering,  439 

j-Electrostatic,  energy,  55,  297,  337  ; 
pressure,  44 ;  units,  39 

Electrotyping,  441 

Element,  galvanic,  96 

Energy,  unit  of,  371 ;  available,  126 ; 
intrinsic,    of    a    circuit,    296;    of 

•  batteries,  159 ;  of  a  cell,  133  ;  of 
the  circuit,  124 ;  of  two  circuits,  299 ; 
of  a  condenser,  62 ;  seat  of  electric, 
II,  297,  337 ;  of  an  electric  ma- 
chine, 95  ;  electromagnetic,  294  ; 
of  the  extra  current,  314  ;  trans- 
mission of  electric,  399 ;  transfer  of 
electric,  298 ;  losses  of,  406 

Equilibrium  in  a  magnetic  field,  207- 
209 

Equipotential,  lines,  122 ;  surfaces,  33 

Equivalents,  electrochemical,  153 

Erg.  39 

Ewing's  experiments  on  magnetism, 

326 
Extra  current,  291,  quantity  of,  313, 

energy  of,  314 

Farad,  377 

Faraday's,  cylinder,  77 ;  disc,  309 ; 
heavy  glass,  283  v  law  of  electro- 
lysis, 153 ;  ice-pail  experiment,  15  ; 
butterfiy-net  experiment,  14 

Favre  and  Silbermann's  experiments, 

159 
Field,  electrical,   7,  represented   by 
lines  of  force,  46  ;  electromagnetic, 
336 ;  magnetic,  168 ;   of  a  magnet, 
174  ;  due  to  a  current,  244,  245,  250, 
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due  10  two  circular  curreolft,  051 ; 
terrestrial  magmetic,  169,  027 

Filament,  solenoidal,  x8o,  deetro- 
magnetie,  955 

Fixeau's  condenser,  4sa 

Flow,  lines  of,  lax 

FHiz  of  force,  40 

Force,  coerctve,  190;  electrical,  9, 
and  potential,  32  ;  electro-motive 
of  a  cell,  102 ;  field  of,  i^ ;  mag- 
netic, 168  ;  terrestrial,  169 ;  raagni- 
mde  and  direction  of  the  magnetic, 
176 ;  tubes  and  flux  of,  40 ;  work 
done  by  electric,  34 ;  rays  of  elec- 
trical,   334 ;    unit    of   electrical, 

371 
Formation  of  an  accumulator,  160 
Foucault  currents,  318 
Franklin's  experiment,  69 ;  pane,  58  ; 

lightning-conductor,  469,  474 
Friction,   dectrification  by,   i ;    ma- 

chines.  85-88 
Fundamental  units,  367,  368 
Furnace,  electrical,  433 
Fusion  of  metals  by  the  discharge  of 

a  Leyden  jar,  69 

Galvanic,  element,  96  ;  battery,  97 
Galvanometer,    239,    338  ;    ballistic, 
354 ;  constant  of  a,  338  ;  Desprez 
and  D'Arsonval's,  349 ;  dififerential, 
345 ;  Helmholtz's,  339;  optical.  285 ; 
sine,  340;   tangent,   339;    Thom- 
son's, 347 ;  Wiedemann's,  348 
Gas  battery.  Grove's,  160 
Gases,  magnetic  rotation  of,  a66 
Gauge  of  an  electrometer,  79,  83 
Gauss's,  method  of  deflection,  231 ; 
theorem,  41 ;  theory  of  terrestrial 
magnetism,  234 
Geissler*^  tubes,  72 
Generator,  dynan^o  as  a,  391,  396 
Globe  lightning,  470 
Glow  discharge.  72 
Gold-leaf  electroscope,  13,  77 
Gramme,  376 ;  gramme  degr^>  69 
Gramme- machine,   401,   408;   alter- 
nator, 415 
Grotthtts's  hjrpothesis,  154 


Grove's  bcatery,  107,  158;  £.Nf.F.  of. 

p.  544 ;  gas  battery,  160 
Guard-ring,  82 

Hall's  phenomenon,  286 

Hardening  of  steel,  219 

Heat,  electric  evohition  of,   by  the 

current,  128 
Height,  th«-modectric,  146 
Helmholtz's  galvanometer,  339 
Henley's  electrometer,  88 
Henry,  376 

Hertz's  experiments,  332 
Holtz's  machine,  91 
Hughes's,  printing  telegraph,    452 ; 

microphone,  460 
Hysteresis,  199 

Impedance,  321 
Incandescent  lamps,  425 
Inclination,  magnetic,  227 
Inclinometer.  Weber's,  302 
Induction,  currents,  287,   290,  292  ; 

electrification  by,  22;  general  law 

of,  293 ;  laws  of  electrostatic,  23  ; 

machines,  85,  90 ;  magnetic,  187 ; 

coefficient  of  mutual,  306 ;  of  self-, 

294;  in  non-linear  condiictors,  315; 

special  cases  of,  301 
Inductive  capacity,  specaflc,  10,  64; 

and   magnetic   permeability,  330, 

337.  37a 
Instruments,  telegraphic   signalling, 

4SO 
Insulators,  3 
Intensity,  electric,  18 ;  of  raagnetisa 

tion,  186 ;  terrestrial  magnetic,  227, 

measurement  of,  231 
Interferricuin,  409 
Interpolar  wire.  103 
Intrinsic  energy  of  a  circuity  296 
Inverse  current,  288",  ekSctromotive 

force,  130 
Inversion,  thermoelectric,  137 
Iron,  soft,  magnetisation  of,  202 
Isochnic  lines,  232 
Isodynamic  lines,  232 
Isogonal  lines,  232 


Digitized  by 


Google 


twdex. 


%m 


jAMiN's   ezperimciits  on   magnetic 

rotation  of  liquids,  266 
Jar,   Lane's  unit,  C4;  I..eyden,  58; 

luminous,  71 ;  unitv^69 
Joole,  definition  of  a,  39,  ^ 
Joule's  lav,   lay,   generalisation    of, 

129  ■■'•'. 

Kathode,  150 

Kelvin,  Lord  (W.  Thomson),  quad- 
rant electrometer,  79 ;  electric  con- 
vection oCheat,  135;  syphon  re- 
corder, 457 ;  theory  of  signalling 
through  submarine  cables,  454 

Keepers  of  magnets,  323 

Kilogramme-metre,  376 

Kilowatt,  376 

Kinnersley's  thermometer,  72 

KirchhofTs  law,  ii6 ;  method  of  de- 
termining mutual  induction,  382 

Lag,  magnetic,  199 

Lamps,  incandescent  electric,  425 

Lane's  unit  jar,  84 

Laplace's  law,  247,  248 

Latimer  Clark's  element,  363 

Law,  Coulomb's,  7;  Faraday's,  of, 
electrolysis,  153 ;  Joule's,  127,  129 ; 
KirchhofTs,  116 ;  Laplace's,  247, 
248  ;  of  successive  temperatures, 
138 ;  Verdet's,  284. 

Lead,  angle  of,  in  a  dynamo,  404 

Leyden,  jar,  58;  battery,  59;  oscilla- 
tory discharge  of,  330 

Lifting  power  of  a  magnet,  224 

Light,  velocity  of,  337 

Lightning,  conductors,  474 ;  doraUon 
of,  472 ;  effects  of  discharge  of,  471, 
473 ;  various  kinds  of,  470 

Lighting,  electric,  425,  &c. 

Lines,  equipotential,  122;  of  force, 
21,  46 ;  cMf  flow,  lai ;  of  magneti- 
sation, 187 ;  telegraph,  447,  448 

Lippmann's  capillary  electrometer, 
161 ;  method  of  determining  the 
ohm,  384 

liquids,  magnetic  rotation  of,  266 

Lodge's  experiments  on    oscillating 


diaoharges.  331 ;  on  lightning  idis- 
charges,  473 
Lorenz's  method  of  detenuning  the 
ohm,  383 

Machine,  electrical,  85 ;  Hc^tx's  ^- 
duction,  91,  yield  and  energy  df, ' 
'  95 ;  Vdss^s,.  .93 ;  calculation  of  a 
dynamo,  409 ;  QreuBme^4Qx,4i5 ; 
Siemens',  407,  4^4 

Magnets,  162,  compensating,  342 ; 
broken,  experiment  of,  178 ;  lifting 
power  of,  224;  moment  of,  171, 
173 ;  poles  of,  t^^  164 ;  strength 
of,  166 ;  precise  definition  of  poles 
of,  170 ;  permanent,  ai.3 

Magnetic,  charts,  232;  circuit,  ief^\ 
field,  |z66 ;  inductive  foice,  magni- 
tude of,  176 ;  meridian,  233 ;  bar, 
moment  of,  2x6,  373;  potential, 
168,  175;  shdl,  i8z,  854;  needle, 
action  of  a  current  on,  259  ;  reluc- 
tance, 276;  resistance,  276 

Magnetisation,  coefficient  of,  198, 
determination  of,  307;  curves  of, 
196;  cycles  of,  198;  influence  of 
hardening  and  annealing  on,  219 ; 
by  the  action  of  the  earth,  225 ;  by 
induction,  189 ;  intensity  of,  186 ; 
lines  of,  187 ;  relative,  212 ;  uni- 
form, 185 ;  of  steel,  282  ;  transwne, 
281 ;  theory  of,  226 ;  work  of,  901 

Magnetism,  distribution  of,  179,  180 ; 
remanent,  196 ;  residual,  190 ; 
distribution  of,  214 

Magneto-crystalline  phenomena,  210 

Magneto-electric  induction,  289 ;  ma- 
chines, 392 

Magnetometer,  235 

Magnetometric  force,  276 

Magnitudes,  physical,  366 

Make  and  break  of  a  Ruhmkorff*s 
coil,  420 

Masses,  magnetic,  163 

Measurement,  units  of,  39 

Megadyne,  376 

Megergs,  39 

Melloni's  pile,  140 

Meridian,  magnetic,  233 
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Index, 


Metals,  fusion  and  volatilisation  of, 
by  electric  discharge,  69;   law. of 

'  intermediate,  139 

Microdyne,  376 

Microfarad,  376 

Micrometer,  torsion,  9 

Microphone,  450 

Mirror,  reading  by  scale  and,  80 ;  gal- 
vanometer used  in  telegraphy,  456 

Moment  of  a  magnet,  172,  216,  373 ; 
of  a  system  of  magnets,  173 

Morse's  apparatus,  451 

Motor,  dynamo  as  a,  391,  395  ;  alter- 
nating, 416 ;  Elihu  Thomson's,  416 ; 
Tesla's,  416 

Movable  currents,  240 

Multiplier,  239 

Mutual  induction,  coefficient  of,  306 


Natural  magnets,  162 

Needle,  magnetic,  164 ;  asiauc,  343 

Neutral  point,  144 ;  state  of  magnets, 


200 

Nickel,  magnetisation  of,  203 ;  electric 
deposition  of,  438 

Oersted's  experiment,  237 
Ohm,  112,  377,  380-385 
Ohm's  law,  112 
Optical  galvanometer,  285 
Optics  and  electricity,  337 
Oscillations,  electrical,  328-330 

Pane,  Franklin's,  58 

Parallel    circuit,    elements   arranged 

in,   118,   arrangement  of  dynamo 

machines  in,  412 
Peltier:  phenomenon,  134;  coefficient, 

134.  143 
Permeability,  magnetic,  192,  194 
Phase  of  a  current,  retardation  of,  321 
Phonograph,  458 
Physical  magnitudes,  366 
Physiological  effects  of  the  electric 

discharge,  75 
Pile,  Melloni's,  140;  thermoelectric, 

140  ;  voltaic,  97,  105 
Pistol,  Volta's,  74 
Points,  power  of,  20 


Point,  neutral,  in  a  thermoelectric 
couple,  144 

Poisson's  theorem,  48 

Polar  aurora,  467 

Polarisation,  of  a  cell,  104 ;  of  elec- 
trodes, 156 -currents,  157 

Polarised  electromagnets,  280 

Polepieces,  401 

Poles,  of  a  magnet,  163, 164 ;  strength 
of,  167 ;  precise  definition  of,  170 ; 
position  of,  217 ;  consequent,  269  ; 
magnetic,  of  the  earth,  233,  234 

Potass,  decomposition  of,  by  the  cur- 
rent, 152 

Potential,  electric,  32,  35,  36,  378 ; 

, .  dimensions  of,  373 ;  due  to  several 

,     charges,  37 ;  of  an  isolated  sphere, 

\  38  ;  of  a  closed  circuit,  253  ;  varia- 
tion of,  along  a  circuit,  109 ;  mag- 
netic, 168,  value  of,  175 ;  distribution 
of  electrical,  in  the  air,  463 

Power,  dimensions  of,  371 ;  lifting,  of 
a  magnet,  224 ;  of  an  electric  cir- 
cuit, 324 

Pressure,  electrostatic,  44 

Prime  conductor  of  an  electrical  ma- 
chine, 88 
^Primary  circuit,  288 

Printing  telegraph,  457 

Proofplane,  13 

Quadrant  electrometer,  79 
Quantity   of  electricity,    lo;   in    an 
induced    current,    300;    measure- 
ment of  a,  387 


Rapidity   of    telegraph   signalling, 

453 
Rays  of  electrical  force,  334 
Reading  by  scale  and  mirror,  80 
Recorder,  syphon,  457 
Reluctance,  magnetic,  276 
Replenisher^  79,  83,  90 
Residual,  diarge  in  a  condenser,  65  ; 

magnetism,  190 
Resistance,  of  conductors,  68,  123  ;  of 

combinations  of  conductors,   iix  ; 

unit  of  electrical;  112  ;  specific,  113, 
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tables  of,  pp.  543, 544;  measurement 
of,  356 ;  boxes,  357 ;  of  a  battery, 
359 ;  apparent,  of  a  current,  323 
Resonator,  332 

Reversibility  of  Holtz's  machine,  91 
Riess's  thermometer,  68 
Ring  magnet,  273-275 
Rotatory  magnetic  power,  283 
Ruhmkorffscoil,  420 ;  electromagnet, 
279»  283 

Saturation,  magnetic,  202 
Saussure's  electroscope,  461 
Scale  and  mirror,  reading  by,  80 
Schweigger's  multiplier,  239 
Screens,  magnetic,  163 
Secondary,    chemical   actions,    151  ; 

batteries,  160 
Self-induction,    291  ;    coefficient    of, 

294,  373  ;  in  parallel  circuits,  315  ; 

and  alternating  currents,  321 
Series-wound  dynamov  392 
Sheet-lightning,  470 
Shell,  magnetic,  181-184 
Shunts,  117,  345 
Shunt-wound  dynamo,  392 
Siemens'    machine,    407,   alternator, 

414 
Signalling   instruments,    telegraphic, 

450 ;  rapidity  of,  453 
Sine  galvanometer,  340 
Sink  of  electricity,  120 
Sinuous  currents,  243 
Solenoid,  electromagnetic,  255 
Solenoidal  filament,  180 
Spark,  electric,  72 ;  chemical  effect  of 

the,  74 
Specific,  inductive  capacity,   10,  64, 

372 ;  and  mdex  of  refraction,  337 ; 

and  magnetic  permeability,  372; 

resistance,  113 
Sphere,  conducting,  in  a  uniform  field, 

26  ;  isolated,  capacity  of,  53  ;  force 

due  to  an  electrified,  19 
Steel,  cliches  coated  with,  441 ;  mag- 
netisation of,  203,  intensity  of,  218 
Stratification  of  the  electric  light,  72 
Strength,  electrical,  59 
Striking  distance,  72 


Submarine    and    subterra;nean    tele- 
graph wires,  449 
Successive  electrical  fields,  54 
Surface  density,  18 
Susceptibility,  magnetic,  192 
Suspension,  bi^lar,  79 
Syphon  recorder,  457 

Tangent  galvanometer,  339 

Telegraph,  electric,  444 ;  duplex,  446 ; 
Hughes's  printing,  452 

Telephone,  459-461 

Temperature,  law  of  successive,  138  ; 
measurement  of,  by  thermoelectric 
couple,  149 ;  its  influence  on  mag- 
netisation, 205 

Tempering  of  steel,  219 

Tesla's  motor,  416 

Theorem,  Gauss's,  41  ;  Coulomb's, 
43;  Poisson's,  48 

Thermod)mamics,  application  to  ther- 
moelectric circuit,  142 

Thermoelectric,  diagram,  147 ;  height, 
146;  inversion,  137;  phenomena, 
theory  of,  141 ;  pile,  140 

Thermometer,  Riess's,  68 ;  Kinners- 
ley's,  72 

Thomson's  (Lord  Kelvin)  coefficient, 
143 ;  quadrant  electrometer,  79 ;  gal- 
vanometer, 346 ;  replenisher,  79,  90 

Thomson's  (Elihu)  experiments,  326 ; 
motor,  416 

Thunderstorms,  469 

Time-constant,  310,  327 

Tore,  273 

Torque,  371 

Torsion  micrometer,  9 

Transformers,  417-419 

Trough  batjery,  105 

Tubes,  of  force,  capacity  of,  50  ;  pro- 
perties of,  42 

Unit,  of  electricity,  10 ;  electro- 
magnetic, of  current-strength,  246 ; 
jar,  89  ;  Lane's,  84 

Units,  electrical,  366-379 

V,  value  of  the  -coefficient,  390 
Variations,  terrestr  al  magnetic,  235 
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Velocity,  ol  light,  337 ;  measurement 
of  V,  386 

Verdet's  law,  st4 

Volatilisation  of  metals,  69 

Volt,  39,  376 

Voltaelectric  indactieo,  a88 

Voltaic,  arc,  426,  electfomotive  furce 
of  the,  427,  work  required  to  pro- 
duce, 428;  cells  in  multiple  arc, 
X18;  pile,  97;  roodificaitioiis  of, 
105 

Volta's  condenser,  78 ;  crown  of  csps, 
X05 ;  pistol,  74 ;  theory  of  contact, 

9*^  99 
Vow's  madiine,  93 

Water,  decomposition  of,  152 
Water-gramme-degree,  376 
Watt,  376 
Weber's   experiment,   258;   incMno- 

mcter,302;  method  of  determining 

the  ohm,  381 


Welding,  electrical,  434 

Wheatstone's  bridge,  358 

Whcd,  Bariow's,  267  , 

Wiedemann's  galvanometer.  347 

Wimshnrst's  roadiine,  94 

Wind,  electric,  20 

Windmill,  electric,  20 

Wire  bridge,  358A 

Wires,  heating  of,  by  the  current,  128 ; 

submarine  and  subterranean  t^- 

graph,  449 
Work,  unit  of,  371 ;  done  by  dacti  ic 

force,  34 ;  electri<!al,  125 ;  practical 

unit  of,  39 ;  done  by  an  alternating 

current,  323 

Yield,  of  a  firictional  .  induction 
machine,  95;  of  a  Rc^mkoHT's 
coil,  424 

Zigzag  Ughiniiig,  470 
Zinc,  amalgated,  m6 
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MEBBIFIELD— Magnetism  and  Deviation  of  the  Compass.    For  the 

use  of  Students    in    Navigation  and  Science  Schools.      By  John 
Merrifield,  LL.D.,  F.E.A.S.     18mo.    2«. 

POTSEB— Works  by  A.  W.  Poyser,  M.A.,  Grammar  School,  Wisbech. 

Magnetism  and  Electricity.     With  235  Illustrations.     Crown 

8vo.     2«.  6d. 

Advanced  Electricity  and  Magnetism.    With  317  Illustrations. 


Crown  8vo.     4s.  6d. 
SLINOO  and  BBOOKEB— Works  by  W.  Slingo  and  A.  Brookbr. 
Electrical    Engineering    for    Electric    Light    Artisans    and 

Students.     With  346  Illustrations.     Crown  8vo.     12s. 

Problems  and  Solutions  in  Elementary  Electricity  and  Mag- 


netism.     Embracing   a    Complete  Set  of   Answers    to    the  South 
Kensington  Papers  for  the  Years  1885-1894,  and  a  Series  of  Original 
Questions.     With  67  Original  Illustrations.     Crown  8vo.  2s. 
TYNDALL— Works  by  John  Tyndall,  D.C.L.,  F.R.S.    See  p,  12. 


TELEGRAPHY  AND  THE  TELEPHONE. 

BENNETT— The  Telephone  Systems  of  the  Continent  of  Europe,    By 

A.  R.  Bennett,  Member  of  the  Institution  of  Electrical  Engineers; 
Divisional  Engineering  Superintendent  in  London  to  the  United 
Telephone  Company,  Limited,  1880.  With  169  Illustrations.  Crown 
8vo.     15«. 

CULLEY— A  Handbook  of  Practical  Telegraphy.  By  R.  S.  Cullby 
M.I.C.E.,  late  Engineer-in-Chief  of  Telegraphs  to  the  Post  Of&ce. 
With  135  Woodcuts  and  17  Plates.     8vo.     16«. 

PEEECE  and  SIVEWBIGHT— Telegraphy.  By  W.  H.  Preece,  C.B., 
F.R.S.,  V.P.  Inst.  C.E.,  &c.,  Engineer-in-Chief  and  Electrician,  Post 
Office  Telegraphs  ;  and  Sir  J.  Sivewright,  K.C.M.G.,  General  Mana- 
ger, South  African  Telegraphs.     With  258  Woodcuts.     Fcp.  8vo.     6«. 
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Fragments  of  Science :  a  Series  of  Detached  Essays,  Addresses  and  Re- 
views.    2  vols.     Crown  8vo.     16«. 

VOL.  I.  -.—The  Constitution  of  Nature—Radiation— On  Radiant  Heat  in  relation  to  the 
Colour  and  Chemical  Constitution  of  Bodies— New  Chemical  Reactions  produced  by  Light 
—On  Dust  and  Disease — Voyage  to  Algeria  to  observe  the  Eclipse — Niagara— The  Parallel 
Roads  of  Glen  Roy— Alpine  Sculpture— Recent  Experiments  on  Fog-Signals— On  the  Study 
of  Physios— On  Crystalline  and  Slaty  Cleavage— On  Paramagnetic  and  Diamagnetic  Forces 
—Physical  Basis  of  Solar  Chemistry— Elementary  Magnetism— On  Force— Contributions  to 
Molecular  Physics— Life  and  Letters  of  Faraday- The  Copley  Medalist  of  1870— The 
Copley  Medalist  of  1871— Death  by  Lightning.— Science  and  the  Spirits. 

VOL.  n. :— Reflections  on  Prayer  and  Natural  Law— Miracles  and  Special  Providences— 
On  Prayer  as  a  Form  of  Physical  Energy— Vitality— Matter  and  Force — Scientific  Materi- 
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Apology  for  the  Belfast  Address— The  Rev.  James  Martineau  and  the  Belfast  Address- 
Fermentation,  and  its  Bearings  on  Surgery  and  Medicine— Spontaneous  Generation- 
Science  and  Man— Professor  Virchow  and  Evolution— The  Electric  Light. 

New  Fragments.    Crown  8vo.    10«.  6(i. 

Contents  :— The  Sabbath— Goethe's  *  Farbenlehre  '—Atoms,  Molecules  and  Ether  Waves 
—Count  Rumford— Louis  Pasteur,  his  Life  and  Labours— The  Rainbow  and  its  Congeners- 
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in  the  Alps— About  Common  Water— Personal  Recollections  of  Thomas  Carlyle— On  Un- 
veiling the  Statue  of  Thomas  Carlyle— On  the  Origin,  Propagation  and  Prevention  of 
Phthisis— Old  Alpine  Jottings— A  Morning  on  Alp  Lusgen. 


Lectures  on  Sound.  With  Frontis- 
piece of  Fog-Syren,  and  203  other 
Woodcuts  and  Diagrams  in  the  Text. 
Crown  8vo.  10s.  M. 

Heat,  a  Mode  of  Motion.  With 
125  Woodcuts  and  Diagrams.  Cr. 
8vo.  125. 

Lectures  on  Light  delivered  in 

the  United  States  in  1872  and  1873. 
With  Portrait,  Lithographic  Plate 
and  59  Diagrams.     Crown  8vo.  5s. 

Essays  on  the  Floating  Matter  of 

the  Air  in  relation  to  Putrefaction 
and  Infection.  With  24  Woodcuts. 
Crown  8vo.  7s.  6rf. 


Faraday  as  a  Discoverer. 

8vo.     3s.  %d. 


Crown 


Researches  on  Diamagnetism  and 

Magnecrystallic  Action ;  including 
the  Question  of  Diamagnetic  Polarity. 
Crown  8vo.  12s. 

Notes  of  a  Course  of  Nine  Lectures 

on  Light,  delivered  at  the  Royal 
Institution  of  Great  Britain,  1869. 
Crown  8vo.  Is.  6c?. 

Notes  of  a  Course  of  Seven  Lec- 
tures on  Electrical  Phenomena  and 
Theories,  delivered  at  the  Boyal  In- 
stitution of  Great  Britain,  1870.  Cr. 
8vo.  Is.  ^d. 

Lessons    in    Electricity    at    the 

Royal  Institution,  1875-1876.  With 
58  Woodcuts  and  Diagrams.  Crown 
8vo.  2s.  6rf. 
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ENGINEERING,  STRENGTH  OF  MATERIALS,  &c. 

ANDERSON— The  Stren^h  of  Materials  and  Stractures :  the  Strength 
of  Materials  as  depending  on  their  Quality  and  as  ascertained  by 
Testing  Apparatus.  By  Sir  J.  Anderson,  C.E.,  LL.D.,  F.R.S.E. 
With  66  Woodcuts.     Fcp.  8vo.     3«.  6d 

BARRY— Railway  Appliances:  a  Description  of  Details  of  Railway 
Construction  subsequent,  to  the  Completion  of  the  Earthworks  and 
Structures.  By  John  Wolfe  Barry,  C.B.,  M.I.C.E.  With  218 
Woodcuts.     Fcp.  8vo.     4s.  Qd. 

STONET— The  Theory  of  the  Stresses  on  Girders  and  Similar  Strac- 
tures. With  Practical  Observations  on  the  Strength  and  other  Pro- 
perties of  Materials.  By  Bindon  B.  Stoney,  LL.D.,  F.R.S.,  M.I.C.E. 
With  5  Plates  and  143  Illustrations  in  the  Text.     Royal  8vo.     36s. 

UNWIN— Works  by  W.Cawthorne  Unwin,  B.Sc,  M.Inst.  Civil  Engineers. 

The  Testing   of  Materials  of  Constrnction.     Embracing  the 

Description  of  Testing  Machinery  and  Apparatus  Auxiliary  to  Me- 
chanical Testing,  and  an  Account  of  the  most  Important  Researches 
on  the  Strength  of  Materials.  With  141  Woodcuts  and  5  folding-out 
Plates.     8vo.     21s. 

On  the  Development  and  Transmission  of  Power  from  Central 


Stations :  being  the  Howard  Lectures  delivered  at  the  Society  of 
Arts  in  1893.     With  81  Diagrams.     8vo.     10s.  net. 
WARREN— Engineering  Construction  in  Iron,  Steel,  and  Timber.  By 

William  Henry  Warren,  Whitworth  Scholar  ;  Member  of  the  Insti- 
tution of  Civil  Engineers,  London  ;  Challis  Professor  of  Civil  and 
Mechanical  Engineering,  University  of  Sydney.  With  13  Folding 
Plates  and  375  Diagrams.     Royal  8vo.     16s.  net. 


LONGMANS'  CIVIL  ENGINEERING  SERIES. 

Edited  by  the  Author  of  '  Notes  on  Building  Construction '. 

Tidal  Rivers :  their  Hydraulics,  Improvement  and  Navigation.  By  W. 
H.  Wheeler,  M.InstC.E.,  Author  of  *  The  Drainage  of  Fens  and 
Low  Lands  by  Gravitation  and  Steam  Power'.  With  75  Illustrations. 
Medium  8vo.     16s.  net.  [Ready. 

Notes  on  Docks  and  Doclt  Construction.  By  C.  Colson,  M.InstC.E., 
Assistant  Director  of  Works,  Admiralty.  With  365  Illustrations. 
Medium  8vo.    21s.  net. 

Principle  and  Practice  of  Harbour  Construction.  By  William  Shield, 
r.R.S.E.,  M.Inst.C.E.,  and  Executive  Engineer,  Natural  Harbour  Ref- 
uge, Peterhead,  N.B.     With  97  Illustrations.     Medium  8vo.     15s.  net. 

Railway  Construction.  By  W.  H.  Mills,  M.InstC.E.,  Engineer-in -Chief, 
Great  Northern  Railway,  Ireland.  [In  preparation. 

Calculations  for  Engineering  Structures.  By  T.  Claxton  Fidler, 
M.InstC.E.,  Professor  of  Engineering  in  the  University  of  Dundee; 
Author  of  *  A  Practical  Treatise  on  Bridge  Construction '.  [In preparation. 

The  Student's  Course  of  Civil  Engineering.  By  L.  F.  Vernon- 
Harcodrt,  M.InstC.E.,  Professor  of  Civil  Engineering  at  University 
College.  [In  preparation. 
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NOBTHCOTT— Lathes  and  Turning,  Simple,  Mechanical  and  Orna- 
mental.    By  W.  H.  NoRTHCOTT.     With  .338  Illustrations.    8vo.     IBs. 

SHELLEY— Workshop  Appliances,  including  Descrij)tions  of  some  of 
the  Gkiuging  and  Measuring  Instruments,  Hand-cutting  Tools,  Lathes, 
Drilling,  Planing  and  other  Machine  Tools  used  by  Engineers.  By 
C.  P.  B.  Shelley,  M.I.C.E.    With  323  Woodcuts.     Fcp.  8vo.     6«. 


MINERALOGY,  METALLURGY,  &c. 

BAUEBMAN— Works  by  Hila^rt  Baubrman,  F.G.S. 

Systematic  Mineralogy*     With  373  Woodcuts  and  Diagrams. 

Fcp.  8vo.    6«. 

Descriptiye  Mineralogy.     With  236  Woodcuts  and  Diagrams. 

Fcp.  8vo.     6». 

BLOXAM  and  HUNTINGTON— Metals :  their  Properties  and  Treatment 
By  C.  L,  Bloxam  and  A.  K.  Huntington,  Professors  in  King's 
College,  London.     With  130  Woodcuts.    Fcp.  8vo.     5«. 

€K>BE — The  Art  of  Electro-Metallargy,  including  all  known  Processes 
of  Electro-Deposition.  By  G.  Gore,  LL.D.,  F.R.S.  With  56  Wood- 
cuts.    Fcp.  8vo.    68. 

LUPTON — Mining.  An  Elementary  Treatise  on  the  Getting  of  Minerals. 
By  Arnold  Lupton,  M.I.C.E.,  F.G.S.,  etc..  Mining  Engineer,  Professor 
of  Coal  Mining  at  the  Victoria  University,  Yorkshire  College,  Leeds. 
With  596  Illustrations.     Crown  8vo.    9s.  net. 

MITCHELL — A  Manual  of  Practical  Assaying.  By  John  Mitchell, 
F.C.S.  Revised,  with  the  Recent  Discoveries  incorporated.  By  W. 
Crookes,  F.R.S.     With  201  Illustrations.     8vo.     31s.  6(£. 

RHEAD— Metallargy.  An  Elementary  Text-Book.  By  E.  C.  Rhead, 
Lecturer  on  Metallurgy  at  the  Municipal  Technical  School,  Man- 
chester.    With  94  Illustrations.     Crown  8vo.     3s.  6c?. 

BUTLEY— The  Study  of  Bocks ;  an  Elementary  Text-Book  of  Petrology. 
By  F.  RuTLEY,  F.G.S.  With  6  Plates  and  88  Woodcuts.  Fcp.  8vo. 
4s.  6d. 

VON  COTTA— Bocks  Classified  and  Described :  A  Treatise  on  Lithology. 

By  Bernhard  Von  Cotta.  With  English,  German,  and  French 
Synonyms.  Translated  by  Philip  Henry  Lawrence,  F.G.S.,  F.R.G.S. 
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MACHINE  DRAWING  AND  DESIGN. 

LOW  and  BEYIS—A  Manual  of  Machine  Drawing  and  Design.    By 

David  Allan  Low  (Whit worth  Scholar),  M.I.  Mech.  E.,  Headmaster 
of  the  Technical  School,  People's  Palace,  London;  and  Alfred 
William  Bevis  (Whitworth  Scholar),  M.I.  Mech.E.,  Director  of 
Manual  Training  to  the  Birmingham  School  Board.  With  over  700 
Illustrations.     8vo.     75. 6d. 

LOW— Improved  Drawing  Scales.    By  David  Allan  Low.    4(i.  in  case. 

An  Introduction  to  Machine  Drawing  and  Design.     By  David 

Allan  Low,  Headmaster  of  the  Technical  School,  People's  Palace, 
London.     With  97  Illustrations  and  Diagrams.     Crown  8vo.     25. 

UNWIN— The  Elements  of  Machine  Design,  ^y  W.  Cawthorne 
Unwin,  F.R.S.,  Part  I.  General  Principles,  Fastenings  and  Trans- 
missive  Machinery.  With  304  Diagrams,  &c.  Crown  8vo.  65.  Part  II. 
Chiefly  on  Engine  Details.    With  174  Woodcuts.    Crown  8vo.    4s.  6d. 


ASTRONOMY,  NAVIGATION,  &c. 

ABBOTT—Elementary  Theory  of  the  Tides :  the  Fundamental  Theorems 
Demonstrated  without  Mathematics,  and  the  Influence  on  the  Length 
of  the  Day  Discussed.  By  T.  K.  Abbott,  B.D.,  Fellow  and  Tutor, 
Trinity  College,  Dublin.     Crown  8vo.     2«. 

BALL— Works  by  Sir  Robert  S.  Ball,  LL.D.,  F.RS. 

Elements  of  Astronomy.    With  136  Diagrams.     Fcp.  8vo.    6». 

A  Class-Book  of  Astronomy.  With  41  Diagrams.  Fcp.  8vo.  1«.  6d. 

BBINKLEY— Astronomy.  By  F.  Brinkley,  formerly  Astronomer  Royal 
for  Ireland.  Re-edited  and  Revised  by  J.  W.  Stubbs,  D.D.,  and  F. 
Brdnnow,  Ph.D.     With  49  Diagrams.     Crown  8vo.    6s. 

CLEBKE— The  System  of  the  Stars.  By  Agnes  M.  Clerke.  With  6 
Plates  and  numerous  Illustrations.     8vo.     2l5. 

GIBSON— The  imatenr  Telescopist's  Handbook.  By  Frank  M. 
Gibson,  Ph.D.,  LL.B.  With  1  Plate  and  13  Diagrams.   Cr.  8vo.  3s.  6d. 

HEBSCHEL— Outlines  of  Astronomy.  By  Sir  John  F.  W.  Herschel, 
Bart.,  K.H.,  &c.  With  9  Plates  and  numerous  Diagrams.  Crown  8vo.  12s. 

MABTIN — Navigation  and  Nautical  Astronomy.  Compiled  by  Staff- 
Commander  W.  R.  Martin,  R.N.     Royal  8vo.     18s. 

MEBBIFIELD— A  Treatise  on  Navigation  for  the  use  of  Students.  By 
John  Merrifield,  LL.D.,  F.R.A.S.,  F.M.S.    Crown  8vo.    5s. 

WEBB— Celestial  Objects  for  Common  Telescopes.  By  the  Rev.  T.  W. 
Webb,  M.A.,  F.R.A.S.  Fifth  Edition,  Revised  and  greatly  Enlarged, 
by  the  Rev.  T.  E.  Espin,  M.A.,  F.R.A.S.  (2  vols.)  Vol.  I.,  with 
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Old  and  New  Astronomy.   With  21 

Plates  and  472  Illustrations  in  the 
Text.    4to.    21». 


The  Moon:  Her  Motions,  Aspect, 
Scenery,  and  Physical  Condition. 
With  many  Plates  and  Charts,  Wood 
Engraving,  and  2  Lunar  Photographs. 
Crown  8vo.  5s. 

The  Universe  of  Stars :  Researches 
into,  and  New  Views  respecting,  the 
Constitution  of  the  Heavens.  With 
22  Charts  (4  coloured)  and  22  Dia- 
grams.    8vo.  10s.  ^. 

Other   Worlds   than    Ours:    the 

Plurality  of  Worlds  Studied  under 
the  Light  of  Recent  Scientific  Re- 
searches. With  14  Illustrations ; 
Map,  Charts,  &c.  Crown  8vo.  5s. 
Cheap  Edition.    Crown  8vo.    3s.  ^. 

Treatise  on  the  Cycloid  and  all 

Forms  of  Cycloidal  Curves,  and  on 
the  Use  of  Cycloidal  Curves  in  dealing 
with  the  Motions  of  Planets,  Comets, 
&c.  With  161  Diagrams.  Crown 
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The  Orbs  Around  Us :  Essays  on  the  I 

Moon  and  Planets,  Meteors  and  | 
Comets,  the  Sun  and  Coloured  Pairs  j 
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Edition.     Crown  8vo.     3s.  6c?. 

Light  Science  for  Leisure  Hours :  { 

Familiar  Essays  on  Scientific  Subjects, 
Natural  Phenomena,  &c.  3  vols.  Cr. 
8vo.    5s.  each. 

Our  Place  among  Infinites :  Essays  1 
contrasting  our  Little  Abode  in  Space  ' 
and  Time  with  the  Infinites  around  I 
us.    Crown  8vo.  5s. 

The  Expanse  of  Heaven :  Essays  on  i 

the  Wonders  of  the  Firmament.     Cr. 
8vo.  5s.     Cheap  Edition.      Cr.  8vo.  ' 
3s.  M. 


New  Star  Atlas  for  the  Library, 

the  School,  and  the  Observatory,  in 
Twelve  Circular  Maps  (with  2  Index- 
Plates).  With  an  IntrcKiuction  on  the 
Study  of  the  Stars,  Illustrated  by  9 
Diagrams.     Crown  8vo.  5s. 

Larger  Star  Atlas  for  Observers  and 
Students.  In  Twelve  Circular  Maps, 
showing  6000  Stars,  1600  Double 
Stars,  Nebula,  &c.  With  2  Index- 
Plates.     Folio,  15s. 

The  Stars  in  their  Seasons :  an  Easy 
Guide  to  a  Knowledge  of  the  Star 
Group.  In  12  Large  Maps.  Im- 
perial 8vo.  5s. 

The  Star  Primer :  showing  the  Starry 
Sky,  Week  by  Week.  In  24  Hourly 
Maps.     Crown  4to.  2s.  6rf. 

Chance  and  Luck:  a  Discussion  of 
the  Laws  of  Luck,  Coincidence, 
Wagers,  Lotteries,  and  the  Fallacies 
of  Gambling,  &c.  Crown  8vo.  3s. 
boards.     2s.  6d,  cloth. 

Bough  Ways  made  Smooth.  Fami- 
liar Essays  on  Scientific  Subjects. 
Crown  8vo.  5s.  Cheap  Edition. 
Crown  8vo.     3s.  6d. 

Pleasant  Ways  in  Science.  Crown 
8vo.  5s.  Cheap  Edition.  Crown 
8vo.     3s.  6d. 

The  Great  Pyramid,  Observatory, 

Tomb,  and  Temple.  With  Illus- 
trations.    Crown  8vo.     5s. 

Nature  Studies.  By  R.  a.  Proctoe, 
Grant  Allen,  A.  Wilson,  T.  Foster 
and  E.  Clodd.  Cr.  Svo.  5s.  Cheap 
Edition.     Cr.  8vo.     3s.  6d. 

Leisure  Readings.  By  R.  A,  Proc- 
tor, E.  Clodd,  A.  Wilson,  T.  Foster 
and  A.  C.  Ranyard.    Cr.  8vo,    6». 

Lessons  in  Elementary  Astro- 
nomy ;  with  Hints  for  Young  Tele- 
scopists.  Witli  47  Woodcuts.  Fcp. 
Svo.  Is.  6d, 
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MANUFACTURES,  TECHNOLOGY,  &c. 

BELL  —  Jacqaard  Weaving  and  Designing.  By  F.  T.  Bell,  National 
Scholar  in  Design  (1876-8)  and  Third  Grade  Certificated  Art  Master, 
Science  and  Art  Department,  S.K. ;  Medallist  in  Honours  and 
Certificated  Teacher  in  *  Linen  Manufacturing '  and  in  *  Weaving  and 
Pattern  Designing,'  City  and  Guilds  of  London  Institute.  With  199 
Diagrams.     8vo.     12s.  net. 

LUPTON— Mining :  an  Elementary  Treatise  on  the  Getting  of  Minerals. 

By  Arnold  Lupton,  M.I.C.E.,  F.G.S.,  &c..  Mining  Engineer,  Certifi- 
cated Colliery  Manager,  Surveyor,  &c.  Professor  of  Coal  Mining  at 
the  Victoria  University,  Yorkshire  College,  Leeds,  &c.  With  696 
Diagrams  and  Illustrations.     Crown  8vo.     9«.  net. 

TAYLOB—Cotton  Wearing  and  Designing.  By  John  T.  Taylor, 
Lecturer  on  Cotton  Weaving  and  Designing  in  the  Preston,  Ashton- 
under-Lyne,  Chorley,  and  Todmorden  Technical  Schools,  &c.  With 
373  Diagrams.    Crown  8vo.    7«.  6d.  net. 

WATTS — An  Introdactory  Mannal  for  Sugar  Growers.  By  FRANas 
Watts,  F.C.S.,  F.I.C.,  Assoc.  Mason  Coll.,  Birmingham,  and  Govern- 
ment Chemist,  Antigua,  West  Indies.  With  20  Illustrations.  Crown 
8vo.    6«. 


PHYSIOGRAPHY   AND    GEOLOGY. 

BIRD— Works  by  Charles  Bird,  B.A.,   F.G.S.,   Head-master  ©f  the 
Rochester  Mathematical  School. 

Elementary  Oeologry*    With  Geological  Map  of  the  British  Isles, 


and  247  Illustrations.     Crown  8vo.     2».  Qd. 

Geology :  a  Manual  for  students  in  Advanced  Classes  and  for 

General  Readers.  With  over  300  Illustrations,  a  Geological  Map  of 
the  British  Isles  (coloured),  and  a  set  of  Questions  for  Examination. 
Crown  8vo.    7«.  6rf. 

OBEEN— Physical  Geology  for  Students  and  General  Readers.  With 
Illustrations.  By  A.  H.  Green,  M.A.,  F.G.S.,  Professor  of  Geology  in 
the  University  of  Oxford.     8vo.     21s. 

LEWIS— Papers  and  Notes  en  the  Glacial  Geology  of  Great  Britain 

and  Ireland.  By  the  late  Henry  Carvill  Lewis,  M.A.,  F.G.S.,  Pro- 
fessor of  Mineralogy  in  the  Academy  of  Natural  Sciences,  Philadelphia, 
and  Professor  of  Geology  in  Haverford  College,  U.S.A.  Edited  from 
his  unpublished  MSS.  With  an  Introduction  by  Henry  W.  Cross- 
key,  LL.D.,  F.G.S.  With  10  Maps  and  82  Illustrations  and  Diagrams. 
8vo.     21«. 
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THOENTON— Works  by  John  Thornton,  M.A. 


—  Elementary  Physiogrraphy :  an  Introduction  to  the  Study  of 
Nature.  With  10  Maps  and  221  Illustrations.  With  Appendix  on 
Astronomical  Instruments  and  Measurements.     Crown  8vo.      2«.  Qd. 


Adranced  Physiography.    With  6  Mapb  and  180  Illustrations 


Crown  8vo.   4«.  6rf. 


HEALTH  AND  HYGIENE. 

BBODRIBB— Manual  of  Health  and  Temperance.  By  T.  Brodribb, 
M.A.  With  Extracts  from  Gk)ugh's  *  Temperance  Orations '.  Be  vised 
and  Edited  by  the  Rev.  W.  Ruthvbn  Pym,  M.A.    Crown  8vo.    1«.  6rf. 

BUCKTON— Health  in  the  House ;  Twenty-five  Lectures  on  Elementary 
Physiology  in  its  Application  to  the  Daily  Wants  of  Man  and  Animals. 
By  Catherine  M.  Buckton.  With  41  Woodcuts  and  Diagrams. 
Crown  8vo.   2s. 

COBFIELD— The  Laws  of  Health.  By  W.  H.  Corfield,  M.A.,  M.D. 
Fcp.  8vo.  Is.  6d. 

FBANKLAND— Micro-Orgranisms  in  Water,  their  Significance,  Identifica- 
tion, and  Removal.  Together  with  an  Account  of  the  Bacteriological 
IMethods  involved  in  their  Investigation.  Specially  Designed  for 
those  connected  with  the  Sanitary  Aspects  of  Water  Supply.  By 
Professor  Percy  Frankland,  Ph.D.,  B.Sc.  (Lond.),  F.R.S.,  and  Mrs. 
Percy  Frankland.     8vo.     16«.  net. 

NOTTER— Hygiene.  By  J.  Lane  Notter,  M.A.,  M.D.  (Dublin),  Fellow 
and  Member  of  Council  of  the  Sanitary  Institute  of  Great  Britain, 
Examiner  in  Hygiene,  Science  and  Art  Department,  Examiner  in 
Public  Health  in  the  University  of  Cambriage  and  in  the  Victoria 
University,  Manchester,  &c.  ;  and  R.  H.  Firth,  F.R.C.S.,  Assistant 
Examiner  in  Hygiene,  Science  and  Art  Department,  Assistant  Professor 
of  Hygiene  in  the  Army  Medical  School,  Netley,  &c.  With  93 
Illustrations.     Crown  8vo.     3s.  M. 

POOBE— Essays  on  Rural  Hygiene.    By  George  Vivian  Poobe,  M.D 

Crown  8vo.  6s.  6c/. 

WILSON — A  Manual  of  Health-Science :  adapted  for  use  in  Schools  and 
Colleges,  and  suited  to  the  Requirements  of  Students  preparing  for  the 
Examinations  in  Hygiene  of  the  Science  and  Art  Department,  &c. 
By  Andrew  Wilson,  F.R.S.E.,  F.L.S.,  &c.  With  74  Illustrations 
Crown  8vo.     2«.  6d.'  "^ 
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OPTICS    AND    PHOTOGRAPHY. 

ABNET— A  Treatise  on  Photogrraphy.  By  CaptaiD  W.  de  Wivbleslib 
Abnby,  F.R.S.,  Director  for  Science  in  the  Science  and  Art  Depart- 
ment.    With  115  Woodcuts.    Fep.  8vo.    Ss.  6d. 

OLAZEBBOOK— Physical  Optics.  By  R.  T.  Glazebrook,  M.A.,  F.R.S., 
Fellow  and  Lecturer  of  Trin.  Coll.,  Demonstrator  of  Physics  at  the 
Cavendish  Laboratory,  Cambridge.  With  183  Woodcuts  of  Apparatus, 
&c.    Fcp.  Bvo.     68, 

WBIOHT— Optical  Projection :  a  Treatise  on  the  Use  of  the  Lantern 
in  Exhibition  and  Scientific  Demonstration.  By  Lewis  Wright, 
Author  of  *  Light :  a  Course  of  Experimental  Optics '.  With  232 
Illustrations.     Crown  8vo.    6«. 


PHYSIOLOGY,    BIOLOGY,    &c. 

ASHBT — Notes  on  Physiology  for  the  Use  of  Students  preparing 

for  Examination.  By  Henry  Ashby,  M.D.  With  141  Illustrations. 
Fcp.  8vo.    5s. 

BABNETT— The  Making  of  the  Body :  a  Children's  Book  on  Anatomy 
and  Physiology,  for  School  and  Home  Use.  By  Mrs.  S.  A.  Barnett, 
Author  of  *The  Making  of  the  Home'.  With  113  Illustrations. 
Crown  8vo.     Is.  9d, 

BIDOOOD— A  Course  of  Practical  Elementary  Biology.  By  John 
BiDGOOD,  B.Sc,  F.L.S.    With  226  Illustrations.     Crown  8vo.     4s.  Sd, 

BBAT — Physiology  and  the  Laws  of  Health,  in  Easy  Lessons  for 
Schools.    By  Mrs.  Charles  Bray.     Fcp.  8vo.    Is. 

FUBNEAUX-  Human  Physiology.  By  W.  Fdrneaux,  F.R.G.S.  With 
218  Illustrations.     Crown  8vo.    2s.  6d, 

HUDSON  and  €K)SSE— The  Rotifera,  or  '  Wheel- Animalcules '.    By 

C.  T.  Hudson,  LL.D.,  and  P.  H.  Gosse,  F.RS.  With  30  Coloured 
and  4  Uncoloured  Plates.  In  6  Parts.  4to.  10«.  6d.  each  ;  Supple- 
ment, 12s.  6d,    Complete  in  2  vols,  with  Supplement,  4to.  £4  4$, 

MACALISTER — Works  by  Alexander  Macalister,  M.D.,  Professor  of 
Anatomy,  University  of  Cambridge. 

Zoology  and  Morphology  of  Yertebrata.    8vo.  10«.  6d. 

Zoology  of  the  Inrertebrate  Animals.      With  59  Diagrams. 

Fcp.  8vo.    l8.  6d, 

Zoology  of  the  Yertebrate  Animals.    With  77  Diagrams.    Fcp. 

8vo.    Is.  ed, 

MOBOAN— Animal  Biology :  an  Elementary  Text-Book.  By  C.  Lloyd 
Morgan,  Professor  of  Animal  Biology  and  Gkology  in  University 
College,  Bristol.   With  numerous  Illustrations.     Cr.  8vo.  Ss,  6d, 

THOBNTON— Human  Physiology.  By  John  Thornton,  M.A.  With 
267  Illustrations,  some  of  which  are  coloured.    Crown  8vo.    6s. 
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BOTANY. 

AITKEN— Elementary  Text-Book  of  Botany.  For  the  use  of  Schools. 
By  Edith  Aitken,  late  Scholar  of  Girton  College.  With  over  400 
Diagrams.     Crown  8vo.  4&  Qd. 

BENNETT  and  MURRAY— Handbook  of  Cryptogramic  Botany.    By 

Alfred  W.  Bennett,  M.A.,  B.Sc.,  F.L.S.,  Lecturer  on  Botany  at  St. 
Thomas's  Hospital ;  and  George  Murray,  F.L.S.,  Keeper  of  feotany, 
British  Museum.     With  378  Illustrations.    8vo.     16«. 

CROSS  and  BEYAN— Cellnlose :  an  Outline  of  the  Chemistry  of  the 
Structural  Elements  of  Plants.  With  Reference  to  their  Natural 
History  and  Industrial  Uses.  By  Cross  and  Bbvan  (C.  F.  Cross, 
E.  J.  Bevan,  and  C.  Bbadlb).     With  14  Plates.    Crown  8vo.    12».  net. 

EDMONDS — Elementary  Botany.  Theoretical  and  Practical.  By  Henry 
Edmonds,  B.Sc,  London.  With  319  Diagrams  and  Woodcuts.  Crown 
8vo.    2».  6d. 

KITCHENER— A  Year's  Botany.  Adapted  to  Home  and  School  Use. 
With  Illustrations  by  the  Author.  By  Frances  Anna  Effchenbr. 
Crown  8vo.    bs. 

LINDLEY  and  MOORE— The  Treasury  of  Botany:  or,  Popular 
Dictionary  of  the  Vegetable  Kingdom  :  with  which  is  incorporated 
a  Glossary  of  Botanical  Terms.  Edited  by  J.  Lindley,  M.D.,  F.R.S., 
and  T.  Moore,  F.L.S.  With  20  Steel  Plates  and  numerous  Wood- 
cuts.    2  Parts.     Fcp.  8vo.    12«. 

MeNAB— Class-Book  of  Botany.  By  W.  R.  McNab.  2  Parts.  Morpho- 
logy  and  Physiology.  With  42  Diagrams.  Fcp.  8vo.  1«.  6rf.  Classifi- 
cation of  Plants.     With  118  Diagrams.    Fcp.  8vo.    1&  Qd. 

SORAUER~A  Popular  Treatise  on  the  Physiology  of  Plants.    For 

the  Use  of  Gardeners,  or  for  Students  of  Horticulture  and  of  Agri- 
culture. By  Dr.  Paul  Sorauer,  Director  of  the  Experimental 
Station  at  the  Royal  Pomological  Institute  in  Proskau  (Silesia). 
Translated  by  F.  E.  Weiss,  B.Sc,  F.L.S.,  Professor  of  Botany  at  the 
Owens  College,  Manchester.     With  33  Illustrations.     8vo.     9s.  net. 

THOME  and  BENNETT— Strnctnral  and  Physiological  Botany.    By 

Dr.  Otto  Wilhelm  Thom^  and  by  Alfred  W.  Bennett,  M.A., 
B.Sc.,  F.L.S.    With  Coloured  Map  and  600  Woodcuts.    Fcp.  8vo.    6«. 

WATTS— A  School  Flora.  For  the  use  of  Elementary  Botanical  Claases. 
By  W.  Marshall  Watts,  D.Sc,  Lond.     Cr.  8vo.     2fi.  Qd. 
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AGRICULTURE  AND  GARDENING. 

ADDYMAN— Agricnltural  Analysis.  A  Manual  of  Quantitative  Analysis 
for  Students  of  Agriculture.  By  Frank  T.  Addyman,  B.Sc.  (Lond.), 
F.T.G.     With  49  Illustrations.     Crown  8vo.  5«.  net. 


COLEMAN  and  ADDYMAN— Practical  Agricultnral  Chemistry.    For 

Elementary  Students,  adapted  for  use  in  Agricultural  Classes   and 
I  Colleges.    By  J.  Bernard  Coleman,  A.R.C.Sc.,  F.I.C.,  and  Frank 

i  T.  Addyman,  B.Sc.  (Lond.),  F.I.C.     Crown  8vo.  Is.  Qd,  net. 

LLOYD— The  Science  of  Agricnltnre.    By  F.  J.  Lloyd.     8vo.     12s. 
LOUDON— Works  by  J.  C.  Loudon,  F.L.S. 

Encyclopsedia   of   Gardening;    the    Theory   and    Practice    of 

Horticulture,  Floriculture,  Arboriculture  and  Landscape  Gardening. 
With  1000  Woodcuts.     Bvo.    21s. 


—  Encyclopaedia  of  Agricnitare  5  the  Laying-out,  Improvement  and 
Management  of  Landed  Property ;  the  Cultivation  and  Economy  of 
the  Productions  of  Agriculture.     With  1100  Woodcuts.     8vo.  21«. 


RIYEES— The  Miniature  Fruit  Garden;  or.  The  Culture  of  Pyramidal 
and  Bush  Fruit  Trees.  By  Thomas  T.  F.  Rivers.  With  32  Illustra- 
tions.    Crown  8vo.    4s. 


WEBB— Works  by  Henry  J.  Webb,  Ph.D.,  B.Sc.  (Lond.) ;  late  Principal 
of  the  Agricultural  College,  Aspatria. 

Elementary  Agrriculture.    A  Text- Book  specially  adapted  to  the 

requirements  of  the  Science  and  Art  Department,  the  Junior  Examina- 
tion of  the  Royal  Agricultural  Society  and  other  Elementary  Examina- 
tions.   With  34  Illustrations.     Crown  8vo.    2«.  6d. 

Advanced  Agriculture.     With  100  Illustrations  and  a  set  of 

Questions  for  Examination.     Crown  8vo.     Is,  6d.  net. 
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TEXT-BOOKS  OF  SCIENCE. 

{Adapted  for  the  Use  of  Students  in  Public  or  Science  Schools.) 


Photography.  By  Captain  W.  Be  Wive- 
LESLiB  Abney,  Cf.B.,  F.R.S..  106 
Woodcuts.    Fop.  8vo.    3a.  6^. 

The  Strength  of  Hatorial  and  Btmotores. 

By  Sir  J.  Anderson,  C.E.,  &c.  66 
Woodcuts.     Fcp.  8vo.    3a.  6d. 

Railway  Appllaneee — ^A  Desori]^tion  of 
Details  of  BaUway  Construction  sub- 
sequent to  the  completion  of  Earth- 
works and  Structures.  By  John 
Wolfe  Babby,  C.B.,  M.I.C.B.  218 
Woodcuts.    Fcp.  8vo.    4a.  6d. 

Introduction  to  the  Btady  of  Inorganic 

Chemistry.  By  William  Allen  Mil- 
ler, M.D.,  F.R.S.  72  Woodcuts.  Sa.Qd. 

QnantitatiTe  Chemical  Analysis.    By  T. 

E.  Thorpe,  F.R.S..  Ph.D,  With  88 
Woodcuts.    Fcp.  8vo.    4a.  6d. 

QnalitatlTe     Chemical     Analysis     and 

Laboratory  Practice.  ByT.E.  Thorpe,  ' 
Ph.D.,  F.R.S.,  and  M.  M.  Pattison 
Mum,  M.A.  With  Plate  of  Spectra 
and  67  Woodcuts.      Fcp.  8vo.    3a.  6^. 

Introduction  to  the  Study  of  Chemical 

Philosophy,  By  William  A.  Tilden, 
D.Sc. ,  London,  F.R.  S.  With  5  Wood- 
cuts. With  or  without  Answers  to 
Problems.     Fcp.  8vo.    4a.  6d. 

Elements  of  Astronomy.  By  Sir  B.  S. 
Ball.  LL.D.,  F.R. S.  With  136  Wood- 
cuts.   Fcp.  8vo.    6s. 

Systematic  Mineralogy.  By  Hilary 
Bauerman,  F.G.S.  With  373  Wood- 
cuts.   Fcp.  8vo.    6a. 

DesoriptiTe  Mineralogy.  By  Hilary 
Bauerman,  F.G.S.,  &c.  With  236 
Woodcuts.    Fcp.  8vo.     6a. 

Metals,  their  Properties  and  Treatment. 

By  C.  L.  Bloxam,  and  A.  K.  Hunt- 
ington, Professors  in  King's  College, 
London.  130  Woodcuts.  Fcp.8vo.  6a. 

Theory  of  Heat.  By  J.  Clerk  Maxwell, 
M.A.,|LL.D.,Edin.,  F.R.SS..  L.  andE. 
With  38  Illustrations.  Fcp.  8vo.  4a.  6d. 

Practical  Physics.  By  R.  T.  Glazebrook 
M.A.,  F.R.S.,  and  W.  N.  Shaw,  M.A. 
With  134  Woodcuts.   Fcp.8vo.   la.Qd. 

Preliminary  Survey.  Including  Ele- 
mentary Astronomy,  Route  Surveying, 
&c.  By  Theodore  Graham  Gribble, 
Civil  Engineer.  130  Illustrations. 
Fcp.  8vo.    6a. 


t  Algebra  and  Trigonomotry.    By  William 

i     Nathaniel    Griffin,    B.D.      3a.   6<i. 

Notes  on,  with  Solutions  of  the  more 

I     difScult  Questions.    Fop.  8vo.    3a.  6d. 

The  Steam  Engine.  By  Georoe  C.  V. 
1     Holmes.  212  Woodcuts.  Fcp.  8vo.  6«. 

Eleotrlolty  and  Magnetism.  By  Fleem- 
I  iNG  Jbnkin,  F.R.SS. ,  L.  and  B.  With 
j     177  Woodcuts.    Fcp.  8vo.    3a.  6<f. 

The  Art  of  Electro-Metallurgy,  including 
aU  known  Processes  of  Electro-Deposi- 
tion. By  G.  Gore,  LL.B.,  F.K.S. 
With  56  Woodcuts.    Fcp.  8vo.    6a. 

Telegraphy.  By  W.  H.  Preece.  C.B., 
F.R.S.,  V.P.  Inst.  C.E.,  and  Sir  J.  Sive- 
WRIGHT,  M.A.,  K.C.M.G.  268  Wood- 
cuts.    Fcp.  8vo.     6a. 

Physical  Optics.  By  R.  T.  Glazebrook, 
M.A.,  F.R.S.  With  183  Woodcuts. 
Fcp.  8vo.    6a. 

Technical  Arithmetic  and  Mensuration. 

By  Charles  W.  Merrifield,  F.R.S. 
3a.  6d.    Key,  3a.  6d. 

The  Study  of  Rocks,  an  Elementary  Text- 
Book  of  Petrology.  By  Frank  Rutlby, 
F.G.S.  With  6  Plates  and  88  Wood- 
cuts.    Fcp.  8vo.     4a.  6d. 

Workshop  Appliances,  including  Descrip- 
tions of  some  of  the  GtiU£[ing  and 
Measuring  Instruments — Hand-Cut- 
ting Tools,  Lathes,  Drilling,  Planing, 
and  other  Machine  Tools  used  by 
Engineers.  By  C.  P.  B.  Shellet, 
M.I.C.E.  With  323  Woodcuts.  Fcp. 
8vo.    5a. 

Elements  of  Machine  Design.     By  W. 

Cawthorne    Unwin,    F.R.S.,    JB.Sc. 

Part  I.  General  Principles,  Fasten- 
ings, and  Transmissive  Machinery. 
304  Woodcuts.    6a. 

Part  II.  Chiefly  on  Engine  Details. 
174  Woodcuts.    Fop.  8vo.     4a.  6d. 

Structural  and  Physiological  Botany.  Bv 
Dr.  Otto  Wilhelm  Thom^,  and  A.  W. 
Bennett,  M. A.,  B.Sc,  F.L.S.  With 
600  Woodcuts.     Fop.  8vo.    6a. 

Plane  and  Solid  Geometry.    By  H.  W. 

I     Watson,  M.A.    Fcp.  8vo.    3a.  6d. 


Digitized  by 


Google 


Scientific  Works  published  by  Longmans y  Green,  S'  Co,         23 


ELEMENTARY  SCIENCE  MANUALS. 

Written  specially  to  meet  the  requirements  of  the  Elementary  Stage  op 
Science  Subjects  ols  laid  down  in  the  Syllabus  of  the  Directory  of  the 
Science  and  Art  Department. 


Practical  Plane  and  Solid  Geometry,  in- 
cluding Graphic  Arithmetic.  By  I. 
H.  MoBRis.    Cr.  8yo.     28.  6d. 

Geometrical  Drawing  for  Art  Students. 

Embracing  Plane  Geometry  and  its 
Applications,  the  use  of  Scales,  and 
the  Plane  and  Elevations  of  Solids,  as 
required  in  Section  I.  of  Science  Sub- 
ject I.  By  I.  H.  M0RBI8.  Crown  8vo. 
1».  6d. 

Being    the    First  Part    of    Morris's 
Practical  Plane  and  Solid  Geometry. 

Text-Book  on  Practical,  Solid,  or  Dei- 

criptive  Geometry.  By  David  AiiLEN 
Low.  Parti.  Crown 8vo.  2s.  Part 
II.     Crown  8vo.    3a.  % 

An  Introdaction  to  Machine  Drawing  and 

Design.  By  David  Allen  Low,  With 
97  Illustrations    Cr.  8vo.    2s. 

Boilding  GoBstroctioii.  By  Edwabd  J. 
BuBBELL.  With  306  Illustrations. 
Crown  8vo.    2s.  6d. 

An  Elementary  Courge  of  Hathematid. 

Containing  Arithmetic ;  Euclid  (Book 
I.  with  Deductions  and  Exercises); 
and  Algebra.     Crown  8vo.    2s.  6d. 

Theoretical  Mechanics.  Including  Hy- 
drostatics and  Pneumatics.  By  J.  E. 
Taylob,  M.  a.  ,  B.  Sc.  With  Examples 
and  Answers,  and  175  Diagrams  and 
Illustrations.    Cr.  Svo.    2s.  6d. 

Theoretical  Mechanics — Solidi.      By  J. 

Edwabd  Taylob,  M.A.,  B.Sc.  (Lond.). 
With  163  Illustrations,  120  Worked 
Examples,  and  over  500  Examples 
from  Examination  Papers,  &c.  Crown 
8vo.    2s.  6d. 

Theoretical  Mechanic!— Fluids.     By  J. 

Edwabd  Taylob,  M.A.,  B.Sc.  (Lond.). 
With  122  Illustrations,  numerous 
Worked  Examples,  and  about  500 
^xaniples  from  Examination  Papers, 
&o.     Crown  Svo.  2s.  6d. 

A  Manual  of  Mechanics :  an  Elementary 
Text-Book  for  Students  of  AppUed 
Mechanics.  With  138  Illustrations 
and  Diagrams,  and  188  Examples 
taken  from  the  Science  Department 
Examination  Papers,  with  Answers. 
By  T.  M.  GooDEVE.     Fcp.8vo.    28.  6d. 


Sound,  Light,  and  Heat.  By  Mabk  B. 
Wbight.  With  160  Diagrams  and 
Illustrations.     Crown  8vo.    2s.  6d. 

Physics.  Alternative  Course.  By  Mabk 
E.  Wbight.  With  24^  Illustrations. 
Crown  Svo.     2s.  Qd. 

Magnetism  and  Electricity.  By  A.  W. 
PoYSBB,  M.  A.  With  235  Illustrations. 
Crown  8vo.    28.  6d. 

Problems  and  Solutions  in  Elementary 

Electricity  and  Magnetism.  Embrac- 
ing a  Complete  Set  of  Answers  to  the 
South  Kensington  Papers  for  the 
Years  1885-1894,  and  a  Series  of 
Original  Questions.  By  W.  Slingo 
and  A.  Bbqokbb.  With  67  Illustra- 
tions.    Crown  8vo.     2s. 

Inorganic    Chemistryi   Theoretical    and 

Practical.  By  William  Jago,  F.C.S., 
F.I.C.  With  49  Woodcuts  and  Ques- 
tions and  Exercises.   Fcp,  8vo.  2s.  6d. 

An  Introduction  to  Practical  Inorganic 

Chemistry.  By  William  Jago,  F.C.S.  , 
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